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Preface

In this monograph a general method for solving operator equations, es-
pecially nonlinear and ill-posed, is developed. The method is called the
dynamical systems method (DSM). Suppose one wants to solve an opera-
tor equation:

F (u) = 0, (1)

where F is a nonlinear or linear map in a Hilbert or Banach space. We
assume that equation (1) is solvable, possibly non-uniquely. The DSM for
solving equation (1) consists of finding a map Φ such that the Cauchy
problem

u̇ = Φ(t, u), u(0) = u0; u̇ =
du

dt
, (2)

has a unique global solution, i.e., solution u(t) defined for all t ≥ 0, there
exists

u(∞) = lim
t→∞u(t), and F (u(∞)) = 0:

∃!u ∀t ≥ 0; ∃u(∞); F (u(∞)) = 0. (3)

If (3) holds, we say that DSM is justified for equation (1). Thus the
dynamical system in this book is a synonym to an evolution problem (2).
This explains the name DSM. The choice of the initial data u(0) will be
discussed for various classes of equations (1). It turns out that for many
classes of equations (1) the initial approximation u0 can be chosen arbi-
trarily, and, nevertheless, (3) holds, while for some problems the choice of
u0, for which (3) can be established, is restricted to some neighborhood of
a solution to equation (1).

We describe various choices of Φ in (2) for which it is possible to justify
(3). It turns out that the scope of DSM is very wide. To describe it, let us
introduce some notions. Let us call problem (1) well-posed if

sup
u∈B(u0,R)

||[F ′(u)]−1|| ≤ m(R), (4)

v
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where B(u0, R) = {u : ||u − u0|| ≤ R}, F ′(u) is the Fréchet derivative
(F-derivative) of the operator-function F at the point u, and the constant
m(R) > 0 may grow arbitrarily as R grows. If (4) fails, we call problem
(1) ill-posed . If problem (1) is ill-posed, we write it often as F (u) = f and
assume that noisy data fδ are given in place of f , ||fδ − f || ≤ δ. Although
the equation F (u) = f is solvable, the equation F (u) = fδ may have no
solutions.

The problem is:
Given {δ, fδ, F}, find a stable approximation uδ to a solution u of the

equation F (u) = f , i.e., find uδ such that

lim
δ→0

||uδ − u|| = 0. (5)

Unless otherwise stated, we assume that

sup
u∈B(u0,R)

||F (j)(u)|| ≤ Mj(R), 0 ≤ j ≤ 2, (6)

where Mj(R) are some constants. In other words, we assume that the
nonlinearity is C2

loc, but the rate of its growth, as R grows, is not restricted.
Let us now describe briefly the scope of the DSM.
Any well-posed problem (1) can be solved by a DSM which converges at

an exponential rate, i.e.,

||u(∞) − u(t)|| ≤ re−c1t, ||F (u(t))|| ≤ ||F0||e−c1t, (7)

where r > 0 and c1 > 0 are some constants, and F0 := F (u0).
For ill-posed problems, in general, it is not possible to estimate the rate

of convergence; depending on the data f this rate can be arbitrarily slow.
To estimate the rate of convergence in an ill-posed problem one has to make
some additional assumptions about the data f . Remember that by ”any”
we mean throughout any solvable problem (1).

Any solvable linear equation

F (u) = Au − f = 0, (8)

where A is a closed, linear, densely defined operator in a Hilbert space H,
can be solved stably by a DSM. If noisy data fδ are given, ||fδ − f || ≤ δ ,
then DSM yields a stable solution uδ for which (5) holds.

We derive stopping rules, i.e., rules for choosing t(δ) := tδ, the time at
which uδ(tδ) = uδ should be calculated, using fδ in place of f , in order for
(5) to hold.

For linear problems (8) the convergence of a suitable DSM is global with
respect to u0, i.e., DSM converges to the unique minimal-norm solution of
y of (8) for any choice of u0.



PREFACE vii

Similar results we prove for equations (1) with monotone operators
F : H → H. Recall that F is called monotone if

(F (u) − F (v), u − v) ≥ 0 ∀u, v ∈ H, (9)

where H is a Hilbert space. For hemicontinuous monotone operators
the set N = {u : F (u) = 0} is closed and convex, and such sets in
a Hilbert space have unique minimal-norm element. A map F is called
hemicontinuous if the function (F (u + λv), w) is continuous with respect
to λ ∈ [0, λ0) for any u, v, w ∈ H, where λ0 > 0 is a number.

DSM is justified for any solvable equation (1) with monotone operators
satisfying conditions (6). Note that no restrictions on the growth of Mj(R)
as R grows are imposed, so the nonlinearity is C2

loc but may grow arbitrarily
fast. For monotone operators we will drop assumption (6) and construct a
convergent DSM.

We justify DSM for arbitrary solvable equation (1) in a Hilbert space
with C2

loc nonlinearity under a very weak assumption:

F ′(y) 	= 0, (10)

where y is a solution to equation (1).
We justify DSM for operators satisfying the following spectral assump-

tion:

||(F ′(u) + ε)−1|| ≤ c

ε
, 0 < ε ≤ ε0, ∀u ∈ H, (11)

where ε0 > 0 is an arbitrary small fixed number. Assumption (11) is
satisfied, for example, for operators F ′(u) whose regular points, i.e., points
z ∈ C such that (F ′(u) − z)−1 is a bounded linear operator, fill in the set

|z| < ε0, |argz − π| ≤ ϕ0, (12)

where ϕ0 > 0 is an arbitrary small fixed number. We also prove the
existence of a solution to the equation:

F (u) + εu = 0, (13)

provided that (6) and (11) hold.
We discuss DSM for equations (1) in Banach spaces. In particular,

we discuss some singular perturbation problems for equations of the type
(13): under what conditions a solution uε to equation (13) converges to a
solution of equation (1) as ε → 0.

In Newton-type methods, e.g.,

u̇ = −[F ′(u)]−1F (u), u(0) = u0, (14)
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the most difficult and time-consuming part is the inversion of the derivative
F ′(u).

We propose a DSM method which avoids the inversion of the derivative.
For example, for well-posed problem (1) such a method is

u̇ = −QF (u), u(0) = u0,

Q̇ = −TQ + A∗, Q(0) = Q0, (15)

where

A := F ′(u), T = A∗A, (16)

A∗ is the adjoint to A operator, and u0 and Q0 are suitable initial approx-
imations.

We also give a similar DSM scheme for solving ill-posed problem (1).
We justify DSM for some classes of operator equations (1) with un-

bounded operators, for example, for operators F (u) = Au + g(u) where A
is a linear, densely defined, closed operator in a Hilbert space H and g is a
nonlinear C2

loc map.
We justify DSM for equations (1) with some nonsmooth operators, e.g.,

with monotone, hemicontinuous, defined on all of H operators.
We show that the DSM can be used as a theoretical tool for proving

conditions sufficient for the surjectivity of a nonlinear map or for this map
to be a global homeomorphism.

One of our motivations is to develop a general method for solving opera-
tor equations, especially nonlinear and ill-posed. The other motivation is to
develop a general approach to constructing convergent iterative processes
for solving these equations.

The idea of this approach is straightforward: if the DSM is justified for
solving equation (1), i.e., (3) holds, then one considers a discretization of
(2), for example:

un+1 = un + hnΦ(tn, un), u0 = u0, tn+1 = tn + hn, (17)

and if one can prove convergence of (17) to the solution of (2), then (17)
is a convergent iterative process for solving equation (1).

We prove that any solvable linear equation (8) (with bounded or un-
bounded operator A) can be solved by a convergent iterative process which
converges to the unique minimal-norm solution of (8) for any initial ap-
proximation u0.

A similar result we prove for solvable equation (1) with monotone op-
erators.
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For general nonlinear equations (1), under suitable assumptions, a con-
vergent iterative process is constructed. The initial approximation in this
process does not have to be in a suitable neighborhood of a solution to (1).

We give some numerical examples of applications of the DSM. A detailed
discussion of the problem of stable differentiation of noisy functions is given.

New technical tools, that we often usein this book, are some novel
differential inequalities.

The first of these deals with the functions satisfying the following in-
equality:

ġ ≤ −γ(t)g(t) + α(t)g2(t) + β(t), t ≥ t0 ≥ 0, (18)

where g, γ, α, β are nonnegative functions, and γ, α and β are continuous
on [t0,∞). We assume that there exists a positive function μ ∈ C1[t0,∞),
such that

0 ≤ α(t) ≤ μ(t)
2

(
γ(t) − μ̇(t)

μ(t)

)
, β(t) ≤ 1

2μ(t)

(
γ(t) − μ̇(t)

μ(t)

)
, (19)

μ(t0)g(t0) < 1, (20)

and prove that under the above assumptions, any nonnegative solution g(t)
to (18) is defined on [t0,∞) and satisfies the following inequality:

0 ≤ g(t) ≤ 1 − ν(t)
μ(t)

<
1

μ(t)
, (21)

where

ν(t) =
1

1
1−μ(t0)g(t0)

+ 1
2

∫ t

t0

(
γ(s) − μ̇(s)

μ(s)

)
ds

. (22)

The other inequality, which we use, is an operator version of the Gron-
wall inequality. Namely, assume that:

Q̇ = −T (t)Q(t) + G(t), Q(0) = Q0, (23)

where T (t) and G(t) are linear bounded operators on a Hilbert space de-
pending continuously on a parameter t ∈ [0,∞). If there exists a continuous
positive function ε(t) on [0,∞) such that

(T (t)h, h) ≥ ε(t)||h||2 ∀h ∈ H, (24)

then the solution to (23) satisfies the inequality:

||Q(t)|| ≤ e−
R t
0 ε(x)dx

[
||Q0|| +

∫ t

0

||G(s)||e
R s
0 ε(x)dxds

]
. (25)
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This inequality shows that Q(t) is a bounded linear operator whose
norm is bounded uniformly with respect to t if

sup
t≥0

∫ t

0

||G(s)||e−
R t

s
ε(x)dxds < ∞. (26)

The DSM is shown to be useful as a tool for proving theoretical results,
see Chapter 13.

The DSM is used in Chapter 14 for construction of convergent iterative
processes for solving operator equation.

In Chapter 15 some numerical problems are discussed, in particular, the
problem of stable differentiation of noisy data.

In Chapter 16 various auxiliary material is presented. Together with
some known results, available in the literature, some less known results are
included: a necessary and sufficient condition for compactness of embed-
ding operators and conditions for the continuity of the solutions to operator
equations with respect to a parameter.

The table of contents gives a detailed list of topics discussed in this
book.
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Chapter 1

Introduction

1.1 What this book is about

This book is about a general method for solving operator equations

F (u) = 0. (1.1.1)

Here F is a nonlinear map in a Hilbert space H. Later on we consider maps
F in Banach spaces as well. The general method, that we develop in this
book and call the dynamical systems method (DSM), consists of finding a
nonlinear map Φ(t, u) such that the Cauchy problem

u̇ = Φ(t, u), u(0) = u0, (1.1.2)

has a unique global solution u(t), that is, the solution defined for all t ≥ 0,
this solution has a limit u(∞):

lim
t→∞ ||u(∞) − u(t)|| = 0, (1.1.3)

and this limit solves equation (1.1.1):

F (u(∞)) = 0. (1.1.4)

Let us write these three conditions as

∃!u(t) ∀t ≥ 0; ∃u(∞); F (u(∞)) = 0. (1.1.5)

If (1.1.5) holds for the solution to (1.1.2) then we say that a DSM is
justified for solving equation (1.1.1). There may be many choices of Φ(t, u)
for which DSM can be justified. A number of such choices will be given in

1



2 1. INTRODUCTION

Chapter 3 and in other Chapters. It should be emphasized that we do not
assume that equation (1.1.1) has a unique solution. Therefore the solution
u(∞) depends on the initial approximation u0 in (1.1.2). The choice of u0

in some cases is not arbitrary and in many cases this choice is arbitrary, for
example, for problems with linear operators, nonlinear monotone operators,
and for a wide class of general nonlinear problems (see Chapters 4, 6, 7-9,
11-12, 14).

The existence and uniqueness of the local solution to problem (1.1.2) is
guaranteed, for example, by a Lipschitz condition imposed on Φ:

||Φ(t, u) − Φ(t, v)|| ≤ L||u − v||, u, v ∈ B(u0, R), (1.1.6)

where the constant L does not depend on t ∈ [0,∞) and

B(u0, R) = {u : ||u − u0|| ≤ R}
is a ball, centered at the element u0 ∈ H and of radius R > 0.

1.2 What the DSM (Dynamical Systems Method) is

The DSM for solving equation (1.1.1) consists of finding a map Φ(t, u) and
an initial element u0 such that conditions (1.1.5) hold for the solution to
the evolution problem (1.1.2).

If conditions (1.1.5) hold, then one solves Cauchy problem (1.1.2) and
calculates the element u(∞). This element is a solution to equation (1.1.1).
The important question one faces after finding a nonlinearity Φ, for which
(1.1.5) hold, is the following one: how does one solve Cauchy problem
(1.1.2) numerically? This question has been studied much in the literature.
If one uses a projection method, i.e., looks for the solution of the form:

u(t) =
J∑

j=1

uj(t)fj , (1.2.1)

where {fj} is an orthonormal basis of H, and J > 1 is an integer, then
problem (1.1.2) reduces to a Cauchy problem for a system of J nonlinear
ordinary differential equations for the scalar functions uj(t), 1 ≤ j ≤ J , if
the right-hand side of (1.1.2) is projected onto the J-dimensional subspace
spanned by {fj}1≤j≤J . This system is:

u̇j =

(
Φ(

J∑
m=1

um(t)fm, t), fj

)
, 1 ≤ j ≤ J, (1.2.2)

uj(0) = (u0, fj), 1 ≤ j ≤ J. (1.2.3)
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Numerical solution of the Cauchy problem for systems of ordinary differ-
ential equations has been much studied in the literature.

In this book the main emphasis is on the possible choices of Φ which
imply properties (1.1.5).

1.3 The scope of the DSM

One of our aims is to show that DSM is applicable to a very wide variety
of problems.

Specifically, we prove in this book that the DSM is applicable to the
following classes of problems:

1. Any well-posed solvable problem (1.1.1) can be solved by DSM.

By a well-posed problem (1.1.1) we mean the problem with the oper-
ator F satisfying the following assumptions:

sup
u∈B(u0,R)

||[F ′(u)]−1|| ≤ m(R), (1.3.1)

and

sup
u∈B(u0,R)

||F (j)(u)|| ≤ Mj(R), 0 ≤ j ≤ 2, (1.3.2)

where F (j)(u) is the j-th Fréchet derivative of F .

If assumption (1.3.1) does not hold, but (1.3.2) holds, we call prob-
lem (1.1.1) ill-posed. This terminology is not quite standard. The
standard notion of an ill-posed problem is given in Section 2.1.

We prove that for any solvable well-posed problem not only the DSM
can be justified, i.e., Φ can be found such that for problem (1.1.2)
conclusions (1.1.5) hold, but, in addition, the convergence of u(t) to
u(∞) is exponentially fast:

||u(t) − u(∞)|| ≤ re−c1t, (1.3.3)

where r > 0 and c1 > 0 are constants, and

||F (u(t))|| ≤ ||F0||e−c1t, F0 := F (u0). (1.3.4)

2. Any solvable linear ill-posed problem can be solved by DSM.

A linear problem (1.1.1) is a problem

Au = f, (1.3.5)
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where A is a linear operator. This operator we always assume closed
and densely defined. Its null space is denoted

N (A) := {u : Au = 0},

and its domain is denoted D(A), and its range is denoted R(A).

For a linear ill-posed problems a DSM can be justified and Φ can
be found such that convergence (1.1.3) holds for any initial approxi-
mation u0 in (1.1.2) and u(∞) is the unique minimal-norm solutions
y to (1.1.5). However, in general, one cannot estimate the rate of
convergence: it can be as slow as one wishes if f is chosen suitably.
To obtain a rate of convergence for an ill-posed problem one has to
make additional assumptions on f . One can give a stable approxima-
tion to the minimal-norm solution y to problem (1.1.5) using DSM.
This stable approximation uδ should be found from the noisy data
{fδ, δ}, where fδ, the noisy data, is an arbitrary element satisfying
the inequality

||fδ − f || ≤ δ, (1.3.6)

and δ > 0 is a small number. The stable approximation is the ap-
proximation for which one has

lim
δ→0

||uδ − y|| = 0. (1.3.7)

When one uses a DSM for stable solution of an ill-posed problem
(1.1.5), or, more generally, of a nonlinear problem

F (u) = f, (1.3.8)

then one solves the Cauchy problem (1.1.2), where Φ depends on the
noisy data fδ, and one stops the calculation of the corresponding
solution uδ(t) at a time tδ, which is called the stopping time. The
stopping time should be chosen so that

lim
δ→0

||uδ(tδ) − u(∞)|| = 0, (1.3.9)

where u(∞) is the limiting value of the solution u(t) to problem
(1.1.2) corresponding to the exact data f . In Chapters 4, 6, and 7
we give some methods for choosing the stopping times for solving
ill-posed problems.
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3. Any solvable ill-posed problem (1.3.8) with a monotone operator F ,
satisfying (1.3.2), can be solved stably by a DSM.

If the operator F in problem (1.3.8) is monotone, i.e.,

(F (u) − F (v), u − v) ≥ 0, (1.3.10)

and assumption (1.3.2) holds, then one can find such Φ that (1.1.5)
holds.

Moreover, convergence (1.1.3) holds for any initial approximation
u0 in (1.1.2), and u(∞) is the unique minimal-norm solution y to
(1.3.8).

If noisy data fδ, ||fδ − f || ≤ δ, are given in place of the exact data f ,
then one integrates the Cauchy problem (1.1.2) with Φ corresponding
to fδ and calculates the corresponding solution uδ(t) at a suitably
chosen stopping time tδ.

If uδ := uδ(tδ) then

lim
δ→0

||uδ − y|| = 0. (1.3.11)

Some methods for finding the stopping time are discussed in Chapter
6.

4. Any solvable ill-posed problem (1.3.8), such that

F (y) = f, F ′(y) 	= 0,

and (1.3.2) holds, can be solved stably by a DSM.

5. Any solvable ill-posed problem (1.3.8) with a monotone, hemicontin-
uous, defined on all of H operator F can be solved stably by a DSM.

For such operators assumption (1.3.2) is dropped. One can choose
such Φ that convergence (1.1.3) holds for any initial approximation
u0 in (1.1.2) and u(∞) = y, where y is the unique minimal-norm
solution to (1.3.8).

6. If F = L + g, where L is a linear, closed, densely defined operator,
g is a nonlinear operator satisfying (1.3.2), and equation (1.3.8) is
solvable, then it can be solved by a DSM provided that L−1 exists, is
bounded, and

sup
u∈B(u0,R)

||(I + L−1g′(u))−1|| ≤ m(R). (1.3.12)

Thus DSM can be used for some equations (1.1.1) with unbounded
operators F .
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7. DSM can be used for proving theoretical results.

For example:

A map F : H → H is surjective if (1.3.1)-(1.3.2) hold and

sup
R>0

R

m(R)
= ∞. (1.3.13)

A map F : H → H is a global homeomorphism of H onto H if (1.3.2)
holds and

||[F ′(u)]−1|| ≤ h(||u||), (1.3.14)

where h(s) > 0 is a continuous function on [0,∞) such that∫ ∞

0

h−1(s)ds = ∞. (1.3.15)

8. DSM can be used for solving nonlinear well-posed and ill-posed prob-
lems (1.1.1) without inverting the derivative F ′(u).

For example, if assumptions (1.3.1)-(1.3.2) hold and problem (1.1.1)
is solvable, then the DSM⎧⎨

⎩
u̇ = −QF (u)
Q̇ = −TQ + A∗

u(0) = u0, Q(0) = Q0,
(1.3.16)

converges to a solution of problem (1.1.1) as t → ∞, and (1.1.5)
holds. Here Q is an operator,

A := F ′(u), T := A∗A, (1.3.17)

and A∗ is the adjoint to A operator.

Note that a Newton-type method for solving equation (1.1.1) by a
DSM is of the form:

u = −[F ′(u)]−1F (u), u(0) = u0. (1.3.18)

This method is applicable to the well-posed problems only, because
it requires F ′(u) to be boundedly invertible. Its regularized versions
are applicable to many ill-posed problems also, as we demonstrate in
this book. In practice the numerical inversion of F ′(u) is the most
difficult and time-consuming part of the solution of equation (1.1.1)
by the Newton-type methods. The DSM (1.3.16) avoids completely
the inversion of the derivative F ′(u). Convergence of this method is
proved in Chapter 10, where a DSM scheme, similar to (1.3.16), is
constructed for solving ill-posed problems (1.1.1).
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9. DSM can be used for solving equations (1.1.1) in Banach spaces.

In particular, if F : X → X is an operator in a Banach space X and
the following spectral assumption holds:

||A−1
ε || ≤ c

ε
, 0 < ε < ε0, (1.3.19)

where c > 0 is a constant,

Aε := A + εI, ε = const > 0, (1.3.20)

and ε0 > 0 is an arbitrary small fixed number, then the DSM can be
used for solving the equation

F (u) + εu = 0. (1.3.21)

10. DSM can be used for construction of convergent iterative schemes for
solving equation (1.1.1).

The general idea is simple. Suppose that a DSM is justified for equa-
tion (1.1.1). Consider a discretization of (1.1.2)

un+1 = un + hnΦ(tn, un), u0 = u0, tn+1 = tn + hn, (1.3.22)

or some other discretization scheme. Assume that the scheme (1.3.22)
converges:

lim
n→∞un = u(∞). (1.3.23)

Then (1.3.22) is a convergent iterative scheme for solving equation
(1.1.1) because F (u(∞)) = 0.

It is clear now that the DSM has a very wide range of applicability.
The author hopes that some numerical schemes for solving operator
equations (1.1.1), which are based on the DSM, will be more efficient
than some of the currently used numerical methods.

1.4 A discussion of DSM

The reader may ask the following question:
Why would one like to solve problem (1.1.2) in order to solve a simpler

looking problem (1.1.1)?
The answer is:
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First, one may think that problem (1.1.1) is simpler than problem
(1.1.2), but, in fact, this thinking may not be justified. Indeed, if prob-
lem (1.1.1) is ill-posed and nonlinear, then there is no general method for
solving this problem, while one may try to solve problem (1.1.2) by using
a projection method and solving the Cauchy problem (1.2.2)-(1.2.3).

Secondly, there is no clearly defined measure of the notion of the sim-
plicity of problem (1.1.1) as compared with problem (1.1.2). As we have
mentioned in Section 1.2, the numerical methods for solving (1.2.2)-(1.2.3)
have been studied in the literature extensively (see e.g. [HW]).

The attractive features of the DSM are: its wide applicability; its flex-
ibility: there are many choices of Φ for which one can justify DSM, i.e.,
prove (1.1.5), and many methods for solving the Cauchy problem (1.1.2); its
numerical efficiency: we show some evidences of this efficiency in Chapter
15. In particular, one can solve such classical problems as stable numerical
differentiation of noisy data, solving ill-conditioned linear algebraic sys-
tems, and other problems, more accurately and efficiently by a DSM than
by more traditional methods.

1.5 Motivations

The motivations for the development of the DSM in this book are the
following ones.

First, we want to develop a general method for solving linear and, espe-
cially, nonlinear operator equations. This method is developed especially,
but not exclusively, for solving nonlinear ill-posed problems.

Secondly, we want to develop a general method for constructing con-
vergent iterative methods for solving nonlinear ill-posed problems.



Chapter 2

Ill-posed problems

In this Chapter we discuss various methods for solving ill-posed problems.

2.1 Basic definitions. Examples

Consider an operator equation

F (u) = f, (2.1.1)

where F : X → Y is an operator from a Banach space X into a Banach
space Y .

Definition 2.1.1. Problem (2.1.1) is called well-posed (in the sense of J.
Hadamard) if F is injective, surjective and has continuous inverse. If the
problem is not well-posed, then it is called ill-posed.

Ill-posed problems are of great interest in applications. Let us give some
examples of ill-posed problems which are of interest in applications.
Example 2.1.1. Solving linear algebraic systems with ill-conditioned matri-
ces.

Let

Au = f, (2.1.2)

be a linear algebraic system in R
n, u, f ∈ R

n, A = (aij)1≤i,j≤n is an ill-
conditioned matrix, i.e., the condition number κ(A) = ||A|| ||A−1|| is large.
This definition of the condition number preassumes that A is nonsingular,
that is, N (A) = {0}. If A is singular, i.e., N (A) 	= {0}, then formally
κ(A) = ∞ because ||A−1|| = ∞. Indeed,

||A−1|| = sup
f 	=0

||A−1f ||
||f || = sup

u=A−1f 	=0

1
||Au||
||u||

=
1

infu 	=0
||Au||
||u||

= ∞, (2.1.3)

9
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because Au = 0 for some u 	= 0 if N (A) 	= {0}.
Problem (2.1.2) is practically ill-posed if N (A) 	= {0} but κ(A) 
 1,

i.e., κ(A) is very large. Indeed, in this case small variations Δf of f may
cause large variations Δu of the solution u. One has

||Δu||
||u|| =

||A−1Δf ||
||A−1f || ≤ ||Δf ||||A−1||

||f ||||A||−1
= κ(A)

||Δf ||
||f || , (2.1.4)

where we have used the inequality ||A−1f || ≥ ||f ||||A||−1. If the equality
sign is achieved in (2.1.4) then a relative error ||Δf ||

||f || causes κ(A) ||Δf ||
||f ||

relative error ||Δu||
||u|| of the solution. If κ(A) = 106 then the relative error of

the solution is quite large.
An example of an ill-conditioned matrix is Hilbert’s matrix .

hij =
1

1 + i + j
, 0 ≤ i, j ≤ n. (2.1.5)

Its condition number is of order 1013 for n = 9. A 2 × 2 matrix

A =
(

4.1 2.8
9.7 6.6

)
, (2.1.6)

has condition number 2, 249.5. Equation (2.1.2) with A defined by (2.1.6)

and u =
(

1
0

)
is satisfied if f =

(
4.1
9.7

)
. If fδ =

(
4.11
9.70

)
then

the corresponding solution uδ =
(

0.34
0.97

)
. One can see that a small

perturbation of f produces a large perturbation of the solution.
The Hilbert matrix for all n ≥ 0 is positive-definite, because it is a

Gramian of a system of linearly independent functions:

hij =
∫ 1

0

xi+jdx.

Example 2.1.2. Stable summation of the Fourier series and integrals with
randomly perturbed coefficients.

Suppose that

f =
∞∑

j=1

cjhj(x), (2.1.7)

where (hi, hj) = δij , where δij =
{

0, i 	= j,
1, i = j,

and cj = (f, hj), where

(f, h) is the inner product in a Hilbert space H = L2(D).
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Let us assume that {cjδ}1≤j<∞ are given, and supj |cjδ − cj | ≤ δ. The
problem is to estimate f given the set {δ, cjδ}1≤j<∞.

If fδ is an estimate of f and limδ→0 ||fδ − f || = 0, then the estimate is
called stable. Here ||f || = (f, f)1/2.

Methods for calculating a stable estimate of f given noisy data will be
discussed later.

Example 2.1.3. Stable numerical differentiation of noisy data.
Suppose that f ∈ C2([0, 1]) is not known, but the noisy data fδ ∈

L∞([0, 1]) are given and it is assumed that ||f − fδ|| ≤ δ , where the norm
is L∞-norm.

The problem is:
Given the noisy data {δ, fδ}, estimate stably f ′.
We prove that this problem, as stated, does not have a solution. In

order to solve this problem one has to have additional information, namely
one has to assume an a priori bound

||f (a)|| ≤ Ma, a > 1, (2.1.8)

where f (a) is the derivative of order a. If a is not an integer one defines
Ma as follows. Let a = m + b, where m is an integer and 0 < b < 1.

Then

||f (a)|| = ||f (m)|| + sup
x,s∈[0,1]

|f (m)(x) − f (m)(s)|
|x − s|b . (2.1.9)

One can prove that the data {δ, fδ,Ma} with any fixed a > 1 allow one
to construct a stable approximation of f and to estimate the error of this
approximation. For example, this error is O(δ

1
2 ) if a = 2, and O(δ

b
1+b ) if

a = 1 + b, 0 < b < 1.
Usually in the literature the stable approximation of f is understood as

an estimate Rδfδ such that

lim
δ→0

||Rδfδ − f ′|| = 0. (2.1.10)

The author had introduced ([R35]) a new definition of the stable approxi-
mation of f namely, the following one:

Let us call the estimate Rδfδ of f ′ stable if:

lim
δ→0

sup
f∈K(δ,a)

||Rδfδ − f ′|| = 0, (2.1.11)

where

K(δ, a) := {f : ||f (a)|| ≤ Ma, ||f − fδ|| ≤ δ}. (2.1.12)
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The new definition (2.1.11) - (2.1.12) has an advantage over the stan-
dard definition because in the new definition there is no dependence on f
(and remember that f is unknown), in contrast with the standard defini-
tion, which uses the unknown f .

The estimate Rδfδ has to be constructed on the basis of the known data
{δ, fδ,Ma} only. These data may correspond to any f in the set K(δ, a).
Since f is not known, and can be any element from the set (2.1.12), it is
more natural to define the stable approximation of f by formula (2.1.11)
rather than by formula (2.1.10).

A detailed study of the practically important problem of stable numer-
ical differentiation will be given in Section 15.2.
Example 2.1.4. Stable solution of Fredholm integral equations of the first
kind.

Consider the equation:

Au = f, Au =
∫

D

A(x, y)u(y)dy, (2.1.13)

where D ⊂ R
n is a bounded domain and the function A(x, y) ∈ L2(D×D)

or

sup
x∈D

∫
D

|A(x, y)|dy ≤ M. (2.1.14)

If A ∈ L2(D × D) then the operator A in (2.1.13) is compact in H =
L(D). If (2.1.14) holds, and

lim
h→0

sup
|x−s|≤h

∫
D

|A(x, y) − A(s, y)|dy = 0, (2.1.15)

then the operator A in (2.1.13) is compact in X = C(D).
Indeed, if A ∈ L2(D × D), then∫

D

∫
D

|A(x, y)|2dxdy < ∞. (2.1.16)

In this case the operator A in (2.1.13) is a Hilbert-Schmidt (HS) operator,
which is known to be compact in H = L2(D).

For convenience of the reader let us prove the following known [KA]
result:

Theorem 2.1.1. Integral operator (2.1.13) is compact as an operator from
Lp(D) into Lq(D) if∫

D

∫
D

|A(x, y)|r′
dxdy ≤ Mr′

, r = min(p, q), (2.1.17)
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where M = const > 0, q′ = q
q−1 , r′ = r

r−1 , p, q ≥ 1, and

||A||Lp→Lq := ||A|| ≤ M |D| q−r(q−1)
qr , |D| := meas D. (2.1.18)

Remark 2.1.1. If p = q = r = r′ = 2, then (2.1.18) yields ||A|| ≤ M , so
measD can be infinite in this case, but ||A|| ≤ M .

Proof. If p ≥ r then one has

|(Au)(x)| ≤
(∫

D

|A(x, y)|r′
dy

) 1
r′
||u||Lr ≤

(∫
D

|A(x, y)|r′
dy

) 1
r′
||u||Lp ,

where Ls = Ls(D).
Using Hölder’s inequality, one gets

(∫
D

|(Au)(x)|qdx

) 1
q

≤ ||u||Lp

(∫
D

dx

) q−r(q−1)
qr

(∫
D

dx

∫
D

|A(x, y)|r′
dy

) 1
r′

.

(2.1.19)

Thus, estimate (2.1.18) is proved.
To prove the compactness of A, note that estimate (2.1.17) implies that

A(x, y) ∈ L2(D × D). Therefore there is a finite - rank kernel Am(x, y) =
m∑

j,k=1

aj(x)bk(y), which approximates A(x, y) in the Lr′
(D × D) with arbi-

trary accuracy, provided that m is sufficiently large. Therefore

lim
m→∞ ||A − Am||Lp→Lq = 0, (2.1.20)

by estimate (2.1.18). Since Am(x, y) is a finite-rank kernel, the correspond-
ing operator A with this kernel is compact. Thus the operator A is compact
being the limit of a sequence of compact operators A in the operator norm.

Theorem 2.1.1 is proved. �

It is well known that a linear compact operator in an infinite-dimensional
Banach space X cannot have a bounded inverse. Indeed if A is a linear
compact operator in X and B is its bounded inverse, then BA = I, where
I is the identity operator, and I = BA is compact as a product of a com-
pact and bounded operator. But the identity operator is compact only in
a finite-dimensional Banach space. Therefore B cannot be bounded if it
exists. Consequently, problem (2.1.13) is ill-posed.

Some methods for stable solution of equation (2.1.13), given the noisy
data, are developed in this chapter.
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Example 2.1.5. Analytic continuation.
Let f be an analytic function in a domain D on a complex plane. As-

sume that f is known on a set E ⊂ C, which has a limit point inside D.
Then, by the well-known uniqueness theorem, the function f is uniquely
determined everywhere in D. The problem of analytical continuation of
f from the set E to D is ill-posed. Indeed, if the noisy data f are given
on the set E, such that sup

z∈E
|fδ(z) − f(z)| ≤ δ, then fδ(z) may not be an

analytic function in D, and in this case it may be not defined in D, or, if
fδ(z) is analytic in D, its values in D can differ very much from the values
of f . Consider a simple example:

f(z) = ez, D = {z : |z| < 1}, E = {z : |z| ≤ a}.

Let a = 10−5, fδ(z) = 1
1−z . Then one has

max
|z|≤a

∣∣∣∣ez − 1
1 − z

∣∣∣∣ = max
|z|≤a

∣∣∣∣∣
∞∑

n=2

zn

(
1
n!

− 1
)∣∣∣∣∣ ≤ a2

2
+

a3

1 − a
:= δ

If a ≤ 10−5 then δ < 10−10. However at z0 = 1 − 10−5 one has

|ez0 − 1
1 − z0

| < 105.

Example 2.1.6. The Cauchy problem for elliptic equations.
Suppose that

Δu = 0 in D ⊂ R
n, u|S = f, uN |S = h, (2.1.21)

where D is a domain, S is its boundary, and N is the unit outer normal to
S.

Finding u from the data {f, h} is an ill-posed problem: small pertur-
bation of the data {f, h} may lead to the pair {fδ, hδ} which does not
correspond to any harmonic function in D. The function h in the data
(2.1.21) cannot be chosen arbitrarily. One knows that f alone determines
u in (2.1.21) uniquely. Therefore f determines h uniquely as well. The
map

Λ : f → h

is called the Dirichlet-to-Neumann map. This map is injective and its
properties are known.
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Example 2.1.7. Minimization problems.
Let

f(u) ≥ m > −∞
be a continuous functional in a Banach space X. Consider the problem of
finding its global minimum

m = inf
u

f(u)

and its global minimizer y,

f(y) = m.

We assume that the global minimizer exists and is unique, and that m >
−∞. While the problem of finding global minimum is well-posed, the
problem of finding global minimizer is ill-posed. Let us explain these claims.
Consider fδ(u) = f(u) + gδ(u), where supu∈X |gδ(u)| ≤ δ . One has

inf
u

[f(u) + gδ(u)] ≤ inf
u

f(u) + sup gδ(u) ≤ m + δ,

and

m − δ ≤ inf
u

f(u) − sup
u

|gδ| ≤ inf
u

[f(u) + gδ(u)].

Thus

m − δ ≤ inf
u

[f(u) + gδ(u)] ≤ m + δ, (2.1.22)

provided that

sup
u

|gδ(u)| ≤ δ.

This proves that small perturbations of f lead to small perturbations of
the global minimum.

The situation with global minimizer is much worse: small perturbation
of f can lead to large perturbations of the global minimizer. For instance,
consider the function

f(x) = − cos x + εx2e−x2
, x ∈ R.

This function has a unique global minimizer x = 0, and the global minimum
m = −1 for any fixed value of ε > 0. If gδ(x) is a continuous function, such
that

sup
x∈R

|gδ(x)| ≤ δ, gδ(0) > 0,

then one can choose gδ(x) so that the global minimizer will be as far from
x = 0 as one wishes.
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Example 2.1.8. Inverse scattering problem in quantum mechanics [R44]
Let

[∇2 + k2 − q(x)]u = 0 in R, k = const > 0, (2.1.23)

u = eikα·x + v, α ∈ S2, (2.1.24)

lim
r→∞

∫
|x|=r

| ∂v

∂|x| − ikv|2ds = 0, (2.1.25)

where S2 is the unit sphere in R
3 , α is a given unit vector, the direction

of the incident plane wave, q is a real-valued function, which is called
potential, and which we assume compactly supported,

q ∈ Qa := {q : q(x) = 0 if |x| > a, q(x) ∈ L2(Ba), q = q̄}, (2.1.26)

where Ba = {x : |x| ≤ a}. One can prove that the scattered field v is of
the form

v = A(α′, α, k)
eikr

r
+ o

(
1
r

)
, r := |x| → ∞,

x

r
= α′. (2.1.27)

The coefficient A = A(α′, α, k) is called the scattering amplitude. The
scattering problem (2.1.23)-(2.1.25) is uniquely solvable under the above
assumptions (and even under less restrictive assumptions on the rate of
decay of q at infinity, see e.g. [R44]). Therefore, the scattering amplitude
A = Aq is uniquely determined by the potential q. The inverse scattering
problem of quantum mechanics consists of finding the potential from the
knowledge of the scattering amplitude A on some subset of S2 ×S2 ×R+ .

A detailed discussion of this problem in the case when the above subset
is S2

1 × S2
2 × k0, k0 = const > 0, and S2

1 and S2
2 are arbitrary small open

subsets of S2, that is, in the case of fixed-energy data, is given in [R44].
The inverse scattering problem, formulated above, is ill-posed: a small
perturbation of the scattering amplitude may be a function A(α′, α, k0)
which is not a scattering amplitude corresponding to a potential from the
class Qa, or even from a larger class of potentials.

The author [R16, R17] has established the uniqueness of the solution to
inverse scattering problem with fixed energy data, gave a characterization
of the class of functions which are the scattering amplitudes at a fixed
energy of a potential q ∈ Qa, and gave an algorithm for recovery of a q
from A(α′, α) := A(α′, α, k0) known for all α ∈ S2 and all α′ ∈ S2 at a
fixed k = k0 > 0 (see also [R44]).



2.1. BASIC DEFINITIONS. EXAMPLES 17

The error of this algorithm is also given in [R44], see also [R31]. Also
a stable estimate of a q ∈ Qa is obtained in [R44] when the noisy data
Aδ(α′, α) are given,

sup
α,α′∈S2

|Aδ(α′, α) − A(α′, α)| ≤ δ. (2.1.28)

Recently ([R65]) the author has formulated and solved the following
inverse scattering-type problem with fixed k = k0 > 0 and fixed α = α0

data A(β) := A(β, α0, k0), known for all β ∈ S2. The problem consists
in finding a potential q ∈ L2(D), such that the corresponding scattering
amplitude Aq(β, α0, k0) := A(β) would approximate an arbitrary given
function f(β) ∈ L2(S2) with arbitrary accuracy:

||f(β) − A(β)||L2(S2) < ε,

where ε > 0 is an a priori given, arbitrarily small, fixed number. In [R65]
it is proved that this problem has a (non-unique) solution, and an analytic
formula is found for one of the potentials, which solve this problem. The
domain D ∈ R

3 in the above problem is an arbitrary bounded domain.

Example 2.1.9. Inverse obstacle scattering.
Consider the scattering problem:

(∇2 + k2)u = 0 in D′ := R
3 \ D, (2.1.29)

u|S = 0 (2.1.30)

u = eikα·x +A(α′, α)
eikr

r
+o

(
1
r

)
, r := |x| → ∞, α′ =

x

r
, (2.1.31)

where D is a bounded domain with boundary S, k = const > 0 is fixed, α ∈
S2 is given, and the coefficient A(α′, α) is called the scattering amplitude.

Existence and uniqueness of the solution to problem (2.1.29)-(2.1.31),
where D is an arbitrary bounded domain is proved in [R44], where some
references concerning the history of this problem can be found. In [R44]
one also finds proofs of the existence and uniqueness of the solution to
similar problems with boundary conditions of Neumann type

uN |S = 0, (2.1.32)

where N is the unit exterior normal to the surface S,
and of Robin type

(uN + hu)|S = 0, (2.1.33)
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under minimal assumptions on the smoothness of the boundary S. In
(2.1.33) h ≥ 0 is an L∞(S) function. If the Neumann conditions holds,
then S is assumed to be such that the imbedding operator

i1 : H1(D′
R
) → L2(D′

R
)

is compact. Here D′
1 is an open subset of D′, D′

1 = D′ ∩ BR, where BR is
some ball containing D.

If the Robin condition holds, then we assume that i1 and i2 are compact,
where i1 has been defined above and

i2 : H1(D′
R
) → L2(S).

Here L2(S) is the L2 space with the Hausdorff (n− 1)-measure on it. The
Hausdorff d-measure (d-dimensional measure) is defined as follows. If S is
a set in R

n , consider various coverings of this set by countably many balls
of radii rj ≤ r. Let

h(r) := B(d) inf
∑

j

rd
j ,

where B(d) is the volume of a unit ball in R
d and the infimum is taken

over all the coverings of S . Clearly h(r) is a non-increasing function, so
that it is nondecreasing as r → 0. Therefore there exists the limit (finite
or infinite)

lim
r→0

h(r) := Λ(S).

This limit Λ(S) is called d-dimensional Hausdorff measure of S. The re-
striction on the smoothness of S, which are implied by the compactness of
the imbedding operators i1 and i2, are rather weak: any Lipschitz bound-
ary S satisfies these restrictions, but Lipschitz boundaries form a small
subset of the boundaries for which i1 and i2 are compact. (see [GR1, GR]).

The existence and uniqueness of the solution to the obstacle scattering
problem imply that the scattering amplitude A(α′, α) is uniquely defined
by the boundary S and by the boundary condition on S (the Dirichlet con-
dition (2.1.30), the Neumann condition (2.1.32), or the Robin one (2.1.33)).

The inverse obstacle scattering problem consists of finding S and the
boundary condition (the Dirichlet, Neumann, or Robin) on S given the
scattering amplitude on a subset of S2×S2×R+ . The first basic uniqueness
theorem for this inverse problem has been obtained by M. Schiffer in 1964
(see [R13, R44], M.Schiffer did not publish his beautiful proof). He assumed
that the Dirichlet condition (2.1.30) holds and that A(α′, α, k) is known for
a fixed α = α0 , all α′ ∈ S and all k > 0.
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The second basic uniqueness theorem has been obtained in 1985 ([R13])
by the author, who did not preassume the boundary condition on S and
proved the following uniqueness theorem:

The scattering data A(α′, α), given at an arbitrary fixed k = k0 > 0 for
all α′ ∈ S2

1 and α ∈ S2
2 , determine uniquely the surface S and the boundary

condition on S of Dirichlet, Neumann, or Robin type.
Here S2

1 and S2
2 are arbitrarily small fixed open subsets of S2 (solid

angles), and the boundary condition is either Dirichlet, or Neumann, or
Robin type. It is still an open problem to prove the uniqueness theorem
for inverse obstacle scattering problem if A(α′) := A(α′, α0, k0) is known
for all α′ ∈ S2, a fixed α = α0 ∈ S2 and a fixed k = k0 > 0.

A recent result ([R51] in this direction is a uniqueness theorem under
additional assumptions on the geometry of S (convexity of S and nonana-
lyticity of S ).

The inverse obstacle scattering problem is ill-posed by the same reason
as the inverse potential scattering problem in example 2.1.8: small pertur-
bation of the scattering amplitude may throw it out of the set of scattering
amplitudes. A characterization of the class of scattering amplitudes is given
in ([R15], see also [R14, R19]).

The absolute majority of the practically interesting inverse problems
are ill-posed.

Let us mention some of these problems in addition to the two inverse
scattering problems mentioned above.
Example 2.1.10. Inverse problem of geophysics.

Let

[∇2 + k2 + k2v(x)]u = −δ(x − y) in R
3, (2.1.34)

where k = const > 0, v(x) is a compactly supported function, v ∈ L2(D),
D̄ = supp v ⊂ R

3
−, where supp v is the support of v, and R

3
− := {x : x3 <

0}. We assume that u satisfies the radiation condition

∂u

∂|x| − iku = o

(
1
|x|
)

, |x| → ∞, (2.1.35)

uniformly in directions x
|x| . One may think that P = {x : x3 = 0} is the

surface of the earth, v(x) is the inhomogeneity in the velocity profile, u
is the acoustic pressure, and y is the position of the point source of this
pressure.

The simplest model inverse problem of geophysics consists of finding
v(x) from the knowledge of u(x, y, k) for all x ∈ P1, all y ∈ P2 and a fixed
k > 0, (or for all k ∈ (0, k0), where k0 > 0 is arbitrarily small fixed number;
in this case the data u(x, y, k), k ∈ (0, k0), are called low-frequency data).
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Here P1 and P2 are open sets in P . A more realistic model allows one
to replace equation (2.1.31) with

[∇2 + k2n(x) + k2v(x)]u = δ(x − y) in R, (2.1.36)

where the non-constant background refraction coefficient n(x) is known. It
can be fairly arbitrary function ([R19]).

In geophysical modeling one often assumes that n0(x) = 1 for x3 > 0
(in hot air) and n(x) = n0 = const for x3 < 0 (homogeneous earth).

The inverse geophysical problem is ill-posed: a small perturbation of
the data u(x, y, k), x, y ∈ P1 × P2 may lead to a function which is not
the value of the solution to problem (2.1.34)-(2.1.35) for a v ∈ L2(D).

Example 2.1.11. Finding small subsurface inhomogeneities from surface
scattering data.

The inverse problem can be formulated as the inverse problem of geo-
physics in Example 2.1.10, with the additional assumptions

D = ∪J
j=1Dj , diamDj := aj , max

j
aj := aj , ka � 1, kd 
 1,

(2.1.37)

where

d = min
i 	=j

dist(Di, Dj).

The inverse problem is:
Given u(x, y, k) for x ∈ P1, y ∈ P2, where P1 and P2 are the same as

in Example 2.1.10, and k = k0 > 0 fixed, find the positions of Dj, their
number J , and their intensities Vj :=

∫
Dj

v(x)dx.
This problem is ill-posed by the same reasons as the inverse geophysical

problem. a method for solving this problem is given in [R47].

Example 2.1.12. Antenna synthesis problem.
Let an electric current be flowing in a region D. This current creates

an electromagnetic field according to the Maxwell’s equations

∇× E = iωμH, ∇× H = −iωεE + j, (2.1.38)

where ω is the frequency, ε and μ are dielectric and magnetic parameters,
and j is the current. If ε and μ are constants, then one can derive the
following formula ([R44], p.11).

E = −iωμ
eikr

r
[α′, [α′, J ]] + o

(
1
r

)
, r = |x|, α′ =

x

r
, (2.1.39)
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where k = ω
√

εμ, [a, b] is the cross product, and

J =
1
4π

∫
D

e−ikα′·yj(y)dy, (2.1.40)

where the integral is taken over the support D of the current j(y). We
assume that D is bounded.

The inverse problem, which is called the antenna synthesis problem,
consists of finding j(x) from the knowledge of the radiation pattern

[α′, [α′, J ]]

for all α′ ∈ S2.
This problem is ill-posed and, in general, it may have many solutions.

One has to restrict the admissible currents to obtain an inverse problem
which has at most one solution. For example, let us assume that

j(x) = j(x3)δ(x1)δ(x2)e3, x3 := z, −a ≤ z ≤ a,

where δ(xj) is the delta-function and e3 is the unit vector along the z-axis.
Thus, we deal with the linear antenna. The radiation pattern in this case
is

1
4π

[α′, [α′, e3]]
∫ a

−a

e−ikzuj(z)dz, u = cosθ = e3 · α′,

and the problem of linear antenna synthesis consists of finding j(z) from
the knowledge of the desired diagram f(u):∫ a

−a

e−ikzuj(z)dz = f(u), −1 ≤ u ≤ 1. (2.1.41)

Equation (2.1.41) has at most one solution. Indeed, if f(u) = 0, then the
left-hand side of (2.1.41) vanishes on the set −1 ≤ u ≤ 1 and is an entire
function of u.

By the uniqueness theorem for analytic functions, one concludes that∫ a

−a

e−ikzuj(z)dz = 0 for all u ∈ C,

and, in particular, for all u ∈ R . This and the injectivity of the Fourier
transform imply j(z) = 0. So, the uniqueness of the solution to (2.1.41)
is proved. Solving equation (2.1.41) is an ill-posed problem because small
perturbations of f may be non-analytic, and equation (2.1.41) with any
analytic right-hand side f has no solution. There is an extensive literature
on antenna synthesis problems ([AV, MY, R2, R3, R5, R6]).
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Example 2.1.13. Inverse problem of potential theory.
Consider the gravitational potential generated by a mass with density

ρ distributed in a domain D:

∫
D

ρ(y)dy

4π|x − y| = u(x). (2.1.42)

The inverse problem of potential theory consists of finding ρ(y) from the
measurements of the potential u(x) outside D. This problem is not uniquely
solvable, in general. For example, a point mass distribution, ρ(y) = Mδ(x)
generates the potential M

4π|x| in the region |x| > 0, which is the same as
the mass the uniformly distributed in a ball Ba = {x : |x| ≤ a} with the
density

ρ(y) =
3M

4πa3
,

so that the total mass of the ball is equal to M .
However, if one assumes a priori that the mass density ρ = 1, then the

domain D, which is star-shaped with respect to a point x ∈ D, is uniquely
determined by the knowledge of the potential u(x) in the region |x| > R,
where the ball BR contains D

Example 2.1.14. Tomography and integral geometry problems.
Suppose there is a family of curves, and the integrals of a function

over every curve from this family are known. The problem consists of
recovery of f from the knowledge of these integrals. An important example
is tomography. If the family of straight lines lαp, where

lαp = {x : α · x = p}, α ⊂ S1,

where S1 is the unit sphere in R
2, x ∈ R

2 , p ≥ 0 is a number, then the
knowledge of the family of integrals

f̂(α, p) =
∫

lαp

f(x)ds, (2.1.43)

allows one to recover f uniquely. Analytical inversion formulas are known
([R25]). The function f̂(α, p) is called the Radon transform of f . In ap-
plications f̂(α, p) is called a tomogram. Finding f from f̂ is an ill-posed
problem: if f̂ is the Radon transform of a compactly supported continuous
function f (or L2 function f), and if f̂ is perturbed a little in the sup-norm
(or L2-norm) then the resulting function f̂ + h, ||h|| ≤ δ , may be not the
Radon transform of any compactly supported L2-function.
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In practice a dominant role is played by the local tomography.
In local tomography one has only the local tomographic data, i.e., the

values f̂(α, p) for α, p which satisfy the inequality:

|α · x − p| ≤ ε, (2.1.44)

where x0 ∈ R
2 is a given fixed point in a region of interest, for example, in

a region of human body around which one thinks a tumor is possible, and
ε > 0 is a small number. One of the basic motivations for the theory of
local tomography, originated in [R24, R23], and developed in [R25], was the
desire to minimize the X-ray radiation of patients. From the knowledge
of local tomographic data one cannot find the function f , because the
inversion formula in R

2 is nonlocal (e.g., see [R25], p.31):

f(x) =
1
4π

∫
S1

dα

∫ ∞

−∞

f̂p(α, p)dp

α · x − p
. (2.1.45)

Here

f̂(α, p) = f̂(−α,−p) ∀p ∈ R,

S1 is the unit sphere in R
2 , i.e. the set |α| = 1, α ∈ R

2 , and f̂p = ∂f̂
∂p .

Formula (2.1.45) is proved in [R25] for smooth rapidly decaying functions
f , but it remains valid for f ∈ H1

0 (R2), where H1
0 (R2) is the set of functions

in the Sobolev space H1(R) with compact support.
Nonlocal nature of the inversion formula (2.1.45) means that one has

to know f̂(α, p) for all α ∈ S1 and all p ∈ R in order to recover f(x) at the
point x. The author has posed the following question:

If one cannot recover f(x) from local tomographic data, what practically
useful information can one recover from these data?

The answer, given in ([R23, R24, R25]), is:
One can recover the discontinuity curves of f and the sizes of the jumps

of f across the discontinuity curves.

Example 2.1.15. Inverse spectral problem.
Consider the problem

lu := −u′′ + q(x)u + λu, 0 ≤ x ≤ 1, (2.1.46)

u(0) = u(1) = 0. (2.1.47)

Assume that

q = q̄, q ∈ L1(0, 1). (2.1.48)
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Then problem (2.1.46)-(2.1.47) has a discrete spectrum

λ1 < λ2 ≤ ..., lim
n→ λn = ∞. (2.1.49)

A natural question is:
Does the set of eigenvalues {λj}j=1,2,... determine q(x) uniquely?

The answer is:
It does not, in general.

The set of {λj}∀j determines roughly speaking half of the potential q(x)
in the following sense ( see, e.g., [R44]): if q(x) is unknown on the half of
the interval 0 ≤ x ≤ 1

2 , then the knowledge of all {λj}∀j determines q(x)
on the remaining half of the interval 1

2 < x < 1 uniquely.
There is an exceptional result, however, due to Ambarzumian (1929),

which says that if u′(0) = u′(1) = 0, then the set of the correspond-
ing eigenvalues {μj}∀j determines q uniquely ([R44]). A multidimensional
generalization of this old result is given in [R44].

Let us define the spectral function of the selfadjoint Dirichlet operator
l = − d2

dx2 + q(x) in L(R+), R+ = [0,∞). This operator can be defined
as the closure of the symmetric operator l0 defined on twice continuously
differentiable functions u vanishing at x = 0 and near infinity and such
that lu ∈ L(R+).

It is not trivial to prove that l0 is densely defined in H = L2(R+) if one
assumes that q ∈ L1(R+) or if

q ∈ L1,1 := {q : q = q̄,

∫ ∞

0

x|q(x)|dx < ∞}.

The idea of the proof is as follows (cf. [N]): the operator

l0 + a2 =
d2

dx2
+ q(x) + a2

is symmetric on its domain of definition D(l0) ⊂ H, as one can check easily
by integration by parts; the equation

lu + a2u = −u′′ + q(x)u + a2u = f, u(0) = 0, (2.1.50)

is uniquely solvable for any sufficiently large a > 0 and for any f ∈ H,
and its solution u ∈ H1(R+); if h ∈ H and h ⊥ D(l0), then h = lv
and (v, l0w + a2w) = 0 ∀w ∈ D(l0), where (u, w) is the inner product
in L2(0,∞); consequently v ∈ H solves homogeneous (f = 0) problem
(2.1.50); if a > 0 is sufficiently large this problem has only the initial the
trivial solution v = 0; thus h = 0, and the claim is proved: D(l0) is dense
in H.
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With the selfadjoint Dirichlet operator l one associates the spectral
function dρ(λ). This is the function for which∫ ∞

0

|f(x)|2dx +
J∑

j=1

(f, ϕj)ϕj =
∫ ∞

−∞
|f̃(λ)|2dρ(λ), (2.1.51)

for any f ∈ L2(R+).
Here

f̃(λ) =
∫ ∞

0

f(x)ϕ(x, λ)dx, lϕ = λϕ, ϕ(0, λ) = 0, ϕ′(0, λ) = 1,

and

lϕj = λjϕj , ϕj(0) = 0, ||ϕj ||H = 1, (2.1.52)

i.e. ϕj are the normalized eigenfunctions of l, corresponding to possibly
existing negative spectrum of l. If q ∈ L1,1 this spectrum is known to be
finite (e.g. see [G]).

If q ∈ L1,1 then there is a unique spectral function corresponding to the
selfadjoint operator l.

The inverse spectral problem consists of finding q(x) from the knowledge
of ρ(λ). This problem is ill-posed: small perturbations of ρ(λ) may lead to
a function which is not a spectral function.
Example 2.1.16. Inverse problems for wave equation.

Consider the wave equation

1
c2(x)

utt = Δu + δ(x − y) in R
3, (2.1.53)

u|t=0 = 0, ut|t=0 = 0. (2.1.54)

The function c(x) is the wave velocity. Assume that

c−2(x) = c−2
0 (x)[1 + v(x)],

where c0(x) is the wave velocity in the background medium and v(x) is
the inhomogeneity in the wave velocity. Assume that v(x) is unknown,
compactly supported in R

3
− := {x : x3 < 0}.

The inverse problem is:
Given the measurements of u(x, y, t), the solution to (2.1.53)-(2.1.54)

for all values of x ∈ P1, y ∈ P2 and t ∈ [0, T ], where T > 0 is some number,
find v(x), provided that c0(x) is known. Here P1 and P2 are open sets on
the plane x3 = 0, which is the surface of the Earth in the geophysical model.

This inverse problem is ill-posed: small perturbations of u(x, y, t) may
lead to a function which is not a restriction of the solution to problem
(2.1.53)-(2.1.54) to the plane x3 = 0.
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Example 2.1.17. Inverse problems for the heat equation.
Consider the problem

ut = Δu − q(x)u, t ≥ 0, x ∈ D, (2.1.55)

u|t=0 = 0, (2.1.56)

u|S = f, S := ∂D. (2.1.57)

This problem has a unique solution u(x, t).
Let the flux

uN |S = h(s, t), (2.1.58)

be measured for any f ∈ H
3
2 (S), where Hm(S) is the Sobolev space and

N is the exterior unit normal to S.
The inverse problem is:
Given the set of pairs {f, h} for all t ∈ [0, T ], where T > 0 is a number,

find find q(x).
This problem is ill-posed: small perturbations of h may lead to a func-

tion which is not a normal derivative of a solution to problem of the type
(2.1.55)-(2.1.57).

Example 2.1.18. Inverse conductivity problem.
This problem is also called impedance tomography problem. Consider

the stationary problem

∇ · (a(x)∇u) = 0 in D, u|S = f, (2.1.59)

where

0 < a0 ≤ a(x) ≤ a1 < ∞, a ∈ H2(D), (2.1.60)

and assume that S = ∂D is sufficiently smooth. Problem (2.1.59) has a
unique solution, so the function

uN |S = h, (2.1.61)

where N is the unit exterior normal to S, is uniquely defined if a(x) and f
are known.

The inverse problem is:
Given the set {f, h}, find a(x).

This problem has at most one solution but it is ill-posed (see e.g. [R19]
and [R44]).
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Example 2.1.19. Deconvolution and other imaging problems.
Consider, for instance, the problem∫ t

0

k(t, s)u(s)ds = f(t). (2.1.62)

The deconvolution problem consists of finding u(s) from the knowledge
of f and k(t, s). This problem is ill-posed as was explained in Example
2.1.4, where a more general Fredholm-type equation of the first kind was
discussed.

Example 2.1.20. Heat equation with reversed time.
Consider the problem:

ut = uxx, t ≥ 0, 0 ≤ x ≤ xb; u(0, t) = u(xb, t) = 0, u(x, 0) = f(x).

This problem has a unique solution:

u(x, t) =
∞∑

j=1

e−λjtfjϕj(x); f = (f, ϕj)L2(0,π) := (f, ϕj),

ϕj(x) =

√
2
π

sin(jx); λj = j2; (ϕj , ϕm) = δj,m.

Consider the following problem:
Given the function g(x) and a number T > 0, can one find f(x) =

u(x, 0) such that u(x, T ) = g(x)?
In general, the answer is no: not every g(x) can be the value of the

solution u(x, t) of the heat equation at t = T > 0. for example, g(x) has to
be infinitely differentiable. However, given an arbitrary g ∈ L2(0, π) and
an arbitrary small ε > 0, one can find f , such that ||u(x, T ) − g(x)|| ≤ ε,
where u(x, t) is the solution to the heat equation with u(x, 0) = f(x). This
is easy to see from the formula

u(x, T ) =
∞∑

j=1

e−λjT fjϕj(x).

The inequality

||u(x, T ) − g|| ≤ ε

holds if
∞∑

j=1

|e−λjT fj − gj |2 ≤ ε2.
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If
∑

j≥j(ε) |gj |2 < ε2

2 , then one may take

fj = 0 for j ≥ j(ε),

and

fj = gje
λjT for j < j(ε),

and get

||u(x, T ) − g|| ≤ ε.

Note that if T > 0 and j(ε) are large, then the coefficients fj are
extremely large.

Thus, the above problem is highly ill-posed: small perturbations of
g may lead to arbitrary large perturbations of f , or throw g out of the
set of functions, which are the values of u(x, T ). Similar results hold in
multidimensional problems for the heat equation.

The number of examples of ill-posed problems, which are of interest in
applications, can be easily increased.

The number of examples of ill-posed problems, which are of interest in
applications, can be easily increased.

Let us define the notion of regularizer.

Definition 2.1.2. An operator Rδ is called a regularizer for the problem

Au = f

if

lim
δ→0

||Rδfδ − u|| = 0, (2.1.63)

where Rδ is a bounded operator defined on the whole space, the relation
(2.1.63) should hold for any f ∈ R(A) and some solution u of equation
(2.1.63).

In the literature it is often assumed that A is injective, and then the
solution to equation (2.1.63) is unique. However, one may also consider
the case when A is not injective. Usually the operator Rδ is constructed as
a two-parameter family Rδ,a, where parameter a is called a regularization
parameter , and for a suitable choice of a = a(δ) the operator Rδ,a(δ) := Rδ

satisfies Definition 2.1.2 methods for constructing of Rδ,a and for choosing
a = a(δ) are discussed in many papers and books (e.g. see [I], [R44] [VA],
and references therein).
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Sometimes the requirement (2.1.63) is replaced by

lim
δ→0

sup
fδ∈B(f,δ)

||Rδfδ − u|| = 0, (2.1.64)

where B(f, δ) = {g : ||g − f || ≤ δ}.
The author has proposed a different definition of the regularizer Rδ (see

[R44]):

Definition 2.1.3. An operator Rδ is a regularizer for the problem Au = f
if

lim
δ→0

sup
f∈B(fδ,δ), f=Au

||Rδfδ − u|| = 0, (2.1.65)

where B(fδ, δ) = {g : ||g − fδ|| ≤ δ}.
The motivation for this new definition is natural: the given data are

{fδ, δ} and f is unknown. This unknown f may be any element of the set
B(fδ, δ)∩R(A). Therefore the regularizer must recover u corresponding to
any such f . There is a considerable practical difference between the two
definitions (2.1.64) and (2.1.65). For instance, one may be able to find a
regularizer in the sense (2.1.64) but this regularizer will not be a regularizer
in the sense (2.1.65). Consider a particular example. Let

Rδfδ =
fδ(x + h(δ)) − fδ(x − h(δ))

2h(δ)
. (2.1.66)

This is a regularizer for the problem of stable numerical differentiation.
It was first proposed in [R4] and then used extensively (see [R44]). The
choice of h(δ) depends on the a priori information about the unknown
function f whose derivative we want to estimate stably given the data
{fδ, δ, Ma}, where ||fδ − f ||∞ ≤ δ, the norm is L∞(a, b)-norm, the interval
(a, b) is arbitrary. Without loss of generality one may take a = 0, b = 1,
which we will do below. The number Ma is the a priori known upper bound
for the derivative of f of order a > 0. If a = j + b, where j is an integer,
j > 0, and b ∈ (0, 1), then

Ma = sup
x∈[0,1]

{|f (j)(x)|+ |f(x)|}+ sup
x,y∈[0,1]

|f (j)(x) − f (j)(y)|
|x − y|b . (2.1.67)

It is proved in [R44] that no regularizer (linear or nonlinear) can be found
for the problem of stable numerical differentiation of noisy data if the reg-
ularizer is understood in the sense (2.1.65) and a ≤ 1, and that such a
regularizer can be found in the form (2.1.66) with a suitable h(δ) provided
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that a > 1. A regularizer in the sense (2.1.64) can be found for the prob-
lem of stable numerical differentiation with a = 1, however practically this
regularizer is of no use. A detailed discussion of this problem is given in
Section 15.2.

2.2 Variational regularization

Consider a linear ill-posed problem

Au = f, (2.2.1)

where A is a closed, densely defined linear operator in a Hilbert space H.
We assume that problem (2.2.1) is ill-posed, that Ay = f , where

y ⊥ N , N = N (A) = {u : Au = 0},

and that fδ is given in place of f ,

||fδ − f || ≤ δ, ||fδ|| > cδ, c = const, c ∈ (1, 2).

F(u) := ||Au − fδ||2 + a||u||2 = min, (2.2.2)

where a > 0 is regularization parameter.
The method of variational regularization for stable solution of equation

(2.2.1), that is, for finding the regularizer Rδ such that (2.1.63) holds,
consists of finding the functional (2.2.2) and then choosing a = a(δ) such
that

lim
δ→0

a(δ) = 0, (2.2.3)

and (2.1.63) holds with Rδfδ = uδ := ua(δ),δ.
Let us show that the global minimizer of (2.2.2) exists and is unique.

Indeed, functional (2.2.2) is quadratic, so a necessary condition for its min-
imizer is a linear equation, the Euler equation. Assume first that A is
bounded. Then the Euler equation for the functional (2.2.2) is

A∗Au + au = A∗fδ. (2.2.4)

Let us denote

A∗A := T, Ta : T + aI. (2.2.5)
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Since T = T ∗ ≥ 0, the operator T has a bounded inverse, ||T−1
a || ≤ 1

a , so
equation (2.2.4) has a solution ua,δ = T−1

a A∗fδ and this solution is unique.
One has

F(ua,δ) ≤ F(u). (2.2.6)

Indeed, one can check that

F(ua,δ) ≤ F(ua,δ + v) ∀v ∈ H,

and the equation sign is attained if and only if v = 0.
Let us choose a = a(δ) so that uδ := ua(δ),δ would satisfy the relation:

lim
δ→0

||uδ − y|| = 0. (2.2.7)

To do so, we estimate:

||T−1
a A∗fδ −y|| ≤ ||T−1

a A∗(fδ −f)||+ ||T−1
a A∗f −y|| := J1 +J2. (2.2.8)

Note that

||T−1
a A∗|| ≤ 1

2
√

a
. (2.2.9)

To prove (2.2.9) one uses the commutation formula

T−1
a A∗ = A∗Q−1

a , Q := AA∗. (2.2.10)

This formula is easy to check: multiply (2.2.10) by Qa from the right and
by Ta from the left and get an obvious relation:

A∗(AA∗ + aI) = (A∗A + aI)A∗.

Reversing the above derivation, one gets (2.2.10). Using the polar decom-
position

A∗ = U(AA∗)
1
2 , (2.2.11)

where U is a partial isometry, one gets, using the spectral theorem,

||T−1
a A∗|| = ||A∗Q−1

a || ≤ ||Q 1
2 Q−1

a || = sup
s≥0

s
1
2

s + a
=

1
2
√

a
, (2.2.12)

so formula (2.2.9) is verified. Thus

J1 ≤ δ

2
√

a
. (2.2.13)



32 2. ILL-POSED PROBLEMS

To estimate J2 in (2.2.8) one uses the spectral theorem again and gets:

J2
2 = ||T−1

a Ty−y||2 = a2||T−1
a y|| =

∫ ||T ||

0

a2d(Esy, y)
(a + s)2

:= β2(a). (2.2.14)

One has

lim
a→0

β2(a) = ||PN y||2 = 0, (2.2.15)

because y ⊥ N by the assumption, and

N = (E0 − E−0)H.

From (2.2.8), (2.2.13)-(2.2.15) one gets:

||ua,δ − y|| ≤ δ

2
√

a
+ β(a). (2.2.16)

Taking any a(δ) such that

lim
δ→0

a(δ) = 0, lim
δ→0

δ√
a(δ)

= 0, (2.2.17)

and setting ua(δ),δ := uδ, one obtains (2.2.7).
Let us summarize our result.

Theorem 2.2.1. Assume that a = a(δ) and (2.2.17) holds. Then the
element uδ = T−1

a(δ)A
∗fδ satisfies (2.2.7).

Remark 2.2.1. Without additional assumptions on y it is impossible to
estimate the rate of decay of β(a) as a → 0. Therefore it is impossible to
get a rate of convergence in (2.2.7): the convergence can be as slow as one
wishes for some y. The usual assumption which would guarantee some rate
of decay of β and, therefore, of ||uδ − y|| is the following one:

y = T bz, 0 < b ≤ 1. (2.2.18)

If (2.2.18) holds, then

β2(a) =
∫ ||T ||

0

a2s2bd(Esz, z)
(a + s)2

≤ a2b(1 − b)2−2bb2b||z||2. (2.2.19)

If ||T || < ∞, then one can give a rate for b > 1 as well, but the rate will be
O(a) as a → 0, so that for b ≥ 1 there is a saturation. The case ||T || = ∞
is discussed below separately.
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Thus,

β(a) ≤ c||z||ab, 0 < b ≤ 1, (2.2.20)

where c = (1 − b)1−bbb.
If one minimizes for a small fixed δ > 0 the function

δ

2
√

a
+ c||z||ab = min (2.2.21)

in the region a > 0, then one gets

a = a(δ) = c1δ
2

2b+1 , c1 =
(

1
4bc||z||

) 2
2b+1

. (2.2.22)

Thus, under the condition (2.2.20), one gets

||uδ − y|| = O(δ
2

2b+1 ), δ → 0. (2.2.23)

Let us now generalize the above theory to include unbounded, closed,
densely defined operators A. The main difficulty is the following one: the
element fδ in (2.2.4) may not belong to the domain D(A∗) of A∗. Our
result is stated in the following theorem.

Theorem 2.2.2. The operator T−1
a A∗, defined originally on D(A∗), is

closable. Its closure denoted again T−1
a A∗ is defined on all of H and is a

bounded linear operator with the norm bounded as in (2.2.9) for any a > 0.
The relation (2.2.10) holds.

Proof of Theorem 2.2.2. Let us first check that the operator T−1
a A∗ with

the domain D(A∗) is closable. Recall that a densely defined linear operator
B in a Hilbert space is closable if it has a closed extension. This happens if
and only if the closure of the graph of B is again a graph. In other words,
if un → 0 and Bun → f , then f = 0.

The operator B is called closed if un → u and Bun → f implies
un ∈ D(B) and Bu = f . The operator B is closed if and only if its graph
is a closed subset in H × H, that is, the set {u, Bu} is a closed linear
subspace in H × H.

Let us check that the operator T−1
a A∗ with domain D(A∗) is closable.

Let un ∈ D(A∗) and un → 0, and assume that T−1
a A∗un → g, as n → ∞.

We wish to prove that g = 0. For any u ∈ H one gets:

(g, u) = lim
n→∞(T−1

a A∗un, u) = lim
n→∞(un, AT−1

a u) = 0, (2.2.24)

where we have used the closedness of A.
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Since u is arbitrary, equation (2.2.24) implies g = 0. So the operator
T−1

a A∗ with the domain D(A∗) is closable.
Estimate (2.2.9) and formula (2.2.10) remain valid and their proofs are

essentially the same.
Theorem 2.2.2 is proved. �

Theorem 2.2.3. The conclusion of Theorem 2.2.1 remains valid for un-
bounded, closed, densely defined operator A under the same assumptions as
in Theorem 2.2.1.

Proof of Theorem 2.2.3 is the same as that of Theorem 2.2.1 after
Theorem 2.2.2 is established.

Let us now discuss an a posteriori choice of a(δ), the discrepancy prin-
ciple . Let ua,δ = T−1

a A∗fδ. For a fixed δ > 0, consider the equation

||Aua,δ − fδ|| = ||AT−1
a A∗fδ − fδ|| = cδ, c ∈ (1, 2), (2.2.25)

as an equation for a = a(δ). Here c is a constant and we assume that
||fδ|| > cδ . We prove the following result.

Theorem 2.2.4. Equation (2.2.25) has a unique solution a = a(δ) for
every sufficiently small δ > 0, provided that ||fδ−f || ≤ δ, ||fδ|| > cδ, and
f = Ay. One has lim

δ→0 a(δ) = 0 and (2.2.7) holds with uδ := T−1
a(δ)A

∗fδ.

Proof of Theorem 2.2.4. Using formula (2.2.10) and the spectral theorem
for the selfadjoint operator Q, one gets

||AT−1
a A∗fδ −fδ||2 = ||[QQ−1

a − I]fδ||2 =
∫ ∞

0

a2d(Esfδ, fδ)
(a + s)2

:= h(δ, a).

(2.2.26)

The function h(δ, a) is continuos with respect to a on the interval (0,∞)
for any fixed δ > 0. One has

h(δ,∞) =
∫ ∞

0

d(Esfδ, fδ) = ||fδ||2 > c2δ2, (2.2.27)

and

h(δ, +0) = ||PN∗fδ||2 ≤ δ2, (2.2.28)

where

N ∗ = N (A∗) = N (Q),
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P is the orthogonal projector onto N = N (A), and we have used the
following formulas:

lim
a→0

∫ ∞

0

a2d(Esfδ, fδ)
(a + s)2

= ||(E0 − E−0)fδ||2 = ||PN∗fδ||2, (2.2.29)

where Es is the resolution of the identity corresponding to Q, and

||PN∗fδ|| ≤ ||PN∗f || + ||PN∗(fδ − f)|| ≤ δ, (2.2.30)

because PN∗R(A) = 0 and f ∈ R(A).
From (2.2.27), (2.2.28) and the continuity of h(δ, a) it follows that equa-

tion (2.2.25) has a solution. This solution is unique because h(δ, a) is a
monotonically growing function of a for a fixed δ > 0.

Also,

lim
δ→0

a(δ) = 0,

because limδ→0 h(δ, a(δ)) = 0, and h(δ, a(δ)) ≥ c1 > 0 if limδ→0 a(δ) ≥
c2 > 0, where c1 and c2 are some constants.

Let us now check that (2.2.7) holds with uδ = T−1
a A∗fδ. We have

F(uδ) = c2δ2 + a(δ)||uδ||2 ≤ F(y) = δ2 + a(δ)||y||2. (2.2.31)

Since c > 1, one gets

||uδ|| ≤ ||y||. (2.2.32)

Thus

lim
δ→0

sup ||uδ|| ≤ ||y||. (2.2.33)

It follows from (2.2.32) that there exists a weakly convergent subsequence
uδ ⇀ u as δ → 0, where we have denoted this subsequence also uδ. Thus

||u|| ≤ lim
δ→0

inf ||uδ||. (2.2.34)

From (2.2.33) and (2.2.34) it follows that ||u|| ≤ ||y||. Let us prove
that Au = f . Since ||u|| ≤ ||y|| and the minimal-norm solution to equation
(2.2.1) is unique, we conclude that u = y. To verify the equation Au = y
we argue as follows: from (2.2.25) it follows that limδ→0 ||Auδ − f || = 0,
so, for any g ∈ D(A∗), one gets

(f, g) = lim
δ→0

(Auδ, g) = lim
δ→0

(uδ, A
∗g) = (u, A∗g). (2.2.35)
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Since A∗∗ = A = A, where the overbar denotes the closure of A, this
implies

(f − Au, g) = 0 ∀g ∈ D(A∗).

Since D(A∗) is dense, it follows that Au = f , as claimed. The density of
D(A∗) follows from the assumption that A is closed and densely defined.

Let us now prove (2.2.7). We have already proved that uδ ⇀ y and
||uδ|| ≤ ||y||. This implies (2.2.7). Indeed

||uδ − y||2 = ||uδ||2 + ||y||2 − 2Re(uδ, y) → 0 as δ → 0.

Theorem 2.2.4 is proved. �

We have assumed in Theorem 2.2.4 that ua,δ := T−1
a A∗fδ is the exact

minimizer of the functional (2.2.2). Suppose that wa,δ is an approximate
minimizer of (2.2.2) in the following sense

F(wa,δ) ≤ m + (c2 − 1 − b)δ2, c2 > 1 + b, (2.2.36)

where c ∈ (1, 2) is a constant, b > 0 is a constant, and m := infu F(u).
The problem is:
Will the equation

||Awa,δ − fδ|| = cδ, (2.2.37)

be solvable for a for any δ > 0 sufficiently small?
Will the element wδ := wa(δ),δ converge to y?

Our result is stated in the following new discrepancy principle.

Theorem 2.2.5. Assume that (2.2.36) holds,

||fδ|| > cδ, c = const ∈ (1, 2), ||fδ − f || ≤ δ, f = Ay, y ⊥ N .

Then, for any wa,δ, satisfying (2.2.36) and depending continuously on a,
equation (2.2.37) has a solution a = a(δ), such that wδ = wa(δ),δ converges
to y:

lim
δ→0

||wδ − y|| = 0. (2.2.38)

Proof of Theorem 2.2.5. Let H(δ, a) := ||Awa,δ − fδ||. Then H(δ, a) is
continuous with respect to a because wa,δ is continuous with respect to a.
Let us verify that

H(δ, +0) < cδ, H(δ,∞) > cδ. (2.2.39)
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Then there exists a = a(δ) which solves (2.2.37).
As a → ∞, we have

a||wa,δ||2 ≤ F(wa,δ) ≤ m+(c−1−b)δ2 ≤ F(0)+(c2−1−b)δ2. (2.2.40)

Since F(0) = ||fδ||2, one gets from (2.2.40):

||wa,δ|| ≤ c√
a
, a → ∞. (2.2.41)

Therefore

lim
a→∞ ||wa,δ|| = 0,

so

H(δ,∞) = ||A0 − fδ|| = ||fδ|| > cδ. (2.2.42)

Let a → 0. Then

H2(δ, a) ≤ F(wa,δ) ≤ m + (c2 − 1 − b)δ2 ≤ F(y) + (c2 − 1 − b)δ2.

One has

F(y) = δ2 + a||y||2.
So

H2(δ, a) ≤ (c2 − b)δ2 + a||y||2.
Thus

H(δ, +0) ≤ (c2 − b)
1
2 δ < cδ. (2.2.43)

From (2.2.43) and (2.2.42) one gets (2.2.39). So, the existence of the
solution a = a(δ) of equation (2.2.37) is proved.

Let us prove (2.2.38). One has

F(wδ) = ||Awδ−fδ||2+a(δ)||wδ||2 = c2δ2+a(δ)||wa,δ||2 ≤ m+(c2−1−b)δ2.

Thus, using the inequality m ≤ δ2 + a(δ)||y||2, one gets

c2δ2 + a(δ)||wδ||2 ≤ a(δ)||y||2 + (c2 − b)δ2.

Therefore

||wδ|| ≤ ||y||. (2.2.44)
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As in the proof of Theorem 2.2.4, inequality (2.2.44) and equation (2.2.37)
imply wδ ⇀ w, Awδ −→ f as δ → 0, and Aw = f . Since ||w|| ≤ ||y||, as
follows from (2.2.44), it follows that w = y, because y is the unique minimal-
norm solution to equation (2.2.1). Thus, wδ ⇀ y and ||wδ|| ≤ ||y||. This
implies (2.2.38), as was shown in the proof of Theorem 2.2.4. Theorem
2.2.5 is proved. �

Let us discuss variational regularization for nonlinear equations. Let A
be a possibly nonlinear, injective, closed map from a Banach space X into
a Banach space Y . Let

F (u) := ||A(u) − fδ|| + δg(u),

where g(u) ≥ 0 is a functional. Assume that the set {u : g(u) ≤ c} is
precompact in X. Assume that

A(y) = f, ||fδ − f || ≤ δ, and D(A) ⊂ D(g),

so that y ∈ D(g).

Theorem 2.2.6. Under the above assumptions let uδ be any sequence such
that F (uδ) ≤ cδ , c := 2 + g(y). Then limδ→0 ||uδ − y|| = 0.

Proof of Theorem 2.2.6. Let

m := inf
u∈D(A)

F (u), F (un) ≤ m +
1
n

,

where n = n(δ) is the smallest positive integer satisfying the inequality
1
n ≤ δ . One has

m ≤ F (y) = δ[1 + g(y)],

and

F (un) ≤ cδ, c = 2 + g(y).

Thus, g(un) ≤ c. Consequently, one can select a convergent subsequence
uδ, ||uδ − u|| → 0 as δ → 0. One has

0 = lim
δ→0

F (uδ) = lim
δ→0

{||A(uδ) − fδ|| + δg(uδ)} = lim
δ→0

||A(uδ) − f ||.

Thus uδ → u and A(uδ) → f . Since A is closed, this implies A(u) = f .
Since A is injective and A(y) = f , one gets u = y. Thus

lim
δ→0

||uδ − y|| = 0.

Theorem 2.2.6 is proved.
Let us prove
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Theorem 2.2.7. Functional (2.2.2) has a unique global minimizer

ua,δ = A∗(Q + a)−1fδ

for any f ∈ H, where Q := AA∗, a = const > 0.

Proof of Theorem 2.2.7. Consider the equation

(Q + a)wa,δ = (AA∗ + a)wa,δ = fδ.

It is uniquely solvable:

wa,δ = (Q + a)−1fδ.

Define ua,δ := A∗wa,δ. Then

Aua,δ − fδ = −awa,δ.

One has:

F (u + v) = ||Au − fδ||2 + a||u||2 + ||Av||2 + a||v||2
+ 2Re[(Au − fδ, Av) + a(u, v)], ∀v ∈ D(A).

Let u = ua,δ. Then

(Aua,δ − fδ, Av) + a(ua,δ, v) = −a(wa,δ, Av) + a(ua,δ, v) = 0,

because

(wa,δ, Av) = (A∗wa,δ, v) = (ua,δ, v).

Consequently,

F (ua,δ + v) = F (ua,δ) + a||v||2 + ||Av||2 ≥ F (ua,δ),

and F (ua,δ + v) = F (ua,δ) if and only if v = 0. Therefore

ua,δ = A∗(Q + a)−1fδ

is the unique global minimizer of F (u).
Theorem 2.2.7 is proved. �

Let us show how the results can be extended to the case when not only
f is known with an error δ, but the bounded operator A is also known with
an error δ, i.e., Aδ is known, ||Aδ − A|| ≤ δ, and A is unknown.

Consider, for instance, an analog of Theorem 2.2.1. Let us define

uδ := T−1
a(δ),δA

∗
δfδ, (2.2.45)
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where

Ta,δ := A∗
δAδ + aI. (2.2.46)

The element

ua,δ := T−1
a,δ A∗

δfδ (2.2.47)

solves the equation

(Tδ + aI)ua,δ = A∗
δfδ. (2.2.48)

We have

||Tδ − T || ≤ ||(A∗
δ −A∗)Aδ||+ ||A∗(Aδ −A)|| ≤ 2δ(||A||+ δ). (2.2.49)

Equation (2.2.48) can be written as

ua,δ = T−1
a A∗+T−1

a (A∗
δ−A∗)fδ +T−1

a A∗(fδ−f)+T−1
a (A∗A−A∗

δAδ)ua,δ.

(2.2.50)

We have

||T−1
a (A∗A − A∗

δAδ)|| ≤ 2δ(||A|| + δ)
a

. (2.2.51)

Assume that a(δ) satisfies the conditions

lim
δ→0

δ

a(δ)
= 0, lim

δ→0
a(δ) = 0. (2.2.52)

Then (2.2.51) implies that equation (2.2.50) is uniquely solvable for ua(δ),δ :=
uδ, and

||uδ − T−1
a(δ)A

∗f || ≤ c

(
δ

a(δ)
||f || + δ

2
√

a(δ)

)
−→
δ→0

0, (2.2.53)

where c is an upper bound of the norm of the operator [I−(A∗A−A∗
δAδ)]−1.

Thus c = c(δ), limδ→0 c(δ) = 1.
We have proved the following result.

Theorem 2.2.8. Assume that fδ and Aδ are given,

||fδ − f || ≤ δ, ||Aδ − A|| ≤ δ, Ay = f, y ⊥ N (A),

uδ is defined in (2.2.45), and (2.2.52) holds. Then limδ→0 ||uδ − y|| = 0.



2.3. QUASISOLUTIONS 41

The discrepancy principle can also be generalized to the case when Aδ

is given in place of A. This principle for choosing a(δ) can be formulated
as the equation

||AδT
−1
a,δ A∗

δfδ − fδ|| = cδ, c ∈ (R,R + 1), (2.2.54)

where R ≥ 1 + ||y|| is a constant, and we assume that

||fδ|| > cδ. (2.2.55)

Equation (2.2.54) is uniquely solvable for a = a(δ), and limδ→0 = 0. This
is proved as in the proof of Theorem 2.2.4. Condition (2.2.54) allows one to
get the estimate for uδ := ua(δ),δ, where a(δ) solves (2.2.54). This estimate

||uδ|| ≤ ||y|| (2.2.56)

is similar to the estimate (2.2.32). It allows one to derive the relation
(2.2.7). The constant 1 + ||y|| is a lowere bound for R in (2.2.54) because
the inequality

||Aδua,δ − fδ||2 + a||ua,δ|| ≤ ||Aδy − fδ||2 + a||y||2 (2.2.57)

and the relation (2.2.54) imply inequality (2.2.56), provided that

c ≥ ||y|| + 1. (2.2.58)

This follows from the estimate:

||Aδy − fδ|| ≤ ||(Aδ − A)y|| + ||Ay − fδ||
≤ δ||y|| + δ = δ(||y|| + 1). (2.2.59)

Thus, we have proved the following result similar to Theorem 2.2.4.

Theorem 2.2.9. Equation (2.2.54) is uniquely solvable for a = a(δ) pro-
vided that (2.2.25)holds. The relation limδ→0 a(δ) = 0 holds. The element
uδ := ua(δ),δ satisfies the relation (2.2.7) provided that (2.2.58) holds.

Although the solution y is unknown, an upper bound on y is often
known a priori as a part of a priori information about the unkown solution.

2.3 Quasisolutions

Let us assume that A : X → Y is a continuous operator from a Banach
space X into a Banach space Y , K ⊂ X is a compact set.
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Definition 2.3.1. An element z ∈ K is called a quasisolution of the
equation Au = f if

||Az − f || = inf
u∈K

||Au − f ||.

If A is continuous, then the functional ||Au − f || is continuous. Every
continuous functional achieves on a compact set its infimum. Therefore
quasisolutions are well defined for any f ∈ Y .

Under suitable assumptions one can prove that the quasisolution not
only exists, but is unique and depends continuously on f . To formulate
these assumptions, let us recall some geometrical notions.

Definition 2.3.2. A Banach space is called strictly convex if ||u + v|| =
||u|| + ||v|| implies u = λv, λ = const ∈ R .

Definition 2.3.3. Let M ⊂ X be a convex set, i.e. u, v ∈ M implies
λu+(1−λ)v ∈ M for all λ ∈ (0, 1). Then metric projection of an element
w ∈ X onto M is an element Pw = v ∈ M , such that

||w − v|| = inf
z∈M

||w − z||.

Lemma 2.3.1. In a strictly convex Banach space X the metric projection
onto a convex set M is unique.

Proof of Lemma 2.3.1 Suppose that v1 and v2 are metric projections of
u /∈ M onto M , so that

||u − v1|| = ||u − v2|| = inf
z∈M

||u − z|| := m > 0.

Then, since M is convex, v1+v2
2 ∈ M , and we get:

m ≤ ||u − v1 + v2

2
|| ≤ 1

2
(||u − v1|| + ||u − v2||) = m.

Thus

||u − v1|| = ||u − v2|| = ||u − v1 + u − v2

2
|| > 0.

Denote u − v1 = p, u − v2 = q. Then ||p|| = ||q|| = 1
2 ||p + q|| > 0, so

||p + q|| = ||p|| + ||q||. Since X is strictly convex, it follows that p = λq ,
|λ| = 1, so λ = 1 or λ = −1, because λ is real-valued. If λ = −1 then
||p + q|| = 0, a contradiction. So λ = 1. Thus p = q, so v1 = v2. Lemma
2.3.1 is proved. �
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Remark 2.3.1. Hilbert space is strictly convex, Lebesgue’s spaces Lp(D),
1 < p < ∞, are strictly convex, but C(D) and L1(D) are not strictly
convex.

Lemma 2.3.2. The operator P of metric projection onto a convex compact
set M of a strictly convex Banach space is continuous.

Proof of Lemma 2.3.2. We claim that the distance

d(f,M) = inf
z∈M

||f − z||

is a continuous function of f for any set M , not necessarily convex or
compact.

Indeed,

d(f1,M) ≤ d(f1, z) ≤ d(f1, f2) + d(f2, z),

so

d(f1,M) − d(f2,M) ≤ d(f1, f2).

By symmetry,

d(f2,M) − d(f1,M) ≤ d(f1, f2).

Thus

|d(f1,M) − d(f2,M)| ≤ d(f1, f2),

as claimed.
Let us prove the continuity of P = PM . Let limn→∞ ||fn − f || = 0, and

assume that ||qn − q|| > ε > 0, where qn = PMfn and q = PMf . Since
M is compact and q is bounded (by the above claim), one may select a
convergent subsequence, which we denote again by qn,

qn → v ∈ M, ||v − q|| ≥ ε > 0.

One has ||f − q|| ≤ ||f − v|| and

||f − v|| ≤ ||f − fn|| + ||fn − qn|| + ||qn − v||.

Note that

lim
n→∞ ||f − fn|| = 0, lim

n→∞ ||qn − v|| = 0,
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and, by the claim,

lim
n→∞ ||fn − qn|| = lim

n→∞ d(fn,M) = d(f,M) = ||f − q||.

Therefore

||f − q|| = ||f − v||.

Lemma 2.3.2 is proved. �

From Lemmas 2.3.1 and 2.3.2 the following result follows.

Theorem 2.3.1. Assume that A is a linear continuous injection, M ⊂ X
is convex and compact, and X is strictly convex. Then the quasisolution to
equation A(u) = f exists, is unique, and depends continuously on f .

Proof of Theorem 2.3.1. Existence of the quasisolution follows from com-
pactness of M and continuity of A, as was explained below Definition 2.3.1.
Uniqueness of the quasisolution follows from the injectivity of A. The qua-
sisolution depends continuously on f by Lemma 2.3.2 because the set AM
is convex and compact, so the map f → PAMf is continuous, and the
quasisolution u = A−1PAMf is continuous on the set AM if M is compact.

The continuity of A−1 on AM is a consequence of the following lemma.

Lemma 2.3.3. Assume that A : M → X is a possibly nonlinear, injective,
closed map from a compact set M of a complete metric space X into X.
Then the inverse map A−1 is continuous on AM .

Proof of Lemma 2.3.3. Let A(un) = fn, fn → f as n → ∞, un ∈ M . Since
M is compact, one can select a convergent subsequence, which we denote un

again, un → u ∈ M . Since A is closed, the convergence un → u, A(un) → f
implies A(u) = f . Since A is injective, the equation A(u) = f defines
uniquely u = uf = A−1(f). Thus A−1(fn) → A−1(f). Since the limit
of every subsequence un is the same, A−1(f), the sequence un = A−1(fn)
converges to A−1(f). Lemma 2.3.3 is proved. �

Remark 2.3.2. Lemma 2.3.3 differs from the well-known result [[DS], Lemma
I.5.8] because the continuity of A is replaced by the closedness of A.

Let us now consider quasisolutions for nonlinear equations. Let A :
X → Y be an injective, possibly nonlinear, closed map from a Banach
space X into a Banach space Y . Let K ⊂ D(A) ⊆ X be a compact set.
Assume that

A(y) = f and ||fδ − f || ≤ δ.
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Let

m := inf
u∈K

||A(u) − fδ||.

Choose a minimizing sequence un such that

||A(un) − f − δ|| ≤ m +
1
n

, n = 1, 2.....

Let n = n(δ) be the smallest positive integer such that 1
n ≤ δ, so that

||A(un) − fδ|| ≤ m + δ.

Since

m ≤ ||A(y) − fδ|| = δ,

one has

||A(un) − fδ|| ≤ 2δ.

Thus

||A(un) − f || → 0 as δ → 0.

Since u ∈ K and K is compact, one can select a convergent subsequence
uδj

:= vj , vj → v as j → ∞, v ∈ K. Thus A(vj) → f , vj → v, so
A(v) = f , because A is closed. Since A is injective, the element v is
uniquely determined by f . Therefore v = y, and

lim
δ→0

||uδ − y|| = 0.

We have proved the following theorem.

Theorem 2.3.2. Let A : X → Y be an injective, closed, possibly nonlinear,
map from a Banach space X into a Banach space Y . Let K ⊂ D(A) be a
compact set. Assume that A(y) = f , and ||fδ − f || ≤ δ . Let uδ ∈ K be
any sequence such that ||A(uδ) − fδ|| ≤ 2δ. Then limδ→0 ||uδ − y|| = 0.

2.4 Iterative regularization

The main result in this Section is the following theorem.

Theorem 2.4.1. Every solvable linear equation Au = f with a closed
densely defined operator A in a Hilbert space H can be solved by a convergent
iterative process.
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Proof of Theorem 2.4.1. Let T = A∗A, u, Q = AA∗ be nonnegative
selfadjoint operators, a = const, Ta = T+aI, I is the identity operator, B =
aT−1

a we have proved (see Section 2.2, proof of Theorem 2.2.2) that T−1
a A∗

is a bounded operator defined on all of H, ||T−1
a A∗|| ≤ 1

2
√

a
. Consider an

iterative process

un+1 = Bun + T−1
a A∗f, u1 ⊥ N , B = aT−1

a , (2.4.1)

where N = N (A) = N (T ). Denote

wn := un − y,

where Ay = f , y ⊥ N . One has

y = By + T−1
a A∗f. (2.4.2)

Thus

wn+1 = Bwn, w1 = u1 − y ⊥ N . (2.4.3)

Therefore,

wn+1 = Bnw1, w1 ⊥ N . (2.4.4)

Let Es be the resolution of the identity corresponding to the selfadjoint
operator T . Then

lim
n→∞ ||wn+1||2 = lim

n→∞

∫ ∞

0

a2n

(a + s)2n
d(Esw1, w1)

= ||(E0 − E−0)w1||2 = ||PNw1||2 = 0, (2.4.5)

where PN is the orthoprojector onto N .

Remark 2.4.1. If A is a bounded operator, then the operator T−1
a can be

easily computed if a > ||T || = ||A||2. Indeed

T−1
a = (T + aI)−1 = a(I + a−1T )−1,

and ||T ||a−1 < 1 if a > ||T ||, so that

(I + a−1T )−1 =
∞∑

j=0

(−1)ja−jT j ,

and the series converges at the rate of geometrical series.
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Remark 2.4.2. One cannot give a rate of convergence in (2.4.5) without
extra assumptions on w1. If, for example, w1 = T , then the integral in
(2.4.5) can be written as∫ ∞

0

a2ns2

(a + s)2n
d(Esz, z).

One can check that

max
s≥0

a2ns2

(a + s)2n
≤ c

a2

n2
,

where c = const > 0 does not depend on a and n,

c = max
n2

(n − 1)2
1

(1 + 1
n−1 )2n

≤ 4.

Thus, if the extra assumption on w1 is w1 = Tz, then the rate of decay in
(2.4.5) is

||wn+1||2 ≤ c
a2

n2
||z||2.

A similar calculation can be made if w1 = T bz, where b > 0 is a
constant.

Remark 2.4.3. An idea, similar to the one used in the proof of Theorem
2.4.1, can be applied to the equation

Au = f, (2.4.6)

where A = A∗ is selfadjoint not necessarily bounded operator, and we
assume that

Ay = f, y ⊥ N .

Let a > 0 be a constant. Equation (2.2.6) is equivalent to

u = iaA−1
ia u + A−1

ia f, Aia := A + iaI. (2.4.7)

Consider the iterative process

un+1 = iaA−1
ia un + A−1

ia f, u1 ⊥ N . (2.4.8)

Theorem 2.4.2. If A = A∗ and a > 0, then limn→∞||un − y|| = 0,
provided that u1 ⊥ N .
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Proof of Theorem 2.4.2. Let vn := un − y. Since

y = iaA−1
ia y + A−1

ia f,

one gets

vn+1 = iaA−1
ia vn, v1 = u1 − y ⊥ N . (2.4.9)

Thus vn+1 = (ia)nA−1
ia v1, so

lim
n→∞ ||vn+1||2 = lim

n→∞

∫ ∞

−∞

a2nd(Esv1, v1))
(a2 + s2)n

= ||PN v1||2 = 0, (2.4.10)

where E is the resolution of the identity, corresponding to A, and N =
N (A).

Theorem 2.4.2 is proved. �

Let us discuss another iterative process for solving equation Au = f .
We assume that this equation is solvable, and y ⊥ N is its minimal-norm
solution. Let us also assume that A is bounded. Let T = A∗A. If Au = f ,
then Tu = A∗f . Conversely, if equation Au = f is solvable, then every
solution to the equation Tu = A∗f solves equation Au = f . Indeed,
write f = Ay. Then Tu = Ty. Multiply this equation by u − y and get
A(u − y) = 0. Thus Au = Ay = f .

The iterative process for solving linear solvable equation Au = f can
be written as follows:

un+1 = un − (Tun − A∗f), u1 = 0, (2.4.11)

provided that

||T || ≤ 1. (2.4.12)

Note that (2.4.12) is not really a restriction because one can always divide
the equation Tu = A∗f by ||T || > 0 and denote T

||T || by T1. Then ||T1|| = 1,
so T1 satisfies the restriction (2.4.12).

Theorem 2.4.3. One has limn→∞ ||un − y|| = 0, where Ay = f , y ⊥ N ,
(2.4.12) is assumed, and un is defined by (2.4.11).

Proof of Theorem 2.4.3. Let un − y := zn. One has

y = y − (Ty − A∗f).

Thus

zn+1 = zn − Tzn = (I − T )nz1. (2.4.13)
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Let Es be the resolution of the identity corresponding to T . Then

lim
n→∞ ||zn+1||2 = lim

n→∞

∫ 1

0

(1− s)2nd(Esz1, z1) = ||PNz1||2 = 0, (2.4.14)

because z1 = u1 − y = −y ⊥ N .
Theorem 2.4.3 is proved. �

2.5 Quasiinversion

The quasiinversion method (see [LL]) was applied to the ill-posed problem
for the heat equation considered in Example 2.1.20. Following [LL], we
consider a more general setting. Let

u̇ − Au = 0, u(0) = f, (2.5.1)

where A = A∗ ≥ c > 0 is a selfadjoint operator in a Hilbert space H. The
problem is:

Given g ∈ H, a number T > 0, and an arbitrary small ε > 0, find f
such that ||u(T ) − g|| ≤ ε.

The solution u(t) = u(t; f) to (2.5.1) exists and is unique. It can be
written as

u = etAf =
∫ ∞

c

e−tsdEsf,

where Es is the resolution of the identity for A.
Note that if there is an f such that u(T ; f) = g, then such an f is

unique. Indeed, if there are two such f , f1 and f2, then 0 =
∫∞

c
e−TsdEsf ,

where f := f1 − f2, so

0 =
∫ ∞

c

e−Tsd(Esf, f), c > 0.

Since (Esf, f) is a monotonically nondecreasing function, it follows that
f = 0.

It is also easy to check that, for any fixed g ∈ H, one has

inf
f∈H

||u(T ; f) − g|| = 0. (2.5.2)

Indeed, otherwise one would have a nonzero element g1 orthogonal to the
span of u(T ; f) for all f ∈ H, i.e. (u(T ; f), g1) = 0 ∀f ∈ H. Taking
f = g1, one gets∫ ∞

c

e−Tsd(Esg1, g1) = 0.
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This implies g1 = 0. Thus, (2.5.2) is proved.
The problem

u̇ + Au = 0, u(T ) = g, (2.5.3)

can be reduced to the problem

−du

dτ
+ Au = 0, u(0) = g, τ = T − t. (2.5.4)

Consider the set

M := {u : ||u(T )|| ≤ c},

where u solves (2.5.4).

Lemma 2.5.1. If u ∈ M and ||g|| ≤ ε, then

||u(τ)|| ≤ c
τ
T ε

T−τ
T , 0 ≤ τ ≤ T. (2.5.5)

Proof of Lemma 2.5.1. Let h := ||u(τ)||. Then

ḣ :=
dh

dτ
= 2Re(u̇, u), ḧ = 2||u̇||2 + 2Re(ü, u).

One has

(ü, u) = (Au, Au) = ||u̇||2,

so

ḧ = 4||u̇||2.

Define p(τ) := lnh. Then

p̈ =
ḧh − ḣ2

h2
=

4||u̇||2h − 4|Re(u̇, u)|2
h2

≥ 0.

Therefore p(τ) is a convex function. Thus

p(τ) ≤ T − τ

T
p(0) +

τ

T
p(T ).

This implies

h(τ) ≤ [h(0)]
T−τ

T [h(T )]
τ
T ,
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or

||u(τ)|| ≤ c
τ
T ε

T−τ
T .

Lemma 2.5.1 is proved. �

Estimate (2.5.5) gives a continuous dependence of the solution to (2.5.4)
or (2.5.3) on g under a priori assumption u ∈ M .

Given g, the quasiinversion method for finding f in the sense

||g − e−TAf || ≤ η, (2.5.6)

where η > 0 is an arbitrary small given number, consists of solving the
problem

u̇ε + Auε − εA2uε = 0, u(T ) = g, t ≥ T, (2.5.7)

and then finding f = fη = uε(0). Here ε = const > 0. If ε > 0 is sufficiently
small, then

||g − e−TAuε(0)|| ≤ η.

Let us justify the above claim. The unique solution to (2.5.7) is:

uε(t) = e−(t−T )(A−εA2)g, (2.5.8)

where the element uε(t),

uε(t) = e−(t−T )(A−εA2)g =
∫ ∞

c

e−(t−T )(s−εs2)dEsg,

is well defined for any g ∈ H and for t ∈ [0, T ) provided that ε > 0. Let

f = fε := uε(0) = eT (A−εA2)g. (2.5.9)

Then

||g−e−TAfε||2 = ||g−e−εTA2
g||2 =

∫ ∞

c

|1−e−εTs2 |2d(Esg, g). (2.5.10)

Thus, for any fixed g ∈ H, one can pass to the limit ε → 0 in (2.5.10) and
get

lim
ε→0

||g − e−TAfε|| = 0. (2.5.11)
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Therefore, for any g ∈ H and any η > 0, however small, one can find fε

such that

||g − e−TAfε|| ≤ η.

If g = e−TAh for some h ∈ H, i.e., g is the value of a solution to
equation (2.5.1) at t = T with u(0) = h, then

||g − e−TAfε|| ≤ ||e−TA||||h − fε|| ≤ ||h − fε||.
Therefore, if g = e−TAh, h ∈ H, then taking any f satisfying the inequality
||fε − h|| ≤ η, implies ||g − e−TAfε|| ≤ η.
Remark 2.5.1. In [LL] the case when A = A(t) is treated under suitable
assumptions.
Remark 2.5.2. There are infinitely many elements f satisfying (2.5.6). For-
mula (2.5.9) gives one concrete such an element.
Remark 2.5.3. The quasiinversion method yields stable solution of the
above problem: if gδ is given, ||gδ − g|| ≤ δ, then

||eT (A−εA2)(gδ − g)|| ≤ ||eT (A−εA2)||δ = N(ε, T )δ, (2.5.12)

where

N(ε, T ) = sup
s≥c

eT (s−εs2) = e
T
4ε . (2.5.13)

Remark 2.5.4. In [LL] the quasiinversion method is applied to solving
Cauchy problems for elliptic equations and to other ill-posed problems.

2.6 Dynamical systems method (DSM)

The idea of a DSM has been described in Section 1.1.
We want to solve an operator equation

F (u) − f = 0 (2.6.1)

in a Hilbert space H. We assume that this equation has a solution y, that

sup
u∈B(u0,R)

||F (j)(u)|| ≤ Mj(R), j = 0, 1, 2, (2.6.2)

where F (j)(u) are Fréchet derivatives of F , u0 ∈ H is some element,

B(u0, R) = {u : ||u − u0|| ≤ R, u ∈ H},
and Mj(R) are some positive constants. We do not restrict the growth of
these constants as R → ∞. This means that the nonlinearity F can grow
arbitrarily fast as ||u|| grows, but is locally twice Fréchet differentiable.
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Definition 2.6.1. We will call problem (2.6.1) well-posed (WP) if

sup
u∈B(u0,R)

||[F ′(u)]−1|| ≤ m(R), (2.6.3)

and ill-posed (IP) otherwise.

Condition (2.6.3) implies that F is a local homeomorphism in a neigh-
borhood of the point u.

If F (u) = Au, where A is a bounded linear operator, then F ′(u) = A
for any u ∈ H, and condition (2.6.3) implies that A is an isomorphism.

If F (u) = Au so that F ′(u) = A, and A is not boundedly invertible,
i.e. (2.6.3) fails, then either A is not injective, or A is not surjective, or
A−1 is not bounded. If A is not injective, i.e. N = N (A) 	= {0}, then
one can consider A as a mapping from the factor space H/N into H, and
then this mapping is injective, or one can consider A as a mapping from
H1 = H �N , and this mapping is injective.

If A is not surjective but its range R(A) is closed, then A as a mapping
from H1 into R(A) is injective, surjective, and has a bounded inverse, so
in this case the problem of solving equation Au− f = 0 may be reduced to
a well-posed problem:

If ||fδ − f || ≤ δ , but f /∈ R(A), then one projects fδ onto R(A), and
the solution A−1PR(A)fδ depends continuously on fδ.

However, if the range R(A) is not closed, R(A) 	= R(A), then small
perturbations fδ, ||fδ − f || ≤ δ, of f may lead to large perturbations of the
solution, or fδ may be out of R(A), in which case the equation Au = fδ is
not solvable. Thus, if R(A) 	= R(A), then the problem of solving equation
Au = f is ill-posed.

Calculating the null space N of a linear operator A is an ill-posed
problem: a small perturbation of A may transform A into an injective
operator.

If F is a nonlinear mapping, then condition (2.6.3), in general, does not
imply injectivity or surjectivity globally. For example, if F (u) = eu is a
mapping of R into R, then

F ′(u) = eu, |[F ′(u)]−1| = |e−u| ≤ m(R), |u| ≤ R,

however equation eu = 0 has no solution. An example of noninjectivity:
Let

F : R
2 → R

2, F (u) =
(

eu1 cos u2

eu1 sin u2

)
.
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Then

F ′(u) =

⎛
⎝ ∂F1

∂u1

∂F1
∂u2

∂F2
∂u1

∂F2
∂u2

⎞
⎠ =

⎛
⎝ eu1 cos u2 −eu1 sin u2

eu1 sin u2 eu1 cos u2

⎞
⎠ ,

[F ′(u)]−1 = e−u1

⎛
⎝ cos u2 sin u2

− sin u2 cos u2

⎞
⎠ ,

so

||[F ′(u)]−1|| ≤ e−u1 ≤ eR, |u1|2 + |u2|2 ≤ R2.

Condition (2.6.3) holds with any R > 0, but F is not injective:

if equation F (u) = f has a solution
(

u1

u2

)
, then it has solutions(

u1

u2 + 2nπ

)
, n = ±1,±2, ....

The DSM method for solving equation (2.6.1), which consists of finding
a nonlinear mapping Φ(t, u) such that the Cauchy problem

u̇ = Φ(t, u), u(0) = u0, (2.6.4)

has a unique global solution, there exists u(∞), and u(∞) solves equation
(2.6.1):

∃!u(t) ∀t ≥ 0; ∃u(∞); F (u(∞)) − f = 0. (2.6.5)

If F is nonlinear, then the global existence of a solution to (2.6.4) is a
difficult problem by itself. To guarantee the local existence and uniqueness
of the solution to (2.6.4), we assume that Φ satisfies a Lipschitz condition

||Φ(t, u) − Φ(t, v)|| ≤ K||u − v||, u, v ∈ B(u0, R), (2.6.6)

where K = constant > 0 does not depend on t, u, v but may depend on R.
We also assume that

sup
t∈(t0,t0+b) u∈B(u0,R)

||Φ(t, u)|| ≤ K0(R) := K0, (2.6.7)

where K0 > 0 and b > 0 are a constants. Such an assumption on Φ will be
satisfied in most of our applications. Assumption (2.6.6) does not restrict
the growth of nonlinearity of Φ because K may grow rapidly as R grows.

Problem (2.6.4), in general, may have no global solution: the solution
may blow up in a finite time. The maximal interval [0, t) of the existence
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of the solution may be finite, T < ∞ . In all the problems we deal with
in this monograph, the global existence of the solution to (2.6.4) will be
proved by establishing an a priori bound for the norm of the solution:

sup
t>0

||u(t)|| ≤ c, (2.6.8)

where c = const > 0 does not depend on t and the supremum is taken over
all t ∈ [0, T ).

Lemma 2.6.1. If (2.6.6) and (2.6.8) hold, then T = ∞.

Proof of Lemma 2.6.1. From the classical local existence and uniqueness
theorem for the solution to (2.6.4) under the assumptions (2.6.6), (2.6.7)
one obtains that the solution to (2.6.4) with the initial condition u(t0) = u0

exists and is unique on the interval |t − t0| < τ , where

τ = min
(

1
K

,
R

K0
, b

)
. (2.6.9)

This result is well-known, but we prove it for the convenience of the
reader (see also Section 16.2). Using this result, we complete the proof of
Lemma 2.6.1.

Assume that (2.6.8) holds but T < ∞. Let u ∈ B(u0, R) for t ∈
[0, T − τ

2 ]. Take t0 = T − τ
2 . Then the solution u(t) to (2.6.4) with the

initial condition u(t0) = u(T − τ
2 ) exists on the interval (T − τ

2 , T + τ
2 ),

so T is not the maximal interval of existence. Condition (2.6.8)guarantees
that the Lipschitz constant K in (2.6.6) remains bounded, K = K(c), the
constant K0 in (2.6.7) remains bounded, K0 = K0(c), and the radius of the
ball B(u0, R), within which the solution stays, remains bounded, R = R(c).
Thus, τ = τ(c) does not decrease as the initial point gets close to T . This
and the local existence and uniqueness theorem for the solution to (2.6.4)
imply T = ∞. Lemma 2.6.1 is proved. �

In the following Theorem 2.6.1 we assume that Φ(t, u) is continuous
operator function of t.

Theorem 2.6.1. (local existence and uniqueness theorem).
Assume (2.6.6)-(2.6.7). Then problem (2.6.4) with u(t0) = u0, t0 > 0

has a unique solution u(t) ∈ B(u0, R) on the interval t ∈ (t, t + τ), where
τ is defined in (2.6.9).

Proof of theorem 2.6.1. Problem (2.6.4) with u(t0) = u0, is equivalent
to the equation:

u = u0 +
∫ t

t0

Φ(s, u(s))ds := B(u), (2.6.10)
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because we have assumed that Φ is continuous with respect to t. Let us
check that operator B maps the ball B(u0, R) into itself and is a contraction
mapping on this ball if (2.6.9) holds. This, and the contraction mapping
principle yield the conclusion of Theorem 2.6.1.

We have

sup
t∈(t0,t0+τ)

||u(t)− u0|| ≤ sup
s∈(t0,t0+τ), u∈B(u0,R)

||Φ(s, u(s))|| ≤ τK0 ≤ R.

(2.6.11)

Furthermore,

sup
t∈(t0,t0+τ)

||B(u) − B(v)||

≤ τ sup
s∈(t0,t0+τ), u∈B(u0,R)

||Φ(s, u(s)) − Φ(s, v(s))||

≤ τK sup
s∈(t0,t0+τ)

||u(s) − v(s)||. (2.6.12)

Since τK > 1, the operator B is a contraction on the set B(u0, R).
Theorem 2.6.1 is proved. �

2.7 Variational regularization for nonlinear equations

Consider the equation

F (u) = f, (2.7.1)

where F is a nonlinear map in a Hilbert space H.
Assume that there is a solution y to equation (2.7.1), F (y) = f .
We also assume that F is a weakly continuous (wc) map, i.e.

un ⇀ u ⇒ F (un) ⇀ F (u). (2.7.2)

Let ||fδ − f || ≤ δ and

g(u) = ||F (u) − fδ|| + bδϕ(u), b = const > 0, (2.7.3)

where ϕ : H1 → R+ := [0,∞) is a functional, H1 ⊂ H is a Hilbert space,
||u||1 ≥ ||u||, the embedding i : H1 → H is compact, i.e. the set {u :
||u||1 ≤ c} contains a convergent in H subsequence, ϕ is weakly lower
semicontinuous (wlsc), i.e.

un ⇀ u ⇒ lim
n→∞

ϕ(un) ≥ ϕ(u), (2.7.4)

and y ∈ H1. From (2.7.2) and (2.7.4) it follows that g is wlsc.
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Lemma 2.7.1. If (2.7.2) and (2.7.4) hold, then the problem

g(u) = min (2.7.5)

has a solution.

Proof. Since g(u) ≥ 0, there exists m := infu g(u). Let g(un) → m. Then
0 ≤ g(un) ≤ m + δ for all n ≥ n(δ), so

bδϕ(un) ≤ m + δ. (2.7.6)

We have

m ≤ g(y) ≤ δ(1 + bϕ(y)). (2.7.7)

From (2.7.6) and (2.7.7) we get

ϕ(un) ≤ 2 + bϕ(y)
b

:= c. (2.7.8)

Thus, there exists a convergent subsequence of un, which is denoted un

again:

lim
n→∞un = u. (2.7.9)

Since g is weakly lower semicontinuous, we obtain:

m = lim
n→∞ g(un) ≤ g(u) ≤ m. (2.7.10)

Thus, the lemma is proved. �

Remark 2.7.1. The proof remains valid if we assume that the set {u :
ϕ(u) ≤ c} is weakly precompact, i.e. contains a weakly convergent sub-
sequence un ⇀ u, rather than the strongly convergent one. However, the
assumption about compactness of the embedding i : H1 → H will be used
later.

Theorem 2.7.1. Assume that F is injective, the embedding i : H1 → H is
compact, f = F (y), (2.7.2) holds, ||fδ − f || ≤ δ and g(uδ) = infu∈H g(u).
Then

||uδ − y|| ≤ η(δ) → 0 as δ → 0. (2.7.11)

Proof. Using the equation F (y) = f , (2.7.7) and (2.7.8), we obtain:

||F (uδ) − F (y)|| ≤ ||F (uδ) − fδ|| + ||fδ − f || ≤ δ(2 + bϕ(y)), (2.7.12)
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and

ϕ(uδ) ≤ c. (2.7.13)

Therefore (2.7.11) follows. Indeed, assuming that ||uδ −y|| ≥ ε > 0, choose
a subsequence

un := uδn
→ u as δn → 0.

This is possible because i is compact and (2.7.13) holds. Then we get

ε ≤ lim
n→∞ ||un − y|| = ||u − y||. (2.7.14)

Let us prove that

F (u) = y. (2.7.15)

It follows from (2.7.12) that

lim
n→∞ ||F (un) − f || = 0.

Assumption (2.7.2) and weak lower semicontinuity of the norm in H imply

0 = lim
n→∞

||F (un) − f || ≥ ||F (u) − f ||. (2.7.16)

Thus (2.7.15) is verified.
Since F is injective, it follows from (2.7.15) that u = y. This contradicts

to the inequality (2.7.14).
Theorem 2.7.1 is proved. �

Let us discuss now a new discrepancy principle.
Earlier the discrepancy principle for finding the regularization parame-

ter a = a(δ) was proposed and justified for linear equations in the following
form. One finds a minimizer ua,δ to the functional

G(u) := ||F (u) − fδ||2 + a||u||2.
Then a = a(δ) is found as the solution (unique if F is a linear operator) of
the equation

||F (ua,δ) − fδ|| = cδ, ||fδ|| > cδ, c = const, c ∈ (1, 2). (2.7.17)

The justification of the discrepancy principle consisted of the proof of the
unique solvability of equation (2.7.17) for a = a(δ) and of the proof of the
relation

lim
δ→0

||uδ − y|| = 0, uδ := ua(δ),δ. (2.7.18)
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Equation (2.7.17) is a nonlinear equation for a even in the case when F (u) =
Au is a linear operator.

To avoid solving this equation, we propose to take a(δ) = bδ, b =
const > 0.

We have proved that for any fixed b = const > 0 problem (2.7.5) has
a solution uδ and (2.7.11) holds, provided that F is injective, (2.7.2) holds
and i is compact.

Therefore one may use the following relaxed version of the discrepancy
principle. The usual discrepancy principle requires to solve the variational
problem

||F (u) − fδ||2 + aϕ(u) = min, (2.7.19)

to find a minimizer ua,δ, then to find the regularization parameter a = a(δ)
by solving the nonlinear equation for a:

||F (ua,δ) − fδ|| = cδ, c ∈ (1, 2), c = const, (2.7.20)

and then to prove that

uδ := ua(δ),δ

satisfies (2.7.18).
The relaxed version of the discrepancy principle does not require solving

nonlinear equation (2.7.20) for a, but allows one to take

a(δ) = bδ

with an arbitrary fixed b = const > 0.
One can also choose some b such that

δ ≤ ||F (ubδ,δ) − fδ|| ≤ c1δ, c1 = const > 0, (2.7.21)

where c1 > 1 is an arbitrary fixed constant. It is easier numerically to find
b such that (2.7.21) holds than to solve equation (2.7.20) for a = a(δ).
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Chapter 3

DSM for well-posed problems

In this Chapter it is shown that every well-posed problem can be solved by
a DSM which converges exponentially fast.

3.1 Every solvable well-posed problem can be solved
by DSM

In this chapter we prove that every solvable equation

F (u) = 0, (3.1.1)

where F satisfies assumptions (2.6.2) and (2.6.3), can be solved by a DSM
(1.1.2) so that the three conditions (1.1.5) hold, and, in addition, the con-
vergence of this DSM is exponentially fast:

||u(t) − u(∞)|| ≤ re−c1t, ||F (u(t))|| ≤ ||F0||e−c1t, (3.1.2)

where c1 = const > 0, r = const > 0, F0 = F (u(0)). We will specify c1

and r later.
First, let us establish a general framework for a study of well-posed

problems.
Assume that

(F ′(u)Φ(t, u), F (u)) ≤ −g1(t)||F (u)||2 ∀u ∈ H, (3.1.3)

and

||Φ(t, u)|| ≤ g2(t)||F (u)||, ∀u ∈ H, (3.1.4)

where g1(t) and g2(t) are positive functions, defined on R+ = [0,∞), g2 is
continuous and g1 ∈ L1(R+).

61
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The assumption (3.1.3) can be generalized

||Φ(t, u)|| ≤ g2(t)||F (u)||b, b = const > 0. (3.1.5)

Define the following function:

G(t) := g2(t)e−
R t
0 g1(s)ds. (3.1.6)

Assume:∫ ∞

0

g1ds = ∞, G ∈ L1(R+), (3.1.7)

and

||F (u0)||
∫ ∞

0

G(t)dt ≤ R. (3.1.8)

Let us formulate our first result.

Theorem 3.1.1. Assume that (3.1.3), (3.1.4), (3.1.7) and (3.1.8) hold.
Also assume that (2.6.2) holds for j ≤ 1 and (2.6.6) holds. Then problem
(2.6.4) has a unique global solution u(t), there exists u(∞), F (u(∞)) = 0,
and the following estimates hold:

||u(t) − u(∞)|| ≤ ||F (u0)||
∫ ∞

t

G(s)ds, (3.1.9)

and

||F (u(t))|| ≤ ||F (u0)||e−
R t
0 g1(s)ds. (3.1.10)

Proof. From the assumption (2.6.6) it follows that there exists a unique
local solution to problem (2.6.4). To prove that this solution is global
we use Lemma 2.6.1 and establish estimate (2.6.8) for this solution. Let
g(t) := ||F (u(t))||, and ġ = dg

dt . Then, using (2.6.2) with j = 1, we get:

gġ = (F ′(u)u̇, F ) = (F ′(u)Φ(t, u), F ) ≤ −g1(t)g2. (3.1.11)

Since g ≥ 0, we obtain

g(t) ≤ g0e
− R t

0 g1(s)ds, g0 = ||F (u0)||, (3.1.12)
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which is the inequality (3.1.10). From equation (2.6.4), inequality (3.1.4)
and estimate (3.1.10) we derive the estimate:

||u(s) − u(t)|| ≤ ||F (u0)||
∫ s

t

G(p)dp. (3.1.13)

Since G ∈ L1(R+), it follows from (3.1.13) that estimate (2.6.8) holds, the
limit

u(∞) = lim
t→∞u(t)

exists, and estimate (3.1.9) holds. Taking t → ∞ in (3.1.10), using the
first assumption (3.1.7) and the continuity of F , one obtains the relation
F (u(∞)) = 0. Theorem 3.1.1 is proved. �

Let us replace assumption (3.1.3) by a more general one:

(F ′Φ, F ) ≤ −g1(t)||F (u)||a, a ∈ (0, 2). (3.1.14)

Arguing as in the proof of Theorem 3.1.1 one gets the inequality:

g1−aġ ≤ −g1(t),

so

0 ≤ g(t) ≤
[
g2−a(0) − (2 − a)

∫ t

0

g1(s)ds

] 1
2−a

. (3.1.15)

If the first assumption (3.1.7) holds then (3.1.15) implies that g(t) = 0 for
all t ≥ T , where T is defined by the equation∫ T

0

g1(s)ds =
g2−a(0)
2 − a

, 0 < a < 2. (3.1.16)

Thus

||F (u(t))|| = 0, t ≥ T. (3.1.17)

Therefore u(t) solves the equation F (u) = 0, and

||u(T )−u(0)|| ≤ ||F (u0)||
∫ T

0

G(p)dp ≤ ||G(u0)||
∫ T

0

g2(s)ds. (3.1.18)

From (3.1.18) and (3.1.8) it follows that u(t) ∈ B(u0, R) for all t ≥ 0.
Let us formulate the results we have proved:
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Theorem 3.1.2. Assume (3.1.14), (3.1.8), (3.1.7), (2.6.6), (2.6.2) with
j ≤ 1, and let T be defined by equation (3.1.16). Then equation F (u) = 0
has a solution u ∈ B(u0, R), problem (2.6.4) has a unique global solution
u(t) ∈ B(u0, R), and F (u(t)) = 0 for t ≥ T .

Assume now that the inequality (3.1.14) holds with a > 2 and the first
assumption (3.1.7) holds. Then, arguing as in the proof of Theorem 3.1.1,
one gets

0 ≤ g(t) ≤
[

1
ga−2(0)

+ (a − 2)
∫ t

0

g1(s)ds

]− 1
a−2

:= h(t), (3.1.19)

where limt→∞ h(t) = 0 because of (3.1.7).
Assume that∫ ∞

0

g2(s)h(s)ds ≤ R. (3.1.20)

Then (2.6.4) and (3.1.4) imply

||u(t) − u(0)|| ≤ R, ||u(t) − u(∞)|| ≤
∫ ∞

t

g2(s)h(s)ds, (3.1.21)

so

lim
t→∞ ||u(t) − u(∞)|| = 0. (3.1.22)

Thus, the following result is obtained.

Theorem 3.1.3. Assume that (3.1.14) holds with a > 2, (3.1.4), (2.6.6),
(3.1.7) and (3.1.20) hold. Then there exists a unique global solution u(t)
to (2.6.4), u(t) ∈ B(u0, R), there exists u(∞) and F (u(∞)) = 0.

In the remaining Sections of this Chapter we will use the above results
in a number of problems of interest in applications.

In particular, we will use the following consequence of Theorem 3.1.1.
Assume that g1(t) = c1 = const > 0, g2(t) = c2 = const > 0, so that

(3.1.3) and (3.1.4) take the form

(F ′(u)Φ(t, u), F (u)) ≤ −c1||F (u)||2, ∀u ∈ H, (3.1.23)

and

||Φ(t, u)|| ≤ c2||F (u)||, ∀u ∈ H. (3.1.24)
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Then conditions (3.1.7) are trivially satisfied, (3.1.8) takes the form

||F (u0)||c2

c1
:= r ≤ R, (3.1.25)

(3.1.13) implies

||u(∞) − u(t)|| ≤ re−c1t, (3.1.26)

and

||u(t) − u(0)|| ≤ r, (3.1.27)

and (3.1.12) yields:

||F (t)|| ≤ ||F (u0)||e−c1t. (3.1.28)

Note that (3.1.2) follows from (3.1.26) and (3.1.28).
Let us formulate what we have just demonstrated.

Theorem 3.1.4. Assume (3.1.23)-(3.1.25), (2.6.2) and (2.6.3). Then
problem (2.6.4) has a unique global solution u(t), this solution satisfies
inequalities (3.1.26)-(3.1.28), so that there exists limt→∞ u(t) := u(∞),
and F (u(∞)) = 0. Thus, under the above assumptions equation F (u) = 0
has a solution u(∞) = u(∞; u0), possibly nonunique.

By a global solution to (2.6.4) we mean the solution which exists for
all t ≥ 0.

Note that if u(∞; u0) is taken as the initial data, then u(∞; u(∞; u0))
does not have to be equal to u(∞; u0).
Example 3.1.1. Let

u̇ = c(1 + u2)e−t, u(0) = u0 = 1.

Then

arctanu(t) − arctanu(0) = c(1 − e−t),

u(t) = tan(arctanu0 + c − ce−t).
Thus

u(∞; u0) = tan(arctan 1 + c) = tan
(π

4
+ c

)
,

and

u(∞; u(∞; u0)) = tan(arctan tan
(π

4
+ c

)
+c) = tan

(π

4
+ 2c

)
	= u(∞; u0)

provided that π
4 + c 	= π

4 + 2c + nπ.
In order that u(∞; u0) = u(∞; u(∞; u0)) for the problem

u̇ = Φ(t, u), u(0) = u0,

it is sufficient that u(∞; u0) solves the equation Φ(∞; u(∞; u0)) = 0.
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3.2 DSM and Newton-type methods

Consider the equation

F (u) = 0, (3.2.1)

and the DSM for solving (3.2.1) of the form

u̇ = −[F ′(u)]−1F (u), u(0) = u0. (3.2.2)

This is a particular case of (2.6.4) which makes sense if (2.6.3) holds, i.e. if
the problem is well-posed in our terminology. Assumption (2.6.6) follows
from (2.6.2) and (2.6.3) due to the differentiation formula:

([F ′(u)]−1)′ = −[F ′(u)]−1F ′′(u)[F ′(u)]−1, (3.2.3)

which can be derived easily by differentiating the identity

[F ′(u)]−1F ′(u) = I (3.2.4)

with respect to u. We assume throughout the rest of this chapter that
assumptions (2.6.2) - (2.6.3) hold. Let us apply Theorem 3.1.4 to problem
(3.2.2). We have

(F ′Φ, F ) = −||F ||2, (3.2.5)

so that c1 = 1 in condition (3.1.23). Furthermore, (3.1.24) holds with
c2 = m(R), where m(R) is the constant from (2.6.3). Finally, to ensure
the existence of a solution to equation (3.2.1) let us assume that (3.1.25)
holds:

||F (u0)||c2

c1
:= r ≤ R, i.e., ||F (u0)||m(R) ≤ R. (3.2.6)

Then Theorem 3.1.4 implies the following result.

Theorem 3.2.1. Assume (2.6.2), (2.6.3) and (3.2.6). Then equation
(3.2.1) has a solution in B(u0, R), problem (3.2.2) has a unique global
solution u(t) ∈ B(u0, R), there exists the limit

u(∞) = u(∞; u0) ∈ B(u0, R),

this limit solves the equation

F (u(∞)) = 0,

and the DSM method (3.2.2) converges exponentially fast in the sense that
estimates (3.1.26) and (3.1.28) hold.
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Remark 3.2.1. Condition (3.2.6) is always satisfied for a suitable u0 if one
knows a priori that equation (3.2.1) has a solution y, F (y) = 0. Indeed, in
this case one can choose u0 sufficiently close to y and, by the continuity of F ,
condition (3.2.6) will be satisfied because limu0→y ||F (u0)|| = ||F (y)|| = 0.
Most of the classical theorems about convergence of the discrete Newton-
type methods contain the assumption that u0 is sufficiently close to a so-
lution to equation (3.2.1).

Remark 3.2.2. If one formally discretizes equation (3.2.2), one gets an it-
erative scheme

un+1 = un − hn[F ′(un)]−1F (un), u0 = u0, (3.2.7)

tn+1 = tn + hn, un = u(tn). (3.2.8)

If hn = 1, the process, (3.2.7) reduces to the classical Newton’s method.

un+1 = un − [F ′(un)]−1F (un), u0 = u0. (3.2.9)

Various conditions sufficient for the convergence of this process are known
(see [KA], [De]).

For a comparison with Theorem 3.2.1 let us formulate a theorem (see
[De], p.157) about convergence of the classical Newton’s method.

Theorem 3.2.2. Assume

||[F ′(u0)]−1F (u0)|| ≤ a, ||[F ′(u0)]−1|| ≤ b,

||F ′(u) − F ′(v)|| ≤ k||u − v||, u, v ∈ B(u0, R),

q := 2kab < 1 and 2a < R.

Then F has a unique zero y ∈ B(u0, R), and

||un − y|| ≤ a

2n−1
q2n−1, 0 < q < 1. (3.2.10)

A proof of Theorem 3.2.2 one can find in [De], p. 158. The proof is
considerably more complicated than the proof of Theorem 3.2.1. The basic
feature of the classical process (3.2.9) is its quadratic rate of convergence.
This means that

||un+1 − y|| ≤ c||un − y||2

for all sufficiently large n. This rate is achieved for the process (3.2.7) with
a constant step size hn = h only if h = 1. For the continuous analog (3.2.2)
of the method (3.2.9) the rate of convergence is exponential, it is slower
than quadratic.
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3.3 DSM and the modified Newton’s method

Consider equation (3.2.1) and the following DSM method for solving this
equation:

u̇ = −[F ′(u0)]−1F (u), u(0) = u0. (3.3.1)

Let us check conditions of Theorem 3.1.4. Condition (3.1.24) is satisfied
with c2 = m(R), where m(R) is the constant from (2.6.3). Let us check
condition (3.1.23). We have

−(F ′(u)[F ′(u0)]−1F (u), F (u))
= −([F ′(u) − F ′(u0)][F ′(u0)]−1F (u), F (u)) − ||F (u)||2, (3.3.2)

and

|[F ′(u)−F ′(u0)][F ′(u0)]−1F (u), F (u))| ≤ M2||u−u0||m||F (u)||2, (3.3.3)

where M2 is the constant from (2.6.2).
Let us assume that ||u−u0|| ≤ R, i.e. u ∈ B(u0, R), and choose R such

that

mM2R =
1
2
. (3.3.4)

Then (3.3.2) - (3.3.4) imply that c1 = 1
2 . Condition (3.1.25) takes the form

2||F (u0)||m ≤ 1
2mM2

,

i.e.

4m2M2||F (u0)|| ≤ 1. (3.3.5)

Theorem 3.1.4 yields the following result.

Theorem 3.3.1. Assume (2.6.2),(2.6.3) and (3.3.5). Then equation (3.2.1)
has a solution in B(u0, R), problem (3.3.1) has a unique global solution
u(t) ∈ B(u0, R), there exists u(∞) ∈ B(u0, R), F (u(∞)) = 0, and the
DSM method (3.3.1) converges to the solution u(∞) exponentially fast in
the sense that estimates (3.1.26) and (3.1.28) hold.

3.4 DSM and Gauss-Newton-type methods

Consider equation (3.2.1) and the following DSM method for solving this
equation

u̇ = −T−1A∗F (u), u(0) = u0, (3.4.1)
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where

A := F ′(u), T := A∗A, (3.4.2)

A∗ is the operator adjoint to A.
Let us apply Theorem 3.1.4. As always in this Chapter, we assume

(2.6.2) and (2.6.3). Condition (3.1.23) takes the form:

−(F ′T−1A∗F, F ) = −||F ||2, (3.4.3)

because A(A∗A)−1A∗ = I, since F ′(u) := A is a boundedly invertible
operator (see (2.6.3)). Thus, c1 = 1.

Let us find c2. We have

||T−1A∗F || ≤ ||T−1||M1||F ||, (3.4.4)

where ||A∗|| = ||A|| ≤ M1 by (2.6.2). Finally

||T−1|| ≤ ||A−1||||(A∗)−1|| ≤ m2, (3.4.5)

where m is the constant from (2.6.3). Thus c2 = M1m
2. Condition (3.1.25)

takes the form

||F (u0)||M1m
2 ≤ R. (3.4.6)

Theorem 3.1.4 yields the following result.

Theorem 3.4.1. Assume (2.6.2), (2.6.3) and (3.4.6). Then equation
(3.2.1) has a solution in B(u0, R), problem (3.4.1) has a unique global so-
lution u(t), there exists u(∞), F (u(∞)) = 0, and the DSM method (3.4.1)
converges to u(∞) exponentially fast in the sense that estimates (3.1.26)
and (3.1.28) hold.

3.5 DSM and the gradient method

Again we want to solve equation (3.2.1). The DSM method we use is the
following one:

u̇ = −A∗F (u), u(0) = u0. (3.5.1)

As before, A = F ′(u), A is the adjoint to A. Condition (3.1.23) takes the
form:

−(AA∗F, F ) = −||A∗F ||2 ≤ −c1||F ||2, (3.5.2)
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where c1 = m2. Here we have used the following estimates:

||A∗u|| ≥ ||(A∗)−1||−1||u||, ||(A∗)−1|| = ||A−1|| = m, (3.5.3)

where m is the constant from (2.6.3). Condition (3.1.24) holds with c2 =
M1, where M1 is the constant from (2.6.2) and we have used the relation
||A∗|| = ||A||. Condition (3.1.25) takes the form

||F (u0)||m2M1 ≤ R. (3.5.4)

Theorem 3.1.4 yields the following result.

Theorem 3.5.1. Assume (2.6.2), (2.6.3) and (3.5.4). Then equation
(3.2.1) has a solution in B(u0, R), problem (3.5.1) has a unique global so-
lution u(t) ∈ B(u0, R), there exists u(∞), F (u(∞)) = 0, and the DSM
method (3.5.1) converges exponentially fast in the sense that estimates
(3.1.26) and (3.1.28) hold.

3.6 DSM and the simple iterations method

We want to solve equation (3.2.1) by the following DSM method:

u̇ = −F (u), u(0) = u0. (3.6.1)

Let us assume that

F ′(u) ≥ c1(R) > 0, u ∈ B(u0, R). (3.6.2)

Condition (3.1.23) takes the form:

−(F ′F, F ) ≤ −c1||F ||2, (3.6.3)

so c1 := c1(R) is the constant from (3.6.2). Condition (3.1.24) holds with
c2 = 1. Condition (3.1.25) takes the form:

||F (u0)|| 1
c1

≤ R. (3.6.4)

Theorem 3.1.4 yields the following result.

Theorem 3.6.1. Assume (2.6.2), (2.6.3) and (3.6.4). Then equation
(3.2.1) has a solution in B(u0, R), problem (3.6.1) has a unique global
solution u(t) ∈ B(u0, R), there exists u(∞), F (u(∞)) = 0, and the DSM
method (3.6.1) converges to u(∞) exponentially fast, i.e., inequalities (3.1.26)
and (3.1.28) hold.
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3.7 DSM and minimization methods

Let f : H → R+ be twice Fréchet differentiable function, f ∈ C2
loc. We

want to use DSM for global minimization of f . In many cases this gives a
method for solving operator equation F (u) = 0. Indeed, if this equation
has a solution y, F (y) = 0, then y is the global minimizer of the functional
f(u) = ||F (u)||2.

Let us consider the following DSM scheme:

u̇ = − h

(f ′(u), h)
f(u), u(0) = u0, (3.7.1)

where h ∈ H is some element for which |(f ′(u(t)), h)| > 0 for t ≥ 0, where
u(t) solves (3.7.1).

Condition (3.1.23) takes the form

− (f ′, h)
(f ′, h)

f2 = −f2,

so c1 = 1. Condition (3.1.24) is:

||h||
|(f ′(u), h)|f(u) ≤ c2f(u),

where c2 depends on the choice of h and on f(u). Choose

h = f ′(u(t)).

Then (3.7.1) becomes

u̇ = − f ′(u(t))
||f ′(u(t))||2 f(u(t)), u(0) = u0. (3.7.2)

Condition (3.1.24) is not satisfied, in general, and we assume that

f(u)
||f ′(u)|| ≤ af b, (3.7.3)

where a and b are positive constants.
Then (3.7.2) implies

ḟ = f ′(u)u̇ = −f,

so

f(u(t)) = f0e
−t, f0 := f(u0), (3.7.4)
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and

||u̇|| ≤ f

||f ′(u(t))|| ≤ af b
0e−bt := c3e

−bt. (3.7.5)

One has

||u||. ≤ |u̇|| ≤ c3e
−bt, (3.7.6)

so

||u(t) − u0|| ≤ c3

b
, ||u(t) − u(∞)|| ≤ c3

b
e−bt. (3.7.7)

Condition (3.1.25) takes the form:

c3

b
≤ R, i.e.

af b
0

b
≤ R. (3.7.8)

We have proved the following result.

Theorem 3.7.1. Assume that f ∈ C2
loc, (3.7.3) and (3.7.8) hold. Then

equation f(u) = 0 has a solution in B(u0, R), problem (3.7.2) has a unique
global solution u(t), f(u(∞)) = 0, and estimates (3.7.7) hold.

Remark 3.7.1. If f(u) = ||F (u)||2 and H is the real Hilbert space, then
f ′(u) = 2[F ′(u)]∗F (u). Assume (2.6.3). Denote A := F ′(u). Then

||[A∗]−1|| ≤ m(R).

One has

||A∗F || ≥ ||[A∗]−1||−1||F (u)|| = m−1||F (u)||.
Thus, if

Φ = − f ′

||f ′||2 f, f = ||F (u)||2,

then

||Φ|| ≤ 1
||f ′(u)||f ≤ m

2||F ||f =
m

2
f

1
2 ,

so that (3.7.2) holds with b = 1
2 . Therefore assumption (2.6.3) ensures

convergence of the DSM (3.7.2) for global minimization of the functional
f(u) = ||F (u)||2 with an operator satisfying assumption (2.6.3), and the
DSM converges exponentially fast.
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3.8 Ulm’s method

In [U] and [GW] the following method for solving equation F (u) = 0 is
discussed under some assumptions on F , of which one is the existence of a
bounded linear operator B in a Hilbert (or Banach) space such that

||I − BF ′(u0)|| < 1, (3.8.1)

where u0 ∈ H is some element. The method consists of using the following
iterative process

un+1 = un − Bn+1F (un), Bn+1 = 2Bn − BnF ′(un)Bn. (3.8.2)

As the initial approximation one takes u0 and B0 = B from the assumption
(3.8.1).

The aim of this short Section is to prove the convergence of a sim-
plified continuous analog of the above method using Theorem 3.1.1. The
continuous analog is of the form:

u̇ = −BF (u), u(0) = u0. (3.8.3)

We have simplified the method by not considering the updates for B and
assuming that

||I − BF ′(u)|| ≤ q < 1, u ∈ B(u0, R), (3.8.4)

where q ∈ (0, 1) is a number independent of u, and R > 0 is some number.
Thus, B is an approximation to the inverse operator [F ′(u)]−1 in some
sense. We wish to prove the convergence of the DSM (3.8.3). Our Φ from
DSM (1.1.2) is

Φ = −BF,

and we wish to verify conditions of Theorem 3.1.1.
The DSM (3.8.3) is similar to the Newton method. The main difference

between the two methods is in taking an approximate inverse B in the
sense (3.8.4) in place of the exact inverse [F ′(u)]−1 in the Newton method.

Let us verify the conditions of Theorem 3.1.1. Condition (3.1.3) is easy
to verify:

−(F ′BF,F ) ≤ −(1 − q)||F ||2,
where we have used the assumption (3.8.4). Thus,

g1(t) = c1 = 1 − q > 0,
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and condition (3.1.3) holds.
Condition (3.1.4) obviously holds with

g2(t) = ||B|| := c2.

Condition (3.1.8) takes the form (3.1.25), that is:

||F (u0)||c2

c1
≤ R. (3.8.5)

If condition (3.8.5) holds, then,by Theorem 3.1.1, the DSM (3.8.3) is
justified, i.e., the conclusions (1.1.5) are valid.

If equation (3.8.1) has a solution, then condition (3.8.5) is always satis-
fied if the initial approximation u0 is taken sufficiently close to the solution.



Chapter 4

DSM and linear ill-posed
problems

In this chapter we prove that any solvable linear operator equation can be
solved by a DSM and by a convergent iterative process.

4.1 Equations with bounded operators

Consider the equation

Au = f, (4.1.1)

where A is a bounded linear operator in a Hilbert space H. Assume that
there exists a solution to (4.1.1), that N = N (A) is the null-space of A, and
denote by y the unique minimal-norm solution, i.e. the solution y ⊥ N .
Let T := A∗A, Ta := T + aI, I is the identity operator. We assume
that problem (4.1.1) is ill-posed in the sense that the range R(A) of the
operator A is not closed.

If R(A) is closed, i.e. R(A) = R(A), but A is not injective, then one
may define an operator A1, from H1 := H �N onto R(A). This operator
will be continuous, injective and, by the closed graph theorem , the inverse
operator A−1

1 is continuous from R(A) into H1. Thus, the ill-posedness
which is due to the lack of injectivity is not a problem if R(A) is closed.
Similarly, if A is not surjective but R(A) is closed then small perturbations
fδ of f which do not throw fδ out of R(A), i.e. fδ ∈ R(A) = R(A),
||fδ − f || ≤ δ, lead to a small perturbation of the minimal-norm solution
because A−1

1 is continuous. However, if R(A) 	= R(A), then the inverse
operator A−1

1 from R(A) into H1 is unbounded. Indeed, if A−1
1 is bounded

75
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then

||u|| = ||A−1Au|| ≤ c||Au||, c = ||A−1|| = const < ∞.

If

||Aun − Aum|| → 0, m, n → ∞,

then the above inequality implies ||un−um|| → 0, m, n → ∞, so un → u,
and, by continuity of A, Aun → Au. Therefore R(A) is closed, contrary to
our assumption.

The case when R(A) is not closed leads to difficulties in solving equation
(4.1.1) because small perturbations of f may lead to large perturbations of
u or may lead to an equation which has no solutions.

Let us assume that R(A) 	= R(A), fδ is given, ||fδ − f || ≤ δ, and

Ay = f, y ⊥ N .

How does one calculate by a DSM a stable approximation uδ to y? That
is, how does one calculate uδ such that:

lim
δ→0

||uδ − y|| = 0. (4.1.2)

There are several versions of DSM for solving ill-posed equation (4.1.1).
One of these versions is

u̇ = −u + T−1
a(t)A

∗f, u(0) = u0, (4.1.3)

where

a(t) > 0; a(t) ↘ 0 as t → ∞, (4.1.4)

and ↘ denotes monotone decay to zero.

Theorem 4.1.1. Problem (4.1.3) has a unique global solution u(t), there
exists u(∞), A(u(∞)) = f, u(∞) = y ⊥ N .

The case of noisy data fδ will be discussed after the proof of Theorem
4.1.1.

Proof of Theorem 4.1.1. The unique solution of (4.1.3) is:

u(t) = u0e
−t +

∫ t

0

e−(t−s)T−1
a(s)A

∗Ay ds.

Clearly, limt→∞ ||u0e
−t|| = 0. We claim that

lim
t→∞

∫ t

0

e−(t−s)T−1
a(s)Ty ds = y. (4.1.5)

This claim follows from two lemmas.
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Lemma 4.1.1. If g is a continuous function on [0,∞) with values in H
and g(∞) exists, then

lim
t→∞

∫ t

0

e−(t−s)g(s) ds = g(∞). (4.1.6)

Lemma 4.1.2. One has

lim
a→0

T−1
a Ty = y, a > 0, y ⊥ N . (4.1.7)

Proof of Lemma 4.1.1. For any fixed τ , however large, one has

lim
t→∞

∫ τ

0

e−(t−s)g(s) ds = 0.

If τ is sufficiently large then |g(s) − g(∞)| < η, ∀s ≥ τ, where η > 0 is
an arbitrary small number. The conclusion (4.1.6) follows now from the
relation limt→∞

∫ t

τ
e−(t−s)g(∞) ds = g(∞).

Lemma 4.1.1 is proved. �

Proof of Lemma 4.1.2. Using the spectral theorem for the selfadjoint op-
erator T and denoting by Es the resolution of the identity, corresponding
to T , one gets:

lim
a→0

||T−1
a Ty − y||2 = lim

a→0

∫ ||T ||

0

a2d(Esy, y)
(a + s)2

= ||PN y||2 = 0, (4.1.8)

where

PN = E0 − E−0

is the orthoprojector onto the null space N of operator T . Because N (T ) =
N (A) we use the same letter N as for the null-space of A.

Lemma 4.1.2 is proved. �

Since limt→∞ a(t) = 0, Theorem 4.1.1 is proved. �

Consider now the case of noisy data fδ. Then we solve the problem

v̇ = −v + T−1
a(t)A

∗fδ, v(0) = u0, (4.1.9)

stop integration at a stopping time tδ, denote v(tδ) := uδ, and prove (4.1.2)
for a suitable choice of tδ. Let u(t) − v(t) := w(t). Then

ẇ = −w + T−1
a(t)A

∗(f − fδ), w(0) = 0. (4.1.10)
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By (2.2.12) we have

||T−1
a A∗|| ≤ 1

2
√

a
. (4.1.11)

Since

w(t) =
∫ t

0

e−(t−s)T−1
a(s)A

∗(f − fδ)ds,

one has

||w(t)|| ≤
∫ t

0

e−(t−s) δ

2
√

a(s)
ds ≤ δ

2
√

a(t)
. (4.1.12)

Therefore, if tδ is chosen so that

lim
δ→0

δ

2
√

a(tδ)
= 0, lim

δ→0
tδ = ∞, (4.1.13)

then (4.1.12) and Theorem 4.1.1 imply

Theorem 4.1.2. Assume that (4.1.13) holds and equation (4.1.1) is solv-
able. Then uδ := v(tδ), where v(t) is the unique solution to (4.1.9), satisfies
(4.1.2).

Remark 4.1.1. There are many a priori choices of the stopping times tδ
satisfying (4.1.13). No optimization of the choice of tδ has been made. It
is an open problem to propose such an optimization.

Let us propose a posteriori choice of tδ based on a discrepancy-type
principle. We choose tδ from the equation

||AT−1
a(t)A

∗fδ − fδ|| = cδ, c = const ∈ (1, 2). (4.1.14)

Denote AA∗ := Q. We have

a2(t)
∫ ||Q||

0

1
[s + a(t)]2

d(Fsfδ, fδ) = c2δ2, (4.1.15)

where Fs is the resolution of the identity corresponding to the selfadjoint
operator Q. Equation (4.1.15) for a has a unique solution aδ and tδ is found
uniquely from the equation

aδ = a(t). (4.1.16)

This equation has a unique solution t = tδ because a(t) is monotone. Equa-
tion (4.1.15) considered as an equation for a has a unique solution a = aδ.
This was proved in Theorem 2.2.5. Since limδ→0 aδ = 0, it follows that
limδ→0 tδ = ∞.

This allows us to prove the following result.
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Theorem 4.1.3. Equation (4.1.14) has a unique solution t = tδ, and
limδ→0 tδ = ∞. The element uδ := v(tδ), where v solves (4.1.9) and tδ is
the solution of (4.1.14), satisfies (4.1.2), provided that

lim
t→∞

ȧ(t)
a2(t)

= 0. (4.1.17)

Proof of Theorem 4.1.3. By Theorem 2.2.5 we have

lim
δ→0

||T−1
aδ

A∗fδ − y|| = 0. (4.1.18)

Denote

wδ(tδ) := T−1
aδ

A∗fδ.

We have

||v(tδ) − y|| ≤ ||v(tδ) − wδ(tδ)|| + ||wδ(tδ) − y||. (4.1.19)

By (4.1.18),

lim
δ→0

||wδ(tδ) − y|| = 0. (4.1.20)

Let us check that

lim
δ→0

||v(tδ) − wδ(tδ)|| = 0. (4.1.21)

We have

v(tδ) = u0e
−tδ +

∫ tδ

0

e−(tδ−s)wδ(s)ds, wδ(s) := T−1
a(s)A

∗fδ. (4.1.22)

Since

lim
δ→0

tδ = ∞,

we have

lim
δ→0

||u0||e−tδ = 0. (4.1.23)

Furthermore,∫ t

0

e−(t−s)wδ(s)ds = e−(t−s)wδ(s)
∣∣∣t
0
−
∫ t

0

e−(t−s)ẇδ(s)ds

= wδ(t) − e−twδ(0) −
∫ t

0

e−(t−s)ẇδ(s)ds.

(4.1.24)
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Therefore,

lim
δ→0

||v(tδ) − wδ(tδ)|| = lim
δ→0

||
∫ tδ

0

e−(tδ−s)ẇδ(s)ds||

≤ lim
δ→0

∫ tδ

0

e−(tδ−s)||ẇδ(s)||ds. (4.1.25)

If

lim
t→∞ ||ẇδ(t)|| = 0, (4.1.26)

then, by Lemma 4.1.1, the desired relation (4.1.20) follows from (4.1.25).
Let us verify (4.1.26). By the spectral theorem we have

wδ(t) =
∫ b

0

dEλA∗fδ

a(t) + λ
, b = ||T ||, (4.1.27)

where Eλ is the resolution of the identity corresponding to the selfadjoint
operator T . Thus

ẇδ(t) = −ȧ(t)
∫ b

0

dEλA∗fδ

[a(t) + λ]2
= − ȧ(t)

a2(t)

∫ b

0

a2(t)dEλA∗fδ

[a(t) + λ]2
. (4.1.28)

Consequently,

lim
t→∞ ||ẇδ(t)|| ≤ lim

t→∞
|ȧ(t)|
a2(t)

||A∗fδ||2 = 0, (4.1.29)

where the assumption (4.1.17) was used.
Theorem 4.1.3 is proved. �

Remark 4.1.2. In the proof of Theorem 4.1.3 we have assumed that A is
bounded, so that A∗fδ makes sense for any fδ ∈ H. If A is unbounded,
then our argument can be modified so that the conclusion of Theorem 4.1.3
still be true. Namely, we have

T−1
a A∗fδ = A∗Q−1

a fδ = UQ
1
2 Q−1

a fδ, Q = AA∗ = Q∗, (4.1.30)

where U is an isometry and a > 0.
Let Fλ be the resolution of the identity corresponding to Q. Then

ẇδ(t) = U

∫ ∞

0

−ȧ(t)λ
1
2 dFλfδ

[a(t) + λ]2
, (4.1.31)
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so

||ẇδ(t)||2 ≤
∫ ∞

0

|ȧ(t)|2λd(Fλfδ, fδ)
[a(t) + λ]4

≤ |ȧ(t)|
a3(t)

∫ ∞

0

λa3(t)d(Fλfδ, fδ)
[a(t) + λ]4

≤ |ȧ(t)|
a3(t)

||fδ||2. (4.1.32)

Assume that

lim
t→∞

|ȧ(t)|
a3(t)

= 0. (4.1.33)

Then (4.1.32) implies (4.1.26) and, therefore, the conclusion of Theorem
4.1.3 remains valid.
Remark 4.1.3. Condition (4.1.17) holds, for instance, if

a(t) =
c0

(c1 + t)b
, c1, c0 > 0, b ∈ (0, 1), (4.1.34)

and (4.1.33) holds if b ∈ (0, 1
2 ).

Let us formulate another version of the discrepancy principle. Assume
that

lim
t→∞

[
eta(t)

∣∣∣∣∣∣Q−1
a(t)fδ

∣∣∣∣∣∣] = ∞, Qa := AA∗ + aI. (4.1.35)

Theorem 4.1.4. Assume (4.1.35), (4.1.4) and

lim
t→∞

|ȧ(t)|
a(t)

= 0. (4.1.36)

Then equation∫ t

0

e−(t−s)a(s)
∣∣∣∣∣∣Q−1

a(s)fδ

∣∣∣∣∣∣ ds = cδ, c ∈ (1, 2), ||fδ|| > cδ, (4.1.37)

has a unique solution tδ and vδ := vδ(tδ) converges to y, where vδ(t) is the
solution to (4.1.9).

Remark 4.1.4. If fδ /∈ R(A), then assumption (4.1.35) is satisfied. Indeed

lim
a→0

∣∣∣∣aQ−1
a fδ

∣∣∣∣2 = lim
a→0

∫ ∞

0

a2d(Fλfδ, fδ)
(a + λ)2

= ||Pfδ||2 > 0, (4.1.38)

where P is the orthoprojector onto the null space of the operator Q,
N (Q) = N (A∗), and

||Pfδ|| > 0 if fδ /∈ R(A). (4.1.39)

Indeed f ∈ R(A) and R(A) = N (A)⊥.
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Proof of Theorem 4.1.4. Let

h(t) := a(t)
∣∣∣∣∣∣Q−1

a(t)fδ

∣∣∣∣∣∣ := a(t)g(t). (4.1.40)

If (4.1.35) holds, then, by the L’Hospital rule, we have

lim
t→∞

eth(t)∫ t

0
esh(s)ds

= 1, (4.1.41)

provided that

lim
t→∞

ḣ(t)
h(t)

= 0. (4.1.42)

Relation (4.1.42) holds if

lim
t→∞

(h2)̇
h2(t)

= 0. (4.1.43)

Relation (4.1.43) holds if (4.1.36) holds. Indeed,

(h2)̇
h2(t)

=
(a2)̇
a2

+
(g2)̇
g2

. (4.1.44)

If (4.1.36) holds then

lim
t→∞

(a2)̇
a2

= 0. (4.1.45)

Moreover, (4.1.36) implies

lim
t→∞

(g2)̇
g2(t)

= 0. (4.1.46)

Indeed,

g2(t) =
∫ ∞

0

dρ(λ)
[a(t) + λ]2

, dρ(λ) := d(Fλfδ, fδ), (4.1.47)

so

(g2)̇ = −2ȧ

∫ ∞

0

dρ

[a(t) + λ]3
= 2

|ȧ|
a

∫ ∞

0

a(t)dρ

[a(t) + λ]3
≤ 2

|ȧ|
a

g2(t). (4.1.48)

Thus, (4.1.46) follows from (4.1.36).



4.2. EQUATIONS WITH BOUNDED OPERATORS 83

Relation (4.1.41) is equivalent to

lim
t→∞

∫ t

0
e−(t−s)h(s)ds

h(t)
= 1, (4.1.49)

which holds if (4.1.35), (4.1.36) and (4.1.4) hold. It follows from (4.1.49)
that equation (4.1.37) can be written as

a(t)||Q−1
a(t)fδ|| = c1δ, (4.1.50)

where

c1 = c[1 + o(1)], t → ∞. (4.1.51)

Thus

c1 ∈ (1, 2) as t → ∞. (4.1.52)

Consider the equation∣∣∣∣aQ−1
a fδ

∣∣∣∣2 =
∣∣∣∣fδ − QQ−1

a fδ

∣∣∣∣2 =
∣∣∣∣fδ − AT−1

a A∗fδ

∣∣∣∣2 = c2
1δ

2. (4.1.53)

This equation has a unique solution

a = aδ, lim
δ→0

aδ = 0, (4.1.54)

as was proved in Theorem 2.2.1, where it was also proved that relation
(2.2.7) holds with uδ := T−1

aδ
A∗fδ. Given aδ, one finds a unique tδ from

the equation

a(t) = aδ. (4.1.55)

This equation is uniquely solvable for all sufficiently small δ > 0 because
a(t) is monotone and (4.1.54) holds. The solution tδ of (4.1.55) has the
property

lim
δ→0

tδ = ∞. (4.1.56)

By (4.1.49) equation (4.1.37) is asymptotically, as δ → 0, equivalent to
equation (4.1.55). Therefore, its solution tδ satisfies (4.1.56), and relation
(2.2.7) holds with uδ := vδ(tδ), because

lim
δ→0

vδ(tδ) = lim
δ→0

T−1
aδ

A∗fδ, (4.1.57)

due to (4.1.49) and (4.1.56).
Theorem 4.1.4 is proved. �
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4.2 Another approach

In this Section we develop another approach to solving ill-posed equation
(4.1.1). The operator A in Theorems 4.1.1 - 4.1.3 may be unbounded.

Let us first explain the main idea: under suitable assumptions the in-
verse of an operator can be calculated by solving a Cauchy problem. Let
B be a bounded linear operator which has a bounded inverse, and assume
that

lim
t→∞ ||eBt|| = 0. (4.2.1)

For example, a sufficient condition for (4.2.1) to hold is B = B1 + iB2,
B1 and B2 are selfadjoint operators and B1 ≤ −cI, c = const > 0. The
operator eBt is well defined not only for bounded operators B but for
generators of C0-semigroups (see [P]). One has

∫ t

0

eBsds = B−1(eBt − I), (4.2.2)

and if (4.2.1) holds then

− lim
t→∞

∫ t

0

eBsds = B−1. (4.2.3)

The Cauchy problem:

Ẇ = BW + I, W (0) = 0, (4.2.4)

has a unique solution

W (t) =
∫ t

0

eBsds. (4.2.5)

Therefore the problem

u̇ = Bu + f, u(0) = 0, (4.2.6)

has a unique solution

u = W (t)f =
∫ t

0

eBsdsf =
∫ t

0

eB(t−s)dsf, (4.2.7)

so

− lim
t→∞u(t) = B−1f. (4.2.8)
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Therefore, if A in (4.1.1) is boundedly invertible operator, such that

lim
t→∞ ||eAt|| = 0,

then one can solve equation (4.1.1) by solving the Cauchy problem

u̇ = Au − f, u(0) = 0, (4.2.9)

which has a unique global solution

u(t) = −
∫ t

0

eA(t−s)ds f, (4.2.10)

and then calculating the solution y = A−1f by the formula:

lim
t→∞u(t) = A−1f = y. (4.2.11)

If A is not boundedly invertible, the above idea is also useful as we are
going to show.

Let us assume that A is a linear selfadjoint densely defined operator, N
is its null-space, Es its resolution of the identity, and consider the problem

u̇a = iAiaua−if, u(0) = 0, a = const > 0, Aia := A+iaI. (4.2.12)

For any a > 0 the inverse A−1
ia is a bounded operator,

||A−1
ia || ≤ 1

a
.

Moreover,

lim
t→∞ ||eiAiat|| = lim

t→∞ e−at = 0, (4.2.13)

so that (4.2.1) holds with B = iAia. Problem (4.2.12) has a unique global
solution and, by (4.2.8), we have

lim
t→∞ua(t) = i(iAia)−1f = i(iAia)−1Ay, y ⊥ N . (4.2.14)

Moreover,

lim
a→0

||i(iAia)−1Ay − y|| = 0. (4.2.15)

Indeed,

lim
a→0

η2(a) := lim
a→0

||A−1
ia Ay−y||2 = lim

a→0

∫ ∞

−∞

a2d(Esy, y)
s2 + a2

= ||PN y||2 = 0.

(4.2.16)

We have proved the following Theorem.
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Theorem 4.2.1. Assume that A is a linear, densely defined selfadjoint
operator, equation Au = f is solvable (possibly nonuniquely) and y is its
minimal-norm solution, y ⊥ N = N (A). Then

y = lim
a→0

lim
t→∞ua(t), (4.2.17)

where ua(t) = ua(t; f) is the unique solution to (4.2.12).

Remark 4.2.1. Practically one integrates (4.2.12) on a finite interval [0, τ ]
and, for a chosen τ > 0 one takes a = a(τ) > 0 such that

lim
τ→∞ua(τ)(τ) = y. (4.2.18)

Relation (4.2.18) holds if the following conditions are valid:

lim
τ→∞ a(τ) = 0, lim

τ→∞
e−a(τ)τ

a(τ)
= 0. (4.2.19)

For example, one may take a(τ) = τ−γ , γ ∈ (0, 1). To check that (4.2.19)
implies (4.2.18), we note that

||ua(t) − ua(∞)|| ≤ e−at

a
, (4.2.20)

as follows from the proof of Theorem 4.2.1. Therefore

||ua(τ)(τ)−y|| ≤ ||ua(τ)(τ)−ua(τ)(∞)||+ ||ua(τ)(∞)−y|| → 0 as τ → ∞,

(4.2.21)

provided that conditions (4.2.19) hold.

Remark 4.2.2. We set u(0) = u0 in (4.2.12) but similarly one can treat the
case u(0) = u0 with an arbitrary u0.

Let us consider the case of noisy data fδ, ||fδ − f || ≤ δ. We have

||ua(t; f) − ua(t; fδ)|| ≤ ||
∫ t

0

ei(A+ia)(t−s)ds(−i)(f − fδ)||

≤ δ

a
||ei(A+ia)t − I|| ≤ 2δ

a
, (4.2.22)

where ua(t, fδ) solves (4.2.12) with fδ replacing f . Thus:

||ua(t; fδ) − y|| ≤ δ

a
+ ||ua(t; f) − y||. (4.2.23)
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We estimate:

||ua(t; f) − y|| ≤ eat

a
||f || + η(a), lim

a→0
η(a) = 0. (4.2.24)

From (4.2.23) - (4.2.24) one concludes that

lim
δ→0

||ua(δ)(tδ; fδ) − y|| = 0, (4.2.25)

provided that

lim
δ→0

a(δ) = 0, lim
δ→0

tδ = ∞, lim
δ→0

δ

a(δ)
= 0, lim

δ→0

e−tδa(δ)

a(δ)
= 0. (4.2.26)

Let us formulate the result.

Theorem 4.2.2. Assume that equation Au = f is solvable, Ay = f , y ⊥
N , A is a linear selfadjoint densely defined operator in a Hilbert space H,
||fδ − f || ≤ δ, and ua(t; fδ) solves (4.2.12) with fδ replacing f . If (4.2.26)
holds, then (4.2.25) holds.

So far we have assumed that a = const. Let us take a = a(t) and
assume

0 < a(t) ↘ 0,

∫ ∞

0

a(s)ds = ∞, a′ + a2 ∈ L1[0,∞). (4.2.27)

Consider the following DSM problem:

u̇ = i[A + ia(t)]u − if, u(0) = 0. (4.2.28)

Problem (4.2.28) has a unique solution

u(t) =
∫ t

0

eiA(t−s)−R t
s

a(p)dpds(−if). (4.2.29)

For exact data f we prove the following result.

Theorem 4.2.3. If (4.2.27) holds, then

lim
t→∞ ||u(t) − y|| = 0, (4.2.30)

where u(t) solves (4.2.28).
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Proof of Theorem 4.2.3. Substitute f = Ay in (4.2.29) and integrate by
parts to get

u(t) = eiA(t−s)−R t
s

adpy
∣∣∣t
0
−
∫ t

0

eiA(t−s)a(s)e−
R t

s
adpds y.

Thus

u(t) = y − eiAt−R t
0 adpy −

∫ t

0

eiA(t−s)a(s)e−
R t

s
adpds y, (4.2.31)

and

||u(t)− y|| ≤ e−
R t
0 adp||y||+ ||

∫ t

0

eiA(t−s)a(s)e−
R t

s
adpds y|| := J1 + J2.

(4.2.32)

Assumption (4.2.27) implies limt→∞ J1 = 0. Let us prove that

lim
t→∞J2 = 0.

Using the spectral theorem and denoting by Eλ the resolution of the iden-
tity corresponding to A, we get

J2
2 =

∫ ∞

∞
d(Eλy, y)

∣∣∣∣
∫ t

0

eiλ(t−s)a(s)e−
R t

s
adpds

∣∣∣∣
2

. (4.2.33)

We claim that assumptions (4.2.27) imply:

lim
t→∞

∫ t

0

eiλ(t−s)a(s)e−
R t

s
adpds = 0 ∀λ 	= 0, (4.2.34)

while for λ = 0 we have

lim
t→∞

∫ t

0

a(s)e−
R t

s
adpds = lim

t→∞(1 − e−
R t
0 adp) = 1. (4.2.35)

To verify (4.2.34) denote the integral in (4.2.34) by J3, integrate by parts
and get:

J3 =
eiλ(t−s)

−iλ
a(s)e−

R t
s

adp

∣∣∣∣
t

0

+
1
iλ

∫ t

0

eiλ(t−s)[a′(s) + a2(s)]e−
R t

s
adpds.

(4.2.36)
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Thus

J3 =
a(t)
−iλ

+
eiλt−R t

0 adpa(0)
iλ

+ J4, λ 	= 0, (4.2.37)

where J4 is the last integral in (4.2.36). The first two terms in (4.2.37) tend
to zero as t → ∞, due to assumptions (4.2.37), and these assumptions also
imply limt→∞ J4 = 0 if λ 	= 0.

Therefore, passing to the limit t → ∞ in (4.2.33) one gets

lim
t→∞J2

2 = ||(E0 − E−0)y||2 = ||PN y||2 = 0. (4.2.38)

Theorem 4.2.3 is proved. �

Consider now the case of noisy data fδ, ||fδ−f || ≤ δ. Problem (4.2.29),
with fδ in place of f , has a unique solution given by formula (4.2.29) with
fδ in place of f . Let us denote this solution by uδ(t). Then

||uδ(t) − y|| ≤ ||uδ(t) − u(t)|| + ||u(t) − y|| := I1 + I2. (4.2.39)

We have∫ t

0

e−
R t

s
adpds ≤

∫ s

0

a(s)
a(t)

e−
R t

s
adpds ≤ 1

a(t)
.

Thus

I1 ≤ δ

∫ t

0

e−
R t

s
adpds ≤ δ

a(t)
. (4.2.40)

In Theorem 4.2.3 we have proved that

lim
t→∞ I2 = 0. (4.2.41)

From (4.2.39) - (4.2.41) we obtain the following result.

Theorem 4.2.4. Assume (4.2.27) and

lim
δ→0

tδ = ∞, lim
δ→0

δ

a(tδ)
= 0. (4.2.42)

Define uδ := uδ(tδ), where uδ(t) solves (4.2.28) with fδ replacing f . Then

lim
δ→0

||uδ − y|| = 0. (4.2.43)

Remark 4.2.3. It is of interest to find an optimal in some sense choice of
the stopping time tδ. Conditions (4.2.42) can be satisfied by many choices
of tδ.
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Remark 4.2.4. In this Section we assume that A is selfadjoint. If A is
not selfadjoint, closed, densely defined in H operator, equation (4.1.1) is
solvable, Ay = f , y ⊥ N , then every solution to equation (4.1.1) generates
a solution to the equation

A∗Au = A∗f (4.2.44)

in the following sense. For a densely defined closed linear operator A the
operator A∗ is also densely defined and closed. However the element f
may not belong to the domain D(A∗) of A∗, so equation (4.2.44) has to
be interpreted for f /∈ D(A∗). We define the solution to (4.2.44) for any
f ∈ R(A), i.e. for f = Ay, y ⊥ N , by the formula

u = lim
a→0

T−1
a A∗f = y, T = A∗A, Ta := T + aI. (4.2.45)

The existence of the limit and the formula

lim
a→0

T−1
a A∗f = y,

valid for y ⊥ N , have been established in Theorem 2.2.1. With the defini-
tion (4.2.45) of the solution to (4.2.44) for any f ∈ R(A), one has the same
equivalence result for the solutions to (4.1.1) and (4.2.44) as in the case of
bounded A.

Recall, that if A is bounded and Au = f , then A∗Au = A∗f , so u which
solves (4.1.1) solves (4.2.44) as well. Conversely, if u solves (4.2.44) and
f = Ay, then A∗Au = A∗Ay, so (A∗A(u−y), u−y) = 0, and ||Au−Ay|| = 0,
so Au = f .

If A is unbounded then we modify the above equivalence claim: if Ay =
f , y ⊥ N , then y solves (4.2.44) and vice versa.

With this understanding of the notion of the solution to (4.2.44) we
can use Theorems 4.2.1 - 4.2.4 of this Section. Indeed, if equation (4.1.1)
is solvable, Ay = f , y ⊥ N , then we replace equation (4.1.1) by equation
(4.2.44) with the selfadjoint operator T = A∗A ≥ 0, and apply Theorems
4.2.1 - 4.2.4 of this Section to equation (4.2.44). Finding the minimal-norm
solution to equation (4.1.1) is equivalent, as we have explained, to finding
the solution to equation (4.2.44) defined by formula (4.2.45).

4.3 Equations with unbounded operators

The results of Section 4.1 remain valid for unbounded, densely defined,
closed linear operator A. In Theorem 2.2.2, we have proved that for such
operator A the operator T−1

a A∗, a > 0, can be considered as defined on
all of H bounded operator whose norm is bounded by 1

2
√

a
(see (2.2.9)).
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Therefore the formulations and proofs of Theorems 4.1.1 - 4.1.3 remain
valid.

The results of Section 4.2 have been formulated for unbounded, densely
defined, closed linear operators.

In all the results we could assume that the initial condition u(0) is an
arbitrary element u0 ∈ H, not necessarily zero. If u0 is chosen suitably, for
example, in a neighborhood of the solution y, this may accelerate the rate
of convergence. But our results are valid for any choice of u0 because

lim
t→∞ ||ei(A+ia)tu0|| = 0, a > 0,

or, in the case a = a(t),

lim
t→∞ ||eiAt−R t

0 a(p)dpu0|| = 0.

Here the element

u0(t) = eiAt−R t
0 a(p)dpu0

solves the problem

u̇ = i[A + ia(t)]u, u(0) = u0,

so that this u0(t) is a contribution to the solution of (4.2.28) from the
non-zero initial condition u0. If

∫∞
0

a(t)dt = ∞, then limt→∞ u0(t) = 0.

4.4 Iterative methods

The main results concerning iterative methods for solving linear ill-posed
equation (4.1.1) have been formulated and proved in Section 2.4, Theorems
2.4.1 - 2.4.3.

In this Section we show how to use these results for constructing a
stable approximation to the minimal-norm solution y of equation (4.1.1)
given noisy data fδ, ||fδ − f || ≤ δ.

Our approach is based on a general principle formulated in [R10]:

Proposition 4.4.1. If equation Au = f has a solution and there is a
convergent iterative process un+1 = T (un; f), u0 = u0, for solving this
equation: limn→∞ ||un − y|| = 0, where Ay = f , y ⊥ N , and T is a
continuous operator, then there exists an n(δ), limδ→0 n(δ) = ∞, such that
the same iterative process with fδ replacing f produces a sequence un(fδ)
such that limδ→0 ||un(δ)(fδ) − y|| = 0.
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Proof. We have

ε(δ) := ||un(δ)(fδ)−y|| ≤ ||un(δ)(fδ)−un(δ)(f)||+||un(δ)(f)−y|| := I1+I2.

(4.4.1)

By one of the assumptions of the Proposition 4.4.1, we have:

lim
n→∞ ||un(f) − y|| = 0.

For any fixed n, by the continuity of T , we have

lim
δ→0

||un(fδ) − un(f)|| := lim
δ→0

ηn(δ) = 0. (4.4.2)

Thus with

w(n) := ||un(f) − y||, lim
n→∞w(n) = 0,

one gets

ε(δ) ≤ ηn(δ)(δ) + w(n(δ)) → 0 as δ → 0, (4.4.3)

where n(δ) is the minimizer with respect to n of ηn(δ) + w(n) for a small
fixed δ > 0.

Proposition 4.4.1 is proved. �

Let us consider iterative process (2.4.1) with fδ replacing f . Then we
have

||un+1(fδ) − y|| ≤ ||un+1(fδ) − un+1(f)|| + ||un+1(f) − y||. (4.4.4)

It is proved in Theorem 2.4.1 that

lim
n→∞ ||un(f) − y|| = 0, (4.4.5)

where Ay = f, y ⊥ N . Furthermore,

ε(n, δ) := ||un+1(fδ)−un+1(f)|| ≤ ||B[un(fδ)−un(f)]||+ δ

2
√

a
. (4.4.6)

Thus

ε(n, δ) ≤
n∑

j=0

||B||j δ

2
√

a
+ ||Bn+1|| ||u0(fδ) − u0(f)||

=
||B||n+1 − 1
||B|| − 1

δ

2
√

a
:= γ(n)δ.
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If one denotes

w(n) := ||un(f) − y||,
then

||un+1(fδ) − y|| ≤ γ(n)δ + w(n)→ 0 as δ → 0, if n = n(δ), (4.4.7)

where n(δ) is obtained, for example, by minimizing the function

γ(n)δ + w(n)

with respect to n = 1, 2, ...., for a fixed small δ > 0. Note that if ||B|| ≥ 1,
then

lim
n→∞ γ(n) = ∞.

If ||B|| < 1, then

lim
n→∞ γ(n) =

1
(1 − ||B||)2√a

= const.

In both cases one can take n(δ) such that limδ→0 n(δ) = ∞ and

lim
δ→0

ε(n(δ), δ) = 0. (4.4.8)

We have proved the following result.

Theorem 4.4.2. Let the assumptions of Theorem 2.4.1 hold, and

||fδ − f || ≤ δ.

Then, if one uses the iterative process (2.4.1) with fδ in place of f and
chooses n(δ) such that (4.4.8) holds, then

lim
δ→0

||uδ − y|| = 0,

where uδ := un(δ)(fδ) is calculated by the above iterative process.

Consider now the iterative process (2.4.8) with fδ in place of f . An
argument, similar to the one given in the proof of Theorem 4.4.2, yields
the following result.

Theorem 4.4.3. Let the assumptions of Theorem 2.4.2 hold, ||fδ−f || ≤ δ,
and n(δ) is suitably chosen. Then limδ→0 ||un(δ)−y|| = 0, where uδ := un(δ)

is calculated by the iterative process (2.4.8) with fδ in place of f .
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The choice of n(δ) is quite similar to the choice which was made in the
proof of Theorem 4.4.2 above. The role of the operator B is now played by
the operator B = iaA−1

ia and the role of δ
2
√

a
is played by δ

a because

||A−1
ia || ≤ 1

a

if A = A∗.
Also, using the arguments similar to the ones given in the proof of

Theorem 4.4.2 of this Section, one can obtain an analog of Theorem 2.4.3
in the case of noisy data fδ, ||fδ − f || ≤ δ.

We leave this to the reader.

4.5 Stable calculation of values of unbounded
operators

Let us assume that A is a linear, closed, densely defined operator in H. If
u ∈ D(A) then Au = f .

The problem, we study in this Section, is:
How does one calculate f stably given uδ, ||uδ − u|| ≤ δ?

The element uδ may not belong to D(A). Therefore this problem is
ill-posed.

It was studied in [M] by the variational regularization method.
We propose a new method, an iterative method, for solving the above

problem. The equation Au = f is equivalent to the following one:

BF = Fu, (4.5.1)

where

B = (I + Q)−1, Q = AA∗,
F := (I + Q)−1A = A(I + T )−1, T = A∗A. (4.5.2)

It follows (see (2.2.9)) that F is a bounded operator,

||F || ≤ 1
2
, (4.5.3)

while B is a selfadjoint operator 0 < B ≤ I, whose eigenspace, correspond-
ing to the eigenvalue λ = 1, is identical to the null-space N (Q) of the
operator Q, N (Q) = N (A∗) := N ∗.

If uδ is given and ||uδ − u|| ≤ δ, then ||Fuδ − Fu|| ≤ δ
2 . To solve

equation (4.5.1) for f , given the noisy data Fuδ, we propose to use the
following iterative process:

fn+1 = (I − B)fn + Fuδ := V fn + Fuδ, V := I − B, (4.5.4)
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and f0 ∈ H is arbitrary. Let g be the minimal-norm solution of equation
(4.5.1), i.e., Bg = Fu, g = V g + Fu.

Theorem 4.5.1. Let n = n(δ) be an integer such that

lim
δ→0

n(δ) = ∞, lim
δ→0

δn(δ) = 0, (4.5.5)

and fδ := fn(δ), where fn is defined by (4.5.4). Then

lim
δ→0

||fδ − g|| = 0. (4.5.6)

Proof. Let wn := fn − g. Then

wn+1 = V wn + F (uδ − u), w0 = f0 − g. (4.5.7)

From (4.5.7) we derive

wn =
n−1∑
j=0

V jFvδ + V nw0, vδ := uδ − u, ||vδ|| ≤ δ. (4.5.8)

Since ||V || ≤ 1 and ||F || ≤ 1
2 , the above equation implies

||wn|| ≤ nδ

2
+
[∫ 1

0

(1 − s)2nd(Esw0, w0)
] 1

2

, (4.5.9)

where Es is the resolution of the identity corresponding to the selfadjoint
operator B, 0 < B ≤ I. One has

lim
n→∞

∫ 1

0

(1 − s)2nd(Esw0, w0) = ||Pw0||2 = 0, (4.5.10)

where P is the orthoprojector onto the subspace N (B), but Pw0 = 0
because N (B) = {0}. The conclusion (4.5.6) can now be established.
Given an arbitrary small ε > 0, find n = n(δ), sufficiently large so that∫ 1

0

(1 − s)2nd(Esw0, w0) <
ε2

4
.

This is possible as we have already proved (see (4.5.10)).
Simultaneously, we choose n(δ) so that δn(δ) < ε. This is possible

because limδ→0 δn(δ) = 0. Thus, if δ is sufficiently small, then (4.5.6)
holds if n(δ) satisfies (4.5.5).

Theorem 4.5.1 is proved. �
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Chapter 5

Some inequalities

In this Chapter some nonlinear inequalities are derived, which are used in
other chapters.

5.1 Basic nonlinear differential inequality

We will use much in what follows the following result.

Theorem 5.1.1. Let α(t), β(t), γ(t) be continuous nonnegative functions
on [t0,∞), t0 ≥ 0 is a fixed number. If there exists a function

μ ∈ C1[t0,∞), μ > 0, lim
t→∞μ(t) = ∞, (5.1.1)

such that

0 ≤ α(t) ≤ μ(t)
2

[
γ(t) − μ̇(t)

μ(t)

]
, μ̇(t) =

dμ

dt
, (5.1.2)

β(t) ≤ 1
2μ(t)

[
γ(t) − μ̇(t)

μ(t)

]
, (5.1.3)

μ(0)g(0) < 1, (5.1.4)

and g(t) ≥ 0 satisfies the inequality

ġ(t) ≤ −γ(t)g(t) + α(t)g2(t) + β(t), t ≥ t0, (5.1.5)

then g(t) exists on [t0,∞) and

0 ≤ g(t) <
1

μ(t)
→ 0 as t → ∞. (5.1.6)

97
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Remark 5.1.1. There are several novel features in this result. Usually a
nonlinear differential inequality is proved by integrating the corresponding
differential equation, in our case the following equation:

ġ(t) = −γ(t)g(t) + α(t)g2(t) + β(t), (5.1.7)

and then using a comparison lemma. Equation (5.1.7) is the full Riccati
equation the solution to which, in general, may blow up on a finite interval.
Assumptions (5.1.2) - (5.1.4) imply that the solutions to (5.1.7) and (5.1.5)
exist globally. Furthermore, we do not assume that the coefficient α(t)
in front of the senior nonlinear term in (5.1.5) is subordinate to other
coefficients.

In fact, in our applications of Theorem 5.1.1 of this Section (see Chap-
ters 6, 7, 10) the coefficient α(t) will tend to infinity as t → ∞.

Remark 5.1.2. Let us give examples of the choices of α, β and γ satisfying
assumption (5.1.2) - (5.1.4).

Let

γ(t) = c1(1 + t)ν1 , α(t) = c2(1 + t)ν2 , β(t) = c3(1 + t)ν3 ,

where cj > 0 are constants, and let μ = c(1+t)ν , c = const > 0, ν > 0.
If

c2(1 + t)ν2 ≤ c(1 + t)ν

2

[
c1(1 + t)ν1 − 1

1 + t

]
,

c3(1 + t)ν3 ≤ 1
2c(1 + t)ν

[
c1(1 + t)ν1 − 1

1 + t

]
, g(0)c < 1,

then assumptions (5.1.2) - (5.1.4) hold. The above inequalities hold if, for
example:

ν+ν1 ≥ ν2, c2 ≤ c

2
(c1−1); ν3 ≤ ν1−ν, c3 ≤ 1

2c
(c1−1); g(0)c < 1.

Let

γ = γ0 = const > 0, α(t) = α0e
νt, β(t) = β0e

−νt, μ(t) = μ0e
νt,

α0, β0, μ0 and ν are positive constants. If

α0 ≤ μ0

2
(γ0 − ν), β0 ≤ β0 ≤ 1

2μ0
(γ0 − ν), g(0)μ0 < 1,

then assumptions (5.1.2) - (5.1.4) hold.
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Let

γ(t) = [ln(t + t1)]−
1
2 , μ(t) = c ln(t + t1),

0 ≤ α(t) ≤ c

2

[√
ln(t + t1) − 1

t + t1

]

and

0 ≤ β(t) ≤ 1
2c ln(t + t1)

[
1√

ln(t + t1)
− 1

(t + t1) ln(t + t1)

]
,

where t1 = const > 1. Then assumptions (5.1.2) - (5.1.4) hold.

Let us recall a known comparison lemma (see, e.g., [H]), whose proof
we include for convenience of the reader.

Lemma 5.1.1. Let f(t, w) and g(t, u) be continuous functions in the region
[0, T ) × D, T ≤ ∞, D ⊂ R is an interval, and f(t, w) ≤ g(t, u) if w ≤ u,
t ∈ [0, T ), u, w ∈ D. Assume that the problem

u̇ = g(t, u), u(0) = u0 ∈ D,

has a unique solution defined on some interval [0, τu), where τu > 0. If

ẇ = f(t, w), w(0) = w0 ≤ u0, w0 ∈ D,

then u(t) ≥ w(t) for all t for which u and w are defined.

Proof of Lemma 5.1.1. Suppose first that f(t, w) < g(t, u) if w ≤ u. Since
w0 ≤ u0 and ẇ(0) ≤ f(0, w0) < g(0, u0) = u̇(0), there exists a δ > 0 such
that u(t) > w(t) on [0, δ]. If u(t1) ≤ w(t1) for some t1 > δ, then there is a
t2 < t1 such that u(t2) = w(t2) and u(t) < w(t) for t ∈ (t2, t1]. Therefore

ẇ(t2) ≥ u̇(t2) = g(t2, u(t2)) > f(t2, w(t2)) ≥ ẇ(t2).

This contradiction proves that there is no point t at which w(t) > u(t).
Thus, Lemma 5.1.1 is proved under the additional assumption f(t, w) <
g(t, u) if w ≤ u.

Let us drop this additional assumption and assume that f(t, w) ≤ g(t, u)
if w ≤ u.

Define un(t) as the solution to the problem:

u̇n = g(t, un) +
1
n

, un(0) = u0.
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Then

ẇ ≤ f(t, w) ≤ g(t, u) < g(t, u) +
1
n

if w ≤ u.

By what we have already proved, it follows that

w(t) ≤ un(t).

Passing to the limit n → ∞, we obtain the conclusion of Lemma 5.1.1.
Passing to the limit can be based on the following (also known) result: if
fj(t, u) is a sequence of continuous functions in the region Ri := [t0, t0 +
a] × |u − u0| ≤ ε, such that limj→∞ fj(t, u) = f(t, u) uniformly in R, and

u̇j = fj(t, uj), uj(t0) = u0,

then

lim
k→∞

ujk
(t) = u(t) uniformly on [t0, t − 0 + a],

where u̇ = f(t, u), u(t0) = u0; if this problem has a unique solution, then
uj(t) → u(t) uniformly on [t0, t0 + a].

Lemma 5.1.1 is proved. �

Proof of Theorem 5.1.1. Denote w(t) := g(t)e
R t

t0
γ(s)ds. Then inequality

(5.1.5) takes the form

ẇ ≤ a(t)w2 + b(t), w(t0) = g(0) := g0, (5.1.8)

where

a(t) := α(t)e−
R t

t0
γ(s)ds

, b(t) := β(t)e
R t

t0
γ(s)ds

. (5.1.9)

Consider the following Riccati equation

u̇ =
ḟ

g
u2(t) − ġ(t)

f(t)
. (5.1.10)

Its solution can be written analytically:

u(t) = − g(t)
f(t)

+
1

f2(t)
[
c − ∫ t

t0

ḟ(s)
g(s)f2(s)ds

] , c = const, (5.1.11)

(see [Ka]), and one can check that (5.1.11) solves (5.1.10) by direct calcu-
lation.
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Define

f := μ
1
2 (t)e−

1
2

R t
t0

γds
, g(t) := − 1

μ
1
2 (t)

e
1
2

R t
t0

γds
, (5.1.12)

and solve the Cauchy problem for equation (5.1.10) with the initial condi-
tion

u(t0) = g(t0). (5.1.13)

The solution is given by formula (5.1.11) with

c =
1

μ(t0)g(t0) − 1
. (5.1.14)

Let us check assumptions (5.1.2) - (5.1.4). Note that

f(t)g(t) = −1,
f

g
= −μ(t)e−

R t
t0

γds
, (5.1.15)

ḟ

g
=

μ

2

(
γ − μ̇

μ

)
e
− R t

t0
γds ≥ a(t) ≥ 0, (5.1.16)

− ġ

f
=

(
γ − μ̇

μ

)
2μ

e
R t

t0
γds ≥ b(t) ≥ 0, (5.1.17)

where conditions (5.1.2) - (5.1.3) imply (5.1.16) and (5.1.17). Condition
(5.1.4) implies

c < 0. (5.1.18)

Let us apply Lemma 5.1.1 to problems (5.1.8) and (5.1.10). The as-
sumptions of this Lemma are satisfied due to (5.1.13), (5.1.16) and (5.1.17).
Thus, Lemma 5.1.1 implies

w(t) ≤ u(t), t ≥ t0, (5.1.19)

that is

g(t)e
R t

t0
γds ≤ e

R t
t0

γds

μ(t)

⎡
⎣1 − 1

1
1−μ(t0)g(t0)

+ 1
2

∫ t

t0

(
γ − μ̇

μ

)
ds

⎤
⎦ . (5.1.20)

This inequality implies

g(t) ≤ 1
μ(t)

, (5.1.21)

because γ − μ̇
μ ≥ 0.

Theorem 5.1.1 is proved. �
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5.2 An operator inequality

In this Section we state and prove an operator version of the widely used
Gronwall inequality for scalar functions. This inequality can be formulated
as follows:

If a(t), g(t), b(t) ≥ 0 are continuous functions, and

g(t) ≤ b(t) +
∫ t

0

a(s)g(s)ds, 0 ≤ t ≤ T,

then

g(t) ≤ b(t) +
∫ t

0

e
R t

s
a(p)dpb(s)ds, 0 ≤ t ≤ T. (5.2.1)

Its proof is simple and can be found in many books and in Section 5.4
below.

A nonlinear version of this result is:
If u(t, g) is a continuous function, nondecreasing with respect to g in

the region R := [t0, t0 + a] × R, and v solves the inequality

v(t) ≤ v0 +
∫ t

t0

u(s, v(s))ds, v0 ≤ g0,

then

v(t) ≤ g(t), t ∈ [t0, t0 + a],

where g(t) is the maximal solution of the problem

ẏ = u(t, g), g(t0) = g0,

and we assume that v and g exist on [t0, t0 + a].
Several Gronwall-type inequalities for scalar functions are proved in

Section 5.4. In this Section we prove an operator version of the Gronwall
inequality, which we will use in Chapter 10. The result is stated in the
following Theorem.

Theorem 5.2.1. Let Q(t), T (t) and G(t) be bounded linear operator func-
tions in a Hilbert space defined for t ≥ 0, and assume that

Q̇ = −T (t)Q(t) + G(t), Q(0) = Q0, Q̇ :=
dQ

dt
, (5.2.2)

where the derivative can be understood in a weak sense. Assume that there
exists a positive integrable function ε(t) such that

(T (t)h, h) ≥ ε(t)||h||2, ∀h ∈ H. (5.2.3)
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Then

||Q(t)|| ≤ e−
R t
0 ε(s)ds

[
||Q0|| +

∫ t

0

||G(s)||e−
R s
0 ε(p)dpds

]
, (5.2.4)

where Q0 := Q(0).

Proof. Denote

g(t) = ||Q(t)h||,
where h ∈ H is arbitrary. Equation (5.2.2) implies

gġ = Re(Q̇h,Qh) = −(TQh,Qh) + Re(Gh, Qh) ≤ −ε(t)g2 + ||Gh||g.

Since g ≥ 0, we get

ġ ≤ −ε(t)g + ||G(t)h||. (5.2.5)

This inequality implies

g(t) ≤ g(0)e−
R t
0 ε(s)ds +

∫ t

0

||G(s)h||e−
R t

s
ε(p)dpds. (5.2.6)

Taking supremum in (5.2.6) with respect to all h on the unit sphere, ||h|| =
1, we obtain inequality (5.2.4).

Theorem 5.2.1 is proved. �

5.3 A nonlinear inequality

Let

u̇ ≤ −a(t)f(u(t)) + b(t), u(0) = u0, u ≥ 0. (5.3.1)

Assume that f(u) ∈ Liploc[0,∞), a(t), b(t) ≥ 0 are continuous functions on
[0,∞),∫ ∞

0

a(s)ds = ∞, lim
t→∞

b(t)
a(t)

= 0, a ≥ 0, b ≥ 0, (5.3.2)

f(0) = 0; f(u) > 0 for u > 0; f(u) ≥ c > 0 for u ≥ 1, (5.3.3)

where c is a positive constant.

Theorem 5.3.1. These assumptions imply global existence of u(t) and its
decay at infinity:

lim
t→∞u(t) = 0. (5.3.4)
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Proof of Theorem 5.3.1. Assumptions (5.3.2) about a(t) allow one to in-
troduce the new variable

s = s(t) :=
∫ t

0

a(p)dp,

and claim that the map t → s maps [0,∞) onto [0,∞). In the new variable
inequality (5.3.1) takes the form

w′ ≤ −f(w) + β(s), w(0) = u0, w ≥ 0, (5.3.5)

where

w = w(s) = u(t(s)), w′ =
dw

ds
, and β =

b(t(s))
a(t(s))

, lim
s→∞β(s) = 0.

Since

f(u) ∈ Liploc[0,∞),

there exists locally and is unique the solution to the Cauchy problem

v̇ = −f(v) + β(s), v(0) = u0.

Let us prove that (5.3.5) and assumptions (5.3.3) about f imply global
existence of v, and, therefore, of w, and its decay at infinity:

lim
s→∞w(s) = 0. (5.3.6)

The global existence of v follows from a bound ||v(s)|| ≤ c with c indepen-
dent of s (see Lemma 2.6.1). This bound is proved as a similar bound for
w, which follows from (5.3.6). If (5.3.6) is established, then Theorem 5.3.1
is proved.

To prove (5.3.6) define the set E ⊂ R+ := [0,∞):

E := {s : f(w(s)) ≤ β(s) +
1

1 + s
}, (5.3.7)

and let

F := R+\E.

Let us prove that

supE = +∞. (5.3.8)



5.3. A NONLINEAR INEQUALITY 105

If supE := k < ∞, then

f(w(s)) − β >
1

1 + s
, s > k.

This and inequality (5.3.5) imply

w′ ≤ − 1
1 + s

, s > k. (5.3.9)

Integrating (5.3.9) from k to ∞, one gets

lim
s→∞w(s) = −∞,

which contradicts the assumption w ≥ 0. Thus (5.3.8) is established.
Let us derive (5.3.6) from (5.3.8). Let s1 ∈ E be such a point that

(s1, s2) ∈ F, s2 > s1. Then

f(w(s)) > β(s) +
1

1 + s
, s ∈ (s1, s2), (5.3.10)

so

w′ ≤ − 1
1 + s

, s ∈ (s1, s2). (5.3.11)

Integrating, we get

w(s) − w(s1) ≤ − ln
(

1 + s

1 + s1

)
< 0.

Thus

w(s) < w(s1), s ∈ (s1, s2). (5.3.12)

However, s1 ∈ E, so

f(w(s1)) ≤ 1
s1 + 1

+ β(s1) → 0 as s1 → ∞. (5.3.13)

From (5.3.8), (5.3.12) and (5.3.13) the relation (5.3.6) follows, and the
conclusion (5.3.4) of Theorem 5.3.1 is established.

Theorem 5.3.1 is proved. �

Let us now prove the following result.
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Theorem 5.3.2. Assume that y(t) and h(t) are nonnegative continuous
functions, defined on [0,∞), and∫ ∞

0

[h(t) + y(t)]dt < ∞,

and suppose that the following inequality holds:

y(t) − y(s) ≤
∫ t

s

f(y(p))dp +
∫ t

s

h(p)dp, (5.3.14)

where f > 0 is a nondecreasing continuous function on [0,∞). Then

lim
t→∞ y(t) = 0. (5.3.15)

Proof of Theorem 5.3.2 Assume the contrary: there exists tn → ∞ such
that y(tn) ≥ a > 0. Choose tn+1 such that

tn+1 − tn ≥ a

2f(a)
:= c. (5.3.16)

Let

mn := min
tn−c≤p≤tn

y(p) := y(pn), pn ∈ [tn − c, tn]. (5.3.17)

Denote

λn := sup{t : pn < t < tn, y(t) < a}. (5.3.18)

By the continuity of y(t), we have y(λn) = a. Therefore

y(λn)− y(pn) = a−mn ≤
∫ λn

pn

f(y(s))ds +
∫ λn

pn

h(s)ds ≤ cf(a) + δn,

(5.3.19)

where δn :=
∫ λn

pn
h(s)ds, and we took into account that pn ∈ [tn−c, tn] and

λn ∈ [pn, tn], so that λn − pn ≤ c = a
2f(a) . From (5.3.19) we derive

a

2
≤ mn + δn ≤ y(t) + δn, t ∈ [tn − c, tn]. (5.3.20)

Integrate (5.3.20) over [tn − c, tn] and get:

ac

2
≤
∫ tn

tn−c

y(s)ds + cδn. (5.3.21)
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Sum up (5.3.21) from n = 1 to n = N to get

ac

2
N ≤

N∑
j=1

∫ tj

tj−c

y(s)ds + c
N∑

j=1

δj . (5.3.22)

Let N → ∞. By assumption,
∫∞
0

[y(s) + h(s)]ds < ∞ , so that the right-
hand side of (5.3.22) is bounded as N → ∞, while its left-hand side is
not.

This contradiction proves Theorem 5.3.2. �

Remark 5.3.1. Theorem 5.3.2 is proved in [ZS], p. 227, by a different
argument. In [ZS] several applications of such result are given to nonlinear
partial differential equations.

5.4 The Gronwall-type inequalities

Let

v̇ ≤ a(t)v + b(t), t ≥ t0, (5.4.1)

where a(t) and b(t) are integrable functions. Then the Gronwall inequality
is:

v(t) ≤ v(t0)e
R t

t0
a(s)ds +

∫ t

t0

b(s)e
R t

s
a(p)dpds, t ≥ t0. (5.4.2)

To prove it, multiply (5.4.1) by e
− R t

t0
a(s)ds. Then (5.4.1) yields

d

dt
[e−

R t
t0

a(s)ds
v(t)] ≤ b(t)e−

R t
t0

a(s)ds
. (5.4.3)

Thus

e
− R t

t0
a(s)ds

v(t) ≤ v(t0) +
∫ t

t0

b(s)e−
R s

t0
a(p)dp

ds. (5.4.4)

This is equivalent to (5.4.2).

Lemma 5.4.1. Assume now that

v, a, b ≥ 0, (5.4.5)∫ t+r

t

a(s)ds ≤ a1,

∫ t+r

t

b(s)ds ≤ a2,

∫ t+r

t

v(s)ds ≤ a3, (5.4.6)

where r ≥ 0. Then (5.4.1) implies

v(t + r) ≤ (a2 +
a3

r
)ea1 , t ≥ t0, r ≥ 0. (5.4.7)



108 5. SOME INEQUALITIES

Proof. To prove (5.4.7), use (5.4.3) and (5.4.5) to get

d

dt
[e−

R t
t0

adp
v(t)] ≤ b(t). (5.4.8)

From (5.4.8) we obtain

e
− R t+r

t0
adp

v(t+r) ≤ e−
R t1

t0
adpv(t1)+

∫ t+r

t1

b(p)dp, t0 ≤ t1 < t+r, (5.4.9)

and

v(t + r) ≤ (v(t1) + a2)ea1 . (5.4.10)

Integrating (5.4.10) with respect to t1 over the interval [t, t + r] yields
(5.4.7).

Lemma 5.4.1 is proved. �

Inequality (5.4.7) is proved, e.g., in [Te].

Lemma 5.4.2. Suppose c and M are positive constants,

uj ≤ c + M

j−1∑
m=0

um, u0 ≤ c, um ∈ R. (5.4.11)

Then

up ≤ c(1 + M)p, p = 1, 2, ... (5.4.12)

Proof. Inequality (5.4.12) is easy to prove by induction: for p = 0 inequality
(5.4.12) holds due to (5.4.11). If (5.4.12) holds for p ≤ n, then it holds for
pm = n + 1 due to (5.4.11).

un+1 ≤ M
n∑

m=0

c(1+M)m ≤ c(1+M
(1 + M)n+1 − 1

1 + M − 1
) = c(1+M)n+1.

(5.4.13)

Thus, (5.4.12) is proved.
Lemma 5.4.2 is proved. �



Chapter 6

DSM for monotone operators

In this Chapter the DSM method is developed for solving equations with
monotone operators. Convergence of the DSM is proved for any initial
approximation. The DSM yields the unique minimal-norm solution.

6.1 Auxiliary results

In this Chapter we study the equation

F (u) = f, (6.1.1)

assuming that F is monotone in the sense

(F (u) − F (v), u − v) ≥ 0, ∀u, v ∈ H, (6.1.2)

where H is a Hilbert space. We assume also that F ∈ C2
loc, i.e. assumptions

(1.3.2) hold, but we do not assume that assumption (1.3.1) hold. Therefore,
the problem of solving (6.1.1) cannot be solved, in general, by Newton’s
method. We assume that equation (6.1.1) has a solution, possibly non-
unique. For F ∈ C1

loc, condition (6.1.2) is equivalent to

F ′(u) ≥ 0. (6.1.3)

We will use the notations:

A := F ′(u), Aa := A + aI. (6.1.4)

In Section 6.2 we formulate a result which contains a justification of a
DSM for solving equation (6.1.1) with exact data f , and then we show how
to use this DSM for a stable approximation of the solution y given noisy

109
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data fδ, ||fδ − f || ≤ δ. In this Section we prove some auxiliary results used
in the next Section.

Let us recall some (known) properties of monotone operators. For con-
venience of the reader we prove the results we use in this Chapter. These
results are auxiliary for the rest of the Chapter.

Lemma 6.1.1. Equation (6.1.1) holds if and only if

(F (v) − f, v − u) ≥ 0 ∀v ∈ H. (6.1.5)

Proof of Lemma 6.1.1. If u solves (6.1.1) then (6.1.5) holds by the mono-
tonicity (6.1.2). Conversely, if (6.1.5) holds, take v = u+λw, λ = const >
0, w ∈ H is arbitrary, then (6.1.5) yields

(F (u + λw) − f, w) ≥ 0. (6.1.6)

Let λ → 0 and use the continuity of F to get

(F (u) − f, w) ≥ 0. (6.1.7)

Since w is arbitrary, this implies (6.1.1). Lemma 6.1.1 is proved. �

Lemma 6.1.2. The set N := {u : F (u) − f = 0} is closed and convex.

Proof of Lemma 6.1.2. The set N is closed if F is continuous. Let us
prove that N is convex. Assume that u, w ∈ N . We want to prove that
λu + (1 − λ)w ∈ N for any λ ∈ (0, 1). By Lemma 6.1.1 we have to prove:

0 ≤ (F (v)−f, v−λu−(1−λ)w) = λ(F (v)−f, v−u)+(1−λ)(F (v)−f, u−w),

so that the desired inequality follows from the assumption u, w ∈ N and
from Lemma 6.1.1.

Lemma 6.1.2 is proved. �

Lemma 6.1.3. A closed and convex set N in a Hilbert space has a unique
element of minimal norm.

Proof of Lemma 6.1.3. Assume that

||u|| ≤ ||v|| ∀v ∈ N
and

||w|| ≤ ||v||, ∀v ∈ N .

Since N is convex, we have

||u|| ≤ ||u + w

2
||, ||w|| ≤ ||u + w

2
||, ||u|| = ||w||.

Thus (u, w) = ||u||||w||, so u = v. Lemma 6.1.3 is proved. �
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Remark 6.1.1. A Banach space X is called strictly convex if the condition

||u|| = ||w|| = ||u + w

2
||

implies u = w. Hilbert spaces are strictly convex, Lp(a, b) space for p > 1
is strictly convex, but C([a, b]) and L1([a, b]) are not strictly convex. If X
is strictly convex, then ||u + w|| = ||u|| + ||w|| implies w = λu, where λ is
a real number.

Lemma 6.1.4. (w-closedness). If (6.1.2) holds and F is continuous, then
the assumptions

un ⇀ u, F (un) → f (6.1.8)

imply (6.1.1). Here ⇀ denotes weak convergence.

Proof of Lemma 6.1.4. Using (6.1.2) we have

(F (v) − F (un), v − un) ≥ 0. (6.1.9)

Passing to the limit n → ∞ in (6.1.9) and using (6.1.8) we obtain

(F (v) − f, u − v) ≥ 0 ∀v ∈ H. (6.1.10)

By Lemma 6.1.1, this implies F (u) = f .
Lemma 6.1.4 is proved. �

Lemma 6.1.5. If (6.1.2) holds and F ∈ C1
loc, then

||A−1
a || ≤ 1

a
, a = const > 0; A := F ′(u). (6.1.11)

Proof of Lemma 6.1.5. By (6.1.3) one has A ≥ 0. Thus,

(Aav, v) ≥ a||v||2, ∀v ∈ H.

Since (Av, v) ≤ ||Av|| ||v||, one gets ||Aav|| ≥ a||v||. Thus, with Aav := w,
one has

a−1||w|| ≥ ||A−1
a w||.

This implies (6.1.11).
Lemma 6.1.5 is proved. �

Lemma 6.1.6. Equation

F (u) + au = f, a = const > 0 (6.1.12)

has a unique solution for every f ∈ H if F ∈ C2
loc satisfies (6.1.2).
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Proof of Lemma 6.1.6. Consider the problem

u̇ = −A−1
a [F (u) + au − f ], u(0) = u0, (6.1.13)

where u0 ∈ H is arbitrary and Aa is defined in (6.1.4). Since F ∈ C2
loc,

the operator in the right-hand side of (6.1.13) satisfies locally a Lipschitz
condition, so problem (6.1.13) has a unique local solution u(t). Define

g(t) := ||F (u(t)) + au(t) − f ||.

Then, by equation (6.1.13), one gets

ġ = −g, g(0) = ||F (u0)) + au0 − f || := g0; g(t) ≤ g0e
−t. (6.1.14)

Using (6.1.13) again and applying (6.1.11) we get

||u̇|| ≤ g0

a
e−t,

so ∫ ∞

0

||u̇||dt ≤ g0

a
,

there exists u(∞), and

||u(t) − u0|| ≤ g0

a
, ||u(∞) − u(t)|| ≤ g0

a
e−t. (6.1.15)

From (6.1.11) and (6.1.15) we conclude that u(∞) solves equation (6.1.12).
The solution to this equation is unique: if u and v solve (6.1.12), then

F (u) − F (v) + a(u − v) = 0.

Multiplying this equation by u − v and using (6.1.2), we derive u = v.
Lemma 6.1.6 is proved. �

Remark 6.1.2. The assumption F ∈ C2
loc in Lemma 6.1.6 can be relaxed:

F is hemicontinuous , defined on all of H, suffices for the conclusion of
Lemma 6.1.6 to hold. ([V]).

Lemma 6.1.7. Assume that (6.1.11) is solvable, y is its minimal-norm
solution, and assumptions (6.1.2) and (1.3.2) hold. Then

lim
a→0

||ua − y|| = 0, (6.1.16)

where ua solves (6.1.12).
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Proof of Lemma 6.1.7. We note that F (y) = f and write equation (6.1.12)
as

F (ua) − F (y) + aua = 0, a > 0. (6.1.17)

Multiply this equation by ua − y, use (6.1.12) and get:

(ua, ua − y) ≤ 0. (6.1.18)

Thus

||ua|| ≤ ||y||. (6.1.19)

Inequality (6.1.19) implies the existence of a sequence un := uan , an → 0
as n → ∞, such that

un ⇀ u. (6.1.20)

From equation (6.1.12) it follows that

F (un) → f. (6.1.21)

From (6.1.20), (6.1.21) and Lemma 6.1.4 it follows that

F (u) = f. (6.1.22)

Let us prove that u = y. Indeed, (6.1.19) implies

lim
n→∞||un|| ≤ ||y||, (6.1.23)

while (6.1.20) implies

||u|| ≤ lim
n→∞

||un||. (6.1.24)

Combine (6.1.23) and (6.1.24) to get

||u|| ≤ ||y||. (6.1.25)

Since u and y are solutions to equation (6.1.1) and y is the minimal-norm
solution, which is unique by Lemmas 6.1.1 and 6.1.2, it follows that u = y.
Therefore (6.1.20) implies

u ⇀ y, (6.1.26)

while (6.1.23) and (6.1.24) imply

lim
n→∞ ||un|| = ||y||. (6.1.27)
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From (6.1.26) and (6.1.27) it follows that

lim
n→∞ ||un − y|| = 0. (6.1.28)

Indeed,

||un − y||2 = ||un||2 + ||y||2 − 2Re(un, y) −→
n→∞ 0. (6.1.29)

Therefore every convergent sequence un = uan converges strongly to y.
This implies (6.1.16).

Lemma 6.1.7 is proved. �

Remark 6.1.3. One can estimate the rate ||V̇ || of convergence of V (t) to y
when V (t) solves equation (6.1.12) with a = a(t). We assume

0 < a(t) ↘ 0, lim
t→∞

ȧ(t)
a(t)

= 0,
|ȧ(t)|
a(t)

≤ 1
2
. (6.1.30)

For example one may take

a(t) =
c1

(c0 + t)b
,

where c0, c1, b > 0 are constants, and 2b ≤ c0.
Differentiating equation (6.1.12) with respect to t, one gets:

Aa(t)V̇ = −ȧV. (6.1.31)

Thus

||V̇ || ≤ |ȧ| ||A−1
a(t)V || ≤ |ȧ(t)|

a(t)
||V || ≤ |ȧ(t)|

a(t)
||y||. (6.1.32)

Lemma 6.1.8. If

lim
t→∞ a(t) = 0, a(t) > 0,

then

lim
t→∞ ||V (t) − y|| = 0. (6.1.33)

Proof of Lemma 6.1.8. The conclusion (6.1.33) follows immediately from
(6.1.16) and the assumption limt→∞ a(t) = 0.

If one assumes more about a(t) then one still can not estimate the rate
of convergence in (6.1.33), see also Remark 6.1.4 below.

Lemma 6.1.8 is proved. �
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Remark 6.1.4. It is not possible to use estimate (6.1.32) in order to estimate
||V (t) − y|| because such an estimate requires the integral

∫∞
t

|ȧ(s)|
a(s) ds to

converge. However, this integral diverges for any a(t) satisfying (6.1.30).
Indeed |ȧ| = −ȧ, so∫ ∞

t

|ȧ(s)|
a(s)

ds = − lim
N→∞

∫ N

t

ȧ

a
ds = − lim

N→∞
ln

a(N)
a(t)

= lim
N→∞

ln
a(t)
a(N)

= ∞,

because limN→∞ a(N) = 0.
Therefore, without extra assumptions about f in equation (6.1.1) it is

not possible to estimate the rate of convergence in (6.1.33).

6.2 Formulation of the results and proofs

Theorem 6.2.1. Consider the DSM

u̇ = −A−1
a(t)(u)[F (u) + a(t)u − f ], u(0) = u0, (6.2.1)

where u0 ∈ H is arbitrary, F satisfies (6.1.2) and (1.3.2), and a(t) satis-
fies (6.1.30). Assume that equation (6.1.2) has a solution. Then problem
(6.2.1) has a unique global solution u(t), there exists u(∞), and u(∞) solves
equation (6.1.1).

Proof of Theorem 6.2.1. Denote

w := u(t) − V (t),

where V (t) solves equation (6.1.12) with a = a(t). Then

||u(t) − y|| ≤ ||w|| + ||V (t) − y||. (6.2.2)

We have proved (6.1.33). We want to prove

lim
t→∞ ||w(t)|| = 0. (6.2.3)

We derive a differential inequality (5.1.5) for g(t) = ||w(t)|| and then use
Theorem 5.1.1.

Let us proceed according to this plan. Write equation (6.2.1) as

ẇ = −V̇ − A−1
a(t)[F (u) − F (V ) + a(t)w]. (6.2.4)

We use Taylor’s formula and get:

F (u) − F (V ) + aw = Aa(u)w + ε, ||ε|| ≤ M2

2
||w||2, (6.2.5)
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where M2 is the constant from the estimate

sup
u∈B(u0,R)

||F ′′(u)|| ≤ M2(R) := M2.

Denote

g(t) := ||w(t)||.
Multiply (6.2.4) by w, and using (6.2.5), get:

gġ ≤ −g2 +
M2

2
||A−1

a(t)||g3 + ||V̇ ||g. (6.2.6)

Since g ≥ 0, we get the inequality

ġ ≤ −g(t) +
c0

a(t)
g2 +

|ȧ|
a(t)

c1, c0 :=
M2

2
, c1 := ||y||, (6.2.7)

where we have used the estimates (6.1.11) and (6.1.32). Inequality (6.2.7)
is of the type (5.1.5) with

γ(t) := 1, α(t) :=
c0

a(t)
, β(t) := c1

|ȧ|
a(t)

. (6.2.8)

Let us check assumptions (5.1.2) - (5.1.4). We take

μ(t) = λa(t), λ = const.

Assumption (5.1.2) is:

c0

a(t)
≤ λ

2a(t)

[
1 − |ȧ|

a(t)

]
, (6.2.9)

where we took into account that |ȧ| = −ȧ. Since

|ȧ|
a

≤ 1
2
,

assumption (6.2.9) will be satisfied if the following inequality holds:

c0 ≤ λ

4
. (6.2.10)

Take λ ≥ 4c0 and (6.2.10) is satisfied. Assumption (5.1.3) is:

c1
|ȧ|
a(t)

≤ a(t)
2λ

[
1 − |ȧ|

a

]
. (6.2.11)
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This assumption holds if

4λc1
|ȧ(t)|
a2(t)

≤ 1. (6.2.12)

The scaling transformation

a(t) → νa(t),

where ν = const > 0, does not change assumptions (6.1.30), but makes the
ratio |ȧ|

a2 as small as one wishes if ν is sufficiently large. So taking νa(t) in
place of a(t) one can satisfy inequality (6.2.12). Finally, assumption (5.1.4)
is

λ

a(0)
g(0) < 1. (6.2.13)

This assumption is satisfied for any fixed g(0) and λ if a(0) is sufficiently
large. Again, taking νa(t) in place of a(t) one can obtain arbitrarily large
νa(0) and satisfy inequality (6.2.13) (with a(0) replaced by νa(0) with a
sufficiently large constant ν > 0).

Thus, Theorem 5.1.1 yields:

g(t) <
a(t)
λ

→ 0 as t → ∞. (6.2.14)

This implies uniform with respect to t ∈ [0,∞) boundedness of the norm
||u(t)|| of the unique local solution to (6.2.1) and therefore existence of
its unique global solution, existence of the limit u(∞) and the relation
u(∞) = y, where y is the (unique) minimal-norm solution to equation
(6.1.1).

Theorem 6.2.1 is proved. �

Theorem 6.2.2. Assume that a = const > 0, and

u̇ = −A−1
a [F (u) + au − f ], u(0) = u0, (6.2.15)

where u0 ∈ H is arbitrary, (6.1.2) and (1.3.2) hold. Assume that equa-
tion (6.1.1) is solvable and y is its minimal-norm solution. Then problem
(6.2.15) has a unique global solution ua(t) and

lim
a→0

lim
t→∞ ||ua(t) − y|| = 0. (6.2.16)

Proof of Theorem 6.2.2. Local existence of the unique solution to (6.2.15)
follows from the local Lipschitz condition satisfied by the operator in the
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right-hand side of (6.2.15). Global existence of this solution follows from
the uniform boundedness with respect to t → ∞ of the norm ||ua(t)|| of the
solution to (6.2.15). This boundedness is established by the same argument
as in the proof of Lemma 6.1.6. Also, as in this proof one establishes the
existence of ua(∞) = limt→∞ ua(t), and the relation

F (ua(∞)) + au(∞) = f.

Finally, this and Lemma 6.1.7 from Section 6.1 imply (6.2.16).
Theorem 6.2.2 is proved. �

Remark 6.2.1. If we integrate problem (6.2.15) over an interval of length
τ , then we can choose a(τ) such that

lim
τ→∞ a(τ) = 0

and

lim
τ→∞ ||ua(τ)(τ) − y|| = 0. (6.2.17)

This observation allows us to choose a = a(τ) if the length τ of the interval
of integration is chosen a priori and then increased. Consequently one
calculates the solution y using one limiting process in equation (6.2.17)
rather than two limiting processes in equation (6.2.16).

6.3 The case of noisy data

Let us use Theorem 6.2.1 in the case when f is replaced by fδ in equation
(6.2.1). Denote by uδ the solution of (6.2.1) with fδ replacing f . Then

||uδ(t)− y|| ≤ ||uδ(t)− Vδ(t)||+ ||Vδ(t)− V (t)||+ ||V (t)− y||, (6.3.1)

where V (t) solves equation (6.1.12) and Vδ solves equation (6.1.2) with fδ

in place of f .
We have already proved (6.1.33). We want to prove that if t = tδ in

(6.3.1), where tδ, the stopping time, is properly chosen, then

lim
δ→0

||uδ(tδ) − Vδ(tδ)|| = 0, lim
δ→0

||Vδ(tδ) − V (tδ)|| = 0. (6.3.2)

Lemma 6.3.1. One has

||Vδ(t) − V (t)|| ≤ δ

a(t)
. (6.3.3)
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Thus,

lim
δ→0

||Vδ(tδ) − V (tδ)|| = 0,

if

lim
δ→0

δ

a(tδ)
= 0. (6.3.4)

Proof of Lemma 6.3.1. From equation (6.1.12) we derive

F (Vδ) − F (V ) + a(t)(Vδ − V ) − (fδ − f) = 0. (6.3.5)

Multiplying (6.3.5) by Vδ−V , using (6.1.2) and the inequality ||fδ−f || ≤ δ,
we obtain:

a(t)||Vδ − V ||2 ≤ δ||Vδ − V ||.
This implies (6.3.3). Lemma 6.3.1 is proved. �

Let us estimate ||uδ(t) − Vδ(t)|| := g(t). We use the ideas of the proof
of Theorem 6.2.1. Let w := uδ − Vδ(t). Then

ẇ = −V̇δ − A−1
a(t)[F (uδ) − F (Vδ) + a(t)w],

which is an equation similar to (6.2.4). As in the proof of Theorem 6.2.1,
we obtain

ġ ≤ −g(t) +
c0

a(t)
g2 +

|ȧ|
a(t)

c1, (6.3.6)

and conclude that the estimate similar to(6.2.14) holds:

g(t) ≤ a(t)
λ

. (6.3.7)

Therefore, if tδ is such that

lim
δ→0

tδ = ∞, lim
δ→0

δ

a(tδ)
= 0, (6.3.8)

then (6.3.2) holds and

lim
δ→0

||uδ(tδ) − y|| = 0. (6.3.9)

We have proved the following result.

Theorem 6.3.1. Assume that ||fδ − f || ≤ δ, tδ satisfies (6.3.8), and uδ(t)
solves problem (6.2.1) with fδ in place of f . Then (6.3.9)holds.

Remark 6.3.1. The results of this Chapter can be generalized: the condition

Re(F (u) − F (v), u − v) ≥ 0 (6.3.10)

can be used in place of (6.1.2).
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Chapter 7

DSM for general nonlinear
operator equations

In this Chapter we construct a convergent DSM for solving any solvable
nonlinear equation F (u) = 0, under the assumptions F ∈ C2

loc, F ′(y) 	= 0,
where F (y) = 0.

7.1 Formulation of the problem. The results and
proofs

Consider the equation

F (u) = 0, (7.1.1)

where F : H → H satisfies assumption (1.3.2), equation (7.1.1) has a
solution y, possibly non-unique, and

Ã := F ′(y) 	= 0. (7.1.2)

Under these assumptions we want to construct a DSM method for solving
equation (7.1.1).

Consider the following DSM method:

u̇ = −T−1
a(t)[A

∗F (u) + a(t)(u − z)], u(0) = u0, (7.1.3)

where u0 ∈ H, z ∈ H. We use the following notations:

A := F ′(u), T := A∗A, Ta := T + aI, T̃ := Ã∗Ã, Ã := F ′(y).
(7.1.4)

121
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If assumption (7.1.2) holds, then one can find an element v 	= 0 such that

T̃ v 	= 0.

Thus, there is an element z such that

y − z = T̃ v,

and one can choose z such that ||v|| � 1, i.e. ||v|| > 0 is as small as one
wishes:

y − z = T̃ v, ||v|| � 1. (7.1.5)

Since y is unknown, we do not give an algorithm for finding such a z, but
only prove its existence.

Let us denote

w := u(t) − y.

Since F (y) = 0, one has, using the Taylor’s formula:

F (u) = F (u) − F (y) = Aw + ε, ||ε|| ≤ M2

2
||w||2.

Here and below Mj , j = 1, 2, are constants from (1.3.2). Equation (7.1.3)
can be written as:

ẇ = −T−1
a(t)[(A

∗A + a(t))w + A∗ε + a(t)T̃ v].

Let

g(t) := ||w(t)||.
Multiplying the above equation by w we get:

gġ ≤ −g2 +
M2g

3

4
√

a(t)
+ a(t)||T−1

a(t)T̃ || ||v||g, (7.1.6)

where we have used estimate (7.1.4) and the inequality (2.1.13):

||T−1
a A∗|| ≤ 1

2
√

a(t)
. (7.1.7)

Since g ≥ 0, we get

ġ ≤ −g +
c0g

2√
a(t)

+ a(t)||v|| ||T−1
a(t)T̃ ||, c0 :=

M2

4
. (7.1.8)
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Let us transform the last factor:

||T−1
a(t)T̃ || ≤ ||

(
T−1

a(t) − T̃−1
a(t)

)
T̃ || + ||T̃−1

a(t)T̃ ||. (7.1.9)

We have

||T̃−1
a(t)T̃ || ≤ 1, ||aT−1

a || ≤ 1,

and

T−1
a − T̃−1

a = T−1
a

(
T̃ − T

)
T̃−1

a . (7.1.10)

Moreover

||T̃ − T || = ||Ã∗Ã − A∗A|| ≤ 2M1M2||u − y|| = 2M1M2g. (7.1.11)

Therefore, choosing ||v|| so that

2M1M2||v|| ≤ 1
2
, (7.1.12)

one can rewrite (7.1.8) as

ġ ≤ −1
2
g(t) +

c0g
2(t)√
a(t)

+ a(t)||v||, t ≥ 0, c0 :=
M2

4
. (7.1.13)

Let

μ =
λ√
a(t)

. (7.1.14)

Let us apply Theorem 5.1.1 to inequality (7.1.13). We have

γ(t) =
1
2
, α(t) =

c0√
a(t)

, β(t) = a(t)||v||.

Condition (5.1.2) is:

c0√
a(t)

≤ λ

2
√

a(t)

(
1
2

+
ȧ

2a

)
=

λ

4
√

a(t)

(
1 − |ȧ|

a

)
. (7.1.15)

Let us assume that

0 < a(t) ↘ 0,
|ȧ(t)|

a
≤ 1

2
. (7.1.16)
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For example, one can take

a(t) =
c1

(c2 + t)b
,

where c1, c2, b > 0 are constants, 2b ≤ c2. Inequality (7.1.16) is satisfied
for rapidly decaying a(t) as well, e.g.,

a(t) = e−ct, c ≤ 1
2
.

Inequality (7.1.15) holds if

λ ≥ 8c0. (7.1.17)

Condition (5.1.3) is:

a(t)||v|| ≤
√

a(t)
2λ

(
1 − |ȧ|

a

)
. (7.1.18)

Because of inequality (7.1.16), this inequality holds if

4λ
√

a(0)||v|| ≤ 1. (7.1.19)

If

||v|| ≤ 1
4λ
√

a(0)
, (7.1.20)

then (7.1.19) holds.
Finally, condition (5.1.4) is:

λ√
a(0)

g(0) < 1. (7.1.21)

This condition holds if

||u0 − y|| <

√
a(0)
λ

. (7.1.22)

Inequality (7.1.22) is valid for any initial approximation u0 provided that
λ is sufficiently large. For any fixed λ inequality (7.1.20) holds if ||v|| is
sufficiently small. Therefore, if conditions (7.1.16), (7.1.17), (7.1.20) and
(7.1.22) hold, then (5.1.6) implies:

||u(t) − y|| <

√
a(t)
λ

→ 0 as t → ∞. (7.1.23)

Let us formulate the result we have just proved.
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Theorem 7.1.1. Assume that equation (7.1.1) has a solution y, F (y) = 0,
possibly non-unique, and the following conditions are satisfied: (1.3.2),
(7.1.2), (7.1.5), (7.1.16), (7.1.17), (7.1.20) and (7.1.22). Then problem
(7.1.3) has a unique solution u(t), there exists u(∞), u(∞) = y, and the
rate of convergence of u(t) to the solution y is given by (7.1.23).

7.2 Noisy data

Assume now that the noisy data fδ are given,

||fδ − f || ≤ δ,

equation (7.1.1) is of the form

F (u) = f, (7.2.1)

and this equation has a solution y, F (y) = f .
Consider the DSM similar to (7.1.3):

u̇δ = −T−1
a(t)[A

∗(F (uδ) − fδ) + a(t)(uδ − z)], uδ(0) = u0. (7.2.2)

As in Section 7.1, denote

w = wδ := uδ − y,

and by

g := gδ := ||wδ(t)||.
We want to prove that for a suitable stopping time tδ, limδ→0 tδ = ∞, the
quantity wδ(tδ) → 0 as δ → 0, in other words,

lim
δ→0

||uδ − y|| = 0, uδ := uδ(tδ). (7.2.3)

Let us argue as in Section 7.1. We have now

fδ = f + ηδ, ||ηδ|| ≤ δ.

Therefore, inequality (7.1.13) will be replaced by

ġ ≤ −1
2
g(t) +

c0g
2(t)√
a(t)

+ a(t)||v|| + δ

2
√

a(t)
, c0 :=

M2

4
, (7.2.4)

where (7.1.12) holds. Let us choose

μ(t) =
λ√
a(t)
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as in (7.1.14), and assume (7.1.16), (7.1.17) and (7.1.20). Then conditions
(5.1.2) and (5.1.4) are satisfied. Condition (5.1.3) is satisfied if

a(t)||v|| + δ

2
√

a(t)
≤
√

a(t)
4λ

. (7.2.5)

Let us choose v small enough, so that

a(t)||v|| ≤ 1
2

√
a(t)
4λ

,

that is,

4λ
√

a(0)||v|| ≤ 1
2
, (7.2.6)

and tδ such that

δ

2
√

a(t)
≤ 1

2

√
a(t)
4λ

,

that is,

2λδ

a(t)
≤ 1

2
, t ≤ tδ. (7.2.7)

Then (7.2.5) holds for t ≤ tδ, and estimate (5.1.6) yields

||uδ − y|| ≤
√

a(t)
λ

, t ≤ tδ. (7.2.8)

Therefore, if tδ is chosen as the solution to the equation

a(t) = 4λδ, (7.2.9)

then uδ := uδ(tδ) satisfies the estimate

||uδ − y|| ≤ 2

√
δ

λ
. (7.2.10)

We have proved the following result.

Theorem 7.2.1. Assume equation (7.2.1) has a solution y, possibly non-
unique, ||fδ − f || ≤ δ, and the following conditions are satisfied: (1.3.2),
(7.1.2), (7.1.3), (7.1.16), (7.1.17), (7.1.22), (7.2.6) and tδ satisfies (7.2.9).
Then problem (7.2.2) has a unique solution uδ(t) on the interval [0, tδ], and
uδ := uδ(tδ) satisfies inequality (7.2.10).
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Remark 7.2.1. Theorem 7.2.1 shows that, in principle, DSM (7.2.2) can
be used for solving stably any solvable operator equation (7.2.1) for which
F ∈ C2

loc, i.e. assumption (1.3.2) holds, and F satisfies assumption (7.1.2),
where y is a solution to equation (7.2.1).

These are rather weak assumptions. However, as it was mentioned
already, we do not give an algorithmic choice of z in (7.2.2). Under an
additional assumption, e.g., if one assumes y = T̃ v, ||v|| � 1, it is possible
to take z = 0 and, using the arguments given in the proofs of Theorems
7.1.1 and 7.2.1, establish the conclusions of these theorems.

7.3 Iterative solution

Let us prove the following result.

Theorem 7.3.1. Under the assumptions of Theorem 7.1.1, the iterative
process

un+1 = un − hnT−1
an

[A∗(un)F (un) + an(un − z)], u0 = u0, (7.3.1)

where hn > 0 and an > 0 are suitably chosen, generates the sequence un

converging to y.

Remark 7.3.1. The suitable choices of an and hn are discussed in the proof
of Theorem 7.3.1.

Lemma 7.3.1. Let

gn+1 ≤ γgn + pg2
n, g0 := m > 0, 0 < γ < 1, p > 0.

If

m <
q − γ

p
, where γ < q < 1,

then

lim
n→∞ gn = 0, and gn ≤ g0q

n.

Proof. Estimate

g1 ≤ γm + pm2 ≤ qm

holds if

m ≤ q − γ

p
, γ < q < 1.
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Assume that gn ≤ g0q
n. Then

gn+1 ≤ γg0q
n + p(g0q

n)2 = g0q
n(γ + pg0q

n) < g0q
n+1,

because

γ + pg0q
n < γ + pg0q ≤ q.

Lemma 7.3.1 is proved. �

Proof of Theorem 7.3.1.
Let

wn := un − y, gn := ‖wn‖.

As in the proof of Theorem 7.1.1, we assume

2M1M2‖v‖ ≤ 1
2

and rewrite (7.3.1) as

wn+1 = wn − hn T−1
an

[A∗(un)(F (un) − F (y)) + anwn + an(y − z)],
w0 = ‖u0 − y‖.

Using the Taylor formula

F (un) − F (y) = A(un)wn + K(wn), ‖K‖ ≤ M2g
2
n

2
,

the estimate

‖T−1
an

A∗(un)‖ ≤ 1
2
√

an
,

and the formula

y − z = T̃ v,

we get

wn+1 = (1 − hn)wn − hnT−1
an

A∗(un)K(wn) − hnanT−1
an

T̃ v. (7.3.2)

Taking into account that

‖T̃−1
a T̃‖ ≤ 1,
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and

a‖T−1
a ‖ ≤ 1 if a > 0,

we obtain

‖T−1
an

T̃ v‖ ≤ ‖(T−1
an

− T̃−1
an

)T̃‖‖v‖ + ‖v‖,
and

‖(T−1
an

− T̃−1
an

)T̃‖ = ‖T−1
an

(T̃an
− Tan

)T̃−1
an

T̃‖ ≤ 2M1M2gn

an
:=

c1gn

an
.

Let

c0 :=
M2

4
.

Then we obtain from (7.3.2) the following inequality:

gn+1 ≤ (1 − hn)gn +
c0hng2

n√
an

+ c1hn‖v‖gn + hnan‖v‖.

We have assumed in the proof of Theorem 7.3.1 that

c1‖v‖ ≤ 1
2
.

Thus

gn+1 ≤ (1 − hn

2
)gn +

c0hn√
an

g2
n + hnan‖v‖.

Choose

an = 16c2
0g

2
n.

Then c0gn√
an

= 1
4 , and

gn+1 ≤ (1 − hn

4
)gn + 16c2

0hn‖v‖g2
n, g0 = ‖u0 − y‖ ≤ R, (7.3.3)

where R > 0 is defined in (1.3.2). Take hn = h ∈ (0, 1) and choose g0 := m
such that

m <
q + h − 1
16c0h‖v‖ ,

where q ∈ (0, 1) and q + h > 1.
Then Lemma 7.3.1 implies

‖un − y‖ ≤ g0q
n → 0 as n → ∞.

Theorem 7.3.1 is proved. �
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7.4 Stability of the iterative solution

Assume that the equation we want to solve is F (u) = f , f is unknown, fδ

is known, ||fδ − f || ≤ δ. Consider the iterative process similar to (7.3.1):

vn+1 = vn−hnT−1
an

[A∗(vn)(F (vn)−fδ)+an(vn−z)], v0 = u0, (7.4.1)

Let

wn := vn − y, ||wn|| := ψn,

and choose hn = h independent of n, h ∈ (0, 1). Later we impose a positive
lower bound on h, see formula (7.4.6) below. The inequality similar to
(7.3.3) is:

ψn+1 ≤ γψn + pψ2
n +

hδ

2
√

an
, ψ0 = ||u0 − y||, (7.4.2)

where

γ := 1 − h

4
, p := 16c2

0||v||, an = 16c2
0ψ

2
n. (7.4.3)

We stop iterations in (7.4.2) when n = n(δ), where n(δ) is the largest
integer for which the following inequality

hδ

2
√

an
≤ κγψn, κ ∈

(
0,

1
3

)

holds. One can use formula (7.4.3) for an and rewrite this inequality in the
form:

hδ

8c0κγ
≤ ψ2

n, κ ∈ (0,
1
3
). (7.4.4)

If (7.4.4) holds, then (7.4.2) implies

ψn+1 ≤ (1 + κ)γψn + pψ2
n, (1 + κ)γ < 1, (7.4.5)

where the conditions

γ = 1 − h

4
, 0 < κ <

1
3
, h ∈

(
4κ

1 + κ
, 1
)

(7.4.6)

imply that (1 + κ)γ < 1. If

ψ0 <
q − (1 + κ)γ

p
, where (1 + κ)γ < q < 1, γ = 1 − h

4
, (7.4.7)
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then (7.4.5) and Lemma 7.3.1 imply

ψn ≤ ψ0q
n, for n < n(δ), (1 + κ)γ < q < 1, 0 < κ <

1
3
, (7.4.8)

where n(δ) is the largest integer for which inequality (7.4.4) holds. We have

lim
δ→0

n(δ) = ∞.

Thus

lim
δ→0

ψn(δ) = 0. (7.4.9)

We have proved the following result.

Theorem 7.4.1. Let the assumptions of Theorem 7.1.1 and conditions
(7.4.4), (7.4.6), and (7.4.7) hold, and ψn be defined by (7.4.1). Then
relations (7.4.8) and (7.4.9) hold, so limδ→0 ||vn(δ) − y|| = 0.
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Chapter 8

DSM for operators satisfying a
spectral assumption

In this Chapter we introduce a spectral assumption (8.1.1) and obtain some
results based on this assumption.

8.1 Spectral assumption

In this Chapter we assume that the operator equation (7.2.1) is solvable,
y is its solution, possibly non-unique, F ∈ C2

loc, and the linear operator
A = F ′(u) has the set {z : |argz − π| ≤ ϕ0, 0 < |z| < r0} consisting of
regular points of F ′, where ϕ0 > 0 and r0 > 0 are arbitrary small fixed
numbers, and u ∈ H is arbitrary. This is a spectral assumption on F . If
this condition is satisfied then

||(A + εI)−1|| ≤ c0

ε
, 0 < ε ≤ r0, (8.1.1)

where c0 = 1
sin ϕ0

.
Condition (8.1.1) is much weaker than the assumption of monotonicity

of F . If F is monotone, then A = F ′(u) ≥ 0 and ||A−1
ε || ≤ 1

ε for all ε > 0,
where Aε = A + εI. If c0 = 1 and r0 = ∞ in (8.1.1), then A is a generator
of a semigroup of contractions ([P]).

It is known that if F is monotone, hemicontinuous, and ε > 0, then the
equation

F (u) + εu = f, ε = const > 0, (8.1.2)

is uniquely solvable for any f ∈ H. We want to prove a similar result
assuming (8.1.1).

Our first result is the following.

133
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Theorem 8.1.1. Assume that F satisfies conditions (1.3.2) and (8.1.1).
Then equation (8.1.2) has a solution.

Proof of Theorem 8.1.1. From our assumptions it follows that the problem

u̇ = −A−1
ε [F (u) + εu − f ], u(0) = u0, (8.1.3)

is locally solvable. We will prove the uniform bound

sup
t≥0

||u(t)|| ≤ c, (8.1.4)

where c = const > 0 does not depend on t and the supremum is over all
t for which u(t), the local solution to (8.1.3), does exist. If (8.1.4) holds,
then, as we have proved in Section 2.6, Lemma 2.6.1, the local solution is
a global one, it exists on [0,∞). We also prove that there exists u(∞), and
that u(∞) solves (8.1.2).

Let us prove estimate (8.1.4). Consider the function

g(t) := ||F (u(t)) + εu(t) − f ||. (8.1.5)

We have

gġ = Re([F ′(u(t)) + ε]u̇, F (u) + εu − f) = −g2. (8.1.6)

Thus

g(t) = g0e
−t, g0 := g(0). (8.1.7)

From (8.1.1), (8.1.3) and (8.1.7) we get

||u̇|| ≤ c0g0e
−t

ε
. (8.1.8)

This implies the existence of u(∞) and the estimates

||u(t) − u(0)|| ≤ c0g0

ε
, ||u(t) − u(∞)|| ≤ c0g0e

−t

ε
. (8.1.9)

For any fixed u0 and ε > 0, one can take R > 0 such that
c0g0

ε
≤ R,

so that the trajectory u(t) stays in the ball B(u0, R). Passing to the limit
t → ∞ in (8.1.7) yields

F (u(∞)) + εu(∞) − f = 0. (8.1.10)

Therefore u(∞) solves equation (8.1.2), so this equation is solvable. More-
over, the DSM (8.1.3) converges to a solution u(∞) at an exponential rate,
see (8.1.9).

Theorem 8.1.1 is proved. �
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Remark 8.1.1. Estimate (8.1.1) follows from the spectral assumption be-
cause of the known estimate of the norm of the resolvent of a linear op-
erator. Namely, if A is a linear operator and (A − zI)−1 is its resolvent,
where z is a complex number in the set of regular points of the operator
A. A point z is called a regular point of A if the operator A − zI has a
bounded inverse defined on the whole space. Otherwise z is called a point
of spectrum σ of A.

The estimate we have mentioned is:

||(A − zI)−1|| <
1

ρ(z, σ)
, (8.1.11)

where ρ(z, σ) is the distance (on the complex plane C) from the point z to
the set σ of points of spectrum of A. To check this, consider the function

(A − zI − μI)−1 = (A − zI)−1[I − μ(A − zI)−1]−1.

If

|μ| ||(A − zI)−1|| < 1,

then the above function is an analytic function of μ. Therefore, if μ is
smaller than the distance from z to the nearest point of spectrum of A,
then the point z + μ is a regular point of A.

Thus (8.1.11) follows.

Remark 8.1.2. We have proved in Theorem 8.1.1 that for ε ∈ (0, r0) equa-
tion (8.1.2) is solvable. This does not imply that the limiting equation

F (u) = f, (8.1.12)

is solvable.
For example, the equation eu + εu = 0 is solvable in R for any ε > 0,

but the limiting equation eu = 0 has no solutions.
Therefore it is of interest to study the following problem:
If the limiting equation (8.1.12) is solvable, then what are the conditions

under which the solution to equation (8.1.2), or a more general equation

F (uε) + ε(uε − z) = f, (8.1.13)

where z ∈ H is some element, converges to a solution to (8.1.12) as ε → 0?
This question is discussed in Chapter 9.
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8.2 Existence of a solution to a nonlinear equation

Let D ⊂ R
3 be a bounded domain with Lipschitz boundary S, k = const >

0 , and f : R → R be a function such that

uf(u) ≥ 0, for |u| ≥ a ≥ 0, (8.2.1)

where a is an arbitrary nonnegative fixed number. We assume that f is
continuous in the region |u| ≥ a, and bounded and piecewise-continuous
with at most finitely many discontinuity points uj , such that f(uj +0) and
f(uj − 0) exist, in the region |u| ≤ a.

Consider the problem

(−Δ + k2)u + f(u) = 0 in D, (8.2.2)

u = 0 on S. (8.2.3)

There is a large literature on problems of this type. Usually it is assumed
that f does not grow too fast or f is monotone (see, e.g., [B] and references
therein).

The novel point in this Section is the absence of the monotonicity re-
strictions on f and of the growth restrictions on f as |u| → ∞, except for
the assumption (8.2.1).

This assumption allows an arbitrary behavior of f inside the region
|u| ≤ a, where a ≥ 0 can be arbitrary large, and an arbitrarily rapid
growth of f to +∞ as u → +∞, or arbitrarily rapid decay of f to −∞ as
u → −∞.

Our result is:

Theorem 8.2.1. Under the above assumptions problem (8.2.2)–(8.2.3) has

a solution u ∈ H2(D) ∩
◦
H1(D) := H2

0 (D).

Here H
(D) is the usual Sobolev space,
◦
H1(D) is the closure of C∞

0 (D)
in the norm H1(D). Uniqueness of the solution does not hold without extra
assumptions.

The ideas of our proof are: first, we prove that if

sup
u∈R

|f(u)| ≤ μ,

then a solution to (8.2.2)–(8.2.3) exists by the Schauder’s fixed-point the-
orem (see Section 16, Theorem 16.8.1). Here μ is a constant. Secondly, we
prove an a priori bound

‖u‖∞ ≤ a.
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If this bound is proved, then problem (8.2.2)–(8.2.3) with the nonlinearity
f replaced by

F (u) :=

⎧⎪⎨
⎪⎩

f(u), |u| ≤ a

f(a), u ≥ a

f(−a), u ≤ −a

(8.2.4)

has a solution, and this solution solves the original problem (8.2.2)–(8.2.3).
The bound

‖u‖∞ ≤ a

is proved by using some integral inequalities. An alternative proof of this
bound is also given. This proof is based on the maximum principle for
elliptic equation (8.2.2).

We use some ideas from [R9]. Our presentation follows [R56].
Proof of Theorem 8.2.1. If u ∈ L∞ := L∞(D), then problem (8.2.2)–(8.2.3)
is equivalent to the integral equation:

u = −
∫

D

G(x, y)f(u(y))dy := T (u), (8.2.5)

where

(−Δ + k2)G = −δ(x − y) in D, g |x∈S= 0. (8.2.6)

By the maximum principle,

0 ≤ G(x, y) < g(x, y) :=
e−k|x−y|

4π|x − y| , x, y ∈ D. (8.2.7)

The map T is a continuous and compact map in the space C(D) := X, and

‖u‖C(D) := ‖u‖ ≤ μ sup
x

∫
D

e−k|x−y|

4π|x − y|dy ≤ μ

∫
R3

e−k|y|

4π|y| dy ≤ μ

k2
. (8.2.8)

This is an a priori estimate of any bounded solution to (8.2.2)–(8.2.3) for
a bounded nonlinearity f such that

sup
u∈R

|f(u)| ≤ μ.

Thus, Schauder’s fixed-point theorem yields the existence of a solution
to (8.2.5), and consequently to problem (8.2.2)–(8.2.3), for bounded f .
Indeed, if B is a closed ball of radius μ

k2 , then the map T maps this ball
into itself by (8.2.8), and since T is compact, the Schauder principle is
applicable. Thus, the following lemma is proved.
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Lemma 8.2.1. If supu∈R
|f(u)| ≤ μ, then problems (8.2.5) and (8.2.2)–

(8.2.3) have a solution in C(D), and this solution satisfies estimate (8.2.8).

Let us now prove an a priori bound for any solution u ∈ C(D) of the
problem (8.2.2)–(8.2.3) without assuming that supu∈R

|f(u)| < ∞.
Let

u+ := max(u, 0).

Multiply (8.2.2) by (u − a)+, integrate over D and then by parts to get

0 =
∫

D

[∇u · ∇(u − a)+ + k2u(u − a)+ + f(u)(u − a)+]dx, (8.2.9)

where the boundary integral vanishes because

(u − a)+ = 0 on S for a ≥ 0.

Each of the terms in (8.2.9) is nonnegative, the last one due to (8.2.1).
Thus (8.2.9) implies

u ≤ a. (8.2.10)

Similarly, using (8.2.1) again, and multiplying (8.2.2) by (−u − a)+, one
gets

−a ≤ u. (8.2.11)

We have proved:

Lemma 8.2.2. If (8.2.1) holds, then any solution u ∈ H2
0 (D) to (8.2.2)–

(8.2.3) satisfies the inequality

|u(x)| ≤ a. (8.2.12)

Consider now equation (8.2.5) in C(D) with an arbitrary continuous
f satisfying (8.2.1). Any u ∈ C(D) which solves (8.2.5), solves (8.2.2)-
(8.2.3), and therefore satisfies (8.2.12) and belongs to H2

0 (D). This u solves
problem (8.2.2)–(8.2.3) with f replaced by F , defined in (8.2.4), and vice
versa. Since F is a bounded nonlinearity, equation (8.2.5) and problem
(8.2.2)–(8.2.3) (with f replaced by F ) has a solution by Lemma 8.2.1.

Theorem 8.2.1 is proved. �

Let us sketch an alternative derivation of the inequality (8.2.12) using
the maximum principle. Let us derive (8.2.10). The derivation of (8.2.11)
is similar.
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Assume that (8.2.10) fails. Then u > a at some point in D. Therefore
at a point y, at which u attains its maximum value, one has u(y) ≥ u(x)
for all x ∈ D and u(y) > a. The function u attains its maximum value,
which is positive, at some point in D, because u is continuous, vanishes at
the boundary of D, and is positive at some point of D by the assumption
u > a. At the point y, where the function u attains its maximum, one
has −Δu ≥ 0 and k2u(y) > 0. Moreover, f(u(y)) > 0 by the assumption
(8.2.1), since u(y) > a. Therefore the left-hand side of equation (8.2.2) is
positive, while its left-hand side is zero. Thus, we have got a contradiction,
and estimate (8.2.10) is proved. Similarly one proves estimate (8.2.11).
Thus, (8.2.12) is proved. �
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Chapter 9

DSM in Banach spaces

In this chapter we generalize some of our results to operator equations in
Banach spaces.

9.1 Well-posed problems

Consider the equation

F (u) = f, (9.1.1)

where F : X → Y is a map from a Banach space X into a Banach space
Y .

Consider first the case when both assumptions (1.3.1) and (1.3.2) hold:

sup
u∈B(u0,R)

||[F ′(u)]−1|| ≤ m(R), (9.1.2)

sup
u∈B(u0,R)

||F (j)(u)|| ≤ Mj(R), 0 ≤ j ≤ 2. (9.1.3)

In Section 9.3 we use assumption (9.1.3) with j ≤ 3.
We construct the Newton-type DSM:

u̇ = −[F ′(u)]−1[F (u) − f ], u(0) = u0, (9.1.4)

which makes sense due to (9.1.2). As in Sections 3.1 - 3.2, the right-hand
side of (9.1.4) satisfies a Lipschitz condition due to assumptions (9.1.2)-
(9.1.3). Therefore problem (9.1.4) has a unique local solution. As in Section

141
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2.6, Lemma 2.6.1, this local solution is a global one, provided that bound
(2.6.8) is established with the constant c independent of time. Denote

g(t) :=< F (u(t)) − f, h >,

where < w, h > is the value of a linear functional h ∈ Y ∗ at the element
F (u(t)) − f .

We have, using equation (9.1.4),

ġ =< F ′(u)u̇, h >= −g. (9.1.5)

Therefore

g(t) = g(0)e−t.

Taking the supremum over h ∈ Y ∗, ||h|| = 1, one gets

G(t) = G(0)e−t, G(t) := ||F (u(t)) − f ||. (9.1.6)

Using equation (9.1.4), estimate (9.1.2), and formula (9.1.6), one obtains

||u̇|| ≤ m(R)G(0)e−t. (9.1.7)

Therefore

||u(t) − u(0)|| ≤ m(R)G(0). (9.1.8)

We assume that

m(R)||F (u) − f || ≤ R. (9.1.9)

This assumption ensure that the trajectory u(t) stays inside the ball B(u0, R)
for all t ≥ 0, so that the local solution to problem (9.1.4) is the global one.

Moreover, (9.1.7) and (9.1.8) imply the existence of u(∞) and the esti-
mate:

||u(t) − u(∞)|| ≤ m(R)||F (u0) − f ||e−t. (9.1.10)

This estimate shows exponential rate of convergence of u(t) to u(∞). Fi-
nally, passing to the limit t → ∞ in (9.1.6), one checks that u(∞) solves
equation (9.1.1). Let us summarize the result.

Theorem 9.1.1. Assume that F : X → Y is a map from a Banach space
X into a Banach space Y , and (9.1.2), (9.1.3) and (9.1.9) hold. Then
equation (9.1.1) has a solution, problem (9.1.4) has a unique global solution
u(t), there exists u(∞), u(∞) solves equation (9.1.1), and estimates (9.1.8)
and (9.1.10) hold.
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Remark 9.1.1. Theorem 9.1.1 gives a sufficient condition (condition(9.1.9))
for the existence of a solution to equation (9.1.1).

If one knows a priori that equation (9.1.1) has a solution, then condi-
tion (9.1.9) is always satisfied if one chooses the initial approximation u0

sufficiently close to this solution, because then the quantity ||F (u0) − f ||
can be made as small as one wishes.

The results in Theorem 9.1.1 are similar to the results obtained in Sec-
tion 3.2 for the equation (9.1.1) with the operator F which acted in a
Hilbert space.

9.2 Ill-posed problems

Consider equation (9.1.1) assuming that condition (9.1.3) holds, but con-
dition (9.1.2) does not hold, and that equation (9.1.1) has a solution y,
possibly non-unique.

Equation (9.1.4) cannot be used now because the operator [F ′(u)]−1 is
not defined. Therefore we need some additional assumptions on F to treat
ill-posed problems.

Let us denote

A := F ′(u),

and make the spectral assumption from Section 8.1:

||A−1
ε || ≤ c0

ε
, 0 < ε < r0, (9.2.1)

where c0 and r0 are some positive constants.
Theorem 8.1.1 from Section 8.1 claims that assumptions (9.2.1) and

(9.1.3) imply existence of a solution to equation (8.1.2). The proof of
Theorem 8.1.1 is valid, after suitable modifications, in the case when F :
X → X is an operator from a Banach space X into X. Let us point out
these modifications.

Definition (8.1.5) should be replaced by

g(t) :=< F (u(t)) + εu(t) − f, h >, (9.2.2)

where h ∈ X∗ is arbitrary, ||h|| = 1. We have

G(t) := ||F (u(t)) + εu(t) − f || = sup
||h||=1, h∈X∗

|g(t)|. (9.2.3)

As in Section 9.1, we prove that the problem

u̇ = −A−1
ε [F (u) + εu(t) − f ], u(0) = u0, (9.2.4)
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has a unique local solution u(t) and

g(t) ≤ g(0)e−t.

Formula (9.2.3) yields

G(t) ≤ G(0)e−t, G(0) = ||F (u0) + εu0 − f ||. (9.2.5)

Equation (9.2.4) and estimates (9.2.1) and (9.2.5) imply

||u̇|| ≤ c0G(0)
ε

e−t. (9.2.6)

For any fixed u0 the inequality

c0G(0)
ε

≤ R (9.2.7)

holds if ε > 0 is sufficiently small.
If (9.2.7) holds, then

||u(t) − u(0)|| ≤ c0G(0)
ε

≤ R, (9.2.8)

so that u(t) ∈ B(u0, R) for t ≥ 0. This implies, as in Section 2.6, see Lemma
2.6.1, that the local solution u(t) to (9.2.4) is the global one. Moreover
(9.2.4) implies the existence of u(∞) and the estimate

||u(t) − u(∞)|| ≤ c0G(0)
ε

e−t ≤ Re−t. (9.2.9)

Passing to the limit t → ∞ in (9.2.5) we see that u(∞) solves the equation

F (u(∞)) + εu(∞) = f. (9.2.10)

Let us formulate the result we have just proved.

Theorem 9.2.1. Assume that F : X → X, that (9.2.1), (9.1.3), and
(9.2.7) hold. Then problem (9.2.4) has a unique global solution u(t), there
exists u(∞), u(∞) solves equation (9.2.10), and estimates (9.2.8), (9.2.9)
hold.

The problem is:
Under what assumptions can we establish that u(t) := uε(t) converges,

as ε → 0, to a solution of the limiting equation?
This question is discussed in the next Section.
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9.3 Singular perturbation problem

In Section 9.2 we have proved that equation

F (u) + εu = f, 0 < ε < r0, (9.3.1)

has a solution u = uε. This does not imply, in general, the existence of the
solution to the limiting equation

F (y) = f (9.3.2)

A simple example was given in Section 8.1 below formula (8.1.12).
Therefore we have to assume that equation (9.3.2) has a solution.
If equation (9.3.2) is solvable, then our aim is to give sufficient condi-

tions for a solution w = wε to the equation

F (w) + ε(w − z) = f (9.3.3)

to converge, as ε → 0, to a solution of the limiting equation (9.3.2).
Let us formulate our result.

Theorem 9.3.1. Assume that equation (9.3.2) is solvable, conditions (9.2.1)
and (9.1.3) with j ≤ 3 hold, and z in (9.3.3) is chosen so that

y − z = Ãv, ||v|| <
1

2M2c0(1 + c0)
,

where c0 is the constant from (9.2.1), and Ã = F ′(y).
Then

lim
ε→0

||wε − y|| = 0, (9.3.4)

where y is a solution to (9.3.2).

Proof of Theorem 9.3.1. Using Taylor’s formula, let us write equation
(9.3.3) as

0 = F (w) − F (y) + ε(w − y) + ε(y − z) = Ãεψ + η + εÃv, (9.3.5)

where Ãε := Ã + εI and

ψ = w − y, ||η|| ≤ M2||ψ||2
2

, η = η(w). (9.3.6)
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Equation (9.3.5) can be written as

ψ = Tψ, (9.3.7)

where

Tψ := −Ã−1
ε η − εÃ−1

ε Ãv. (9.3.8)

We claim, that the operator T maps a ball

BR := {ψ : ||ψ|| ≤ R}

into itself and is a contraction mapping in this ball. If this claim is estab-
lished, then the contraction mapping principle yields existence and unique-
ness of the solution to (9.3.7) in the ball BR. We choose R = R(ε) so
that

lim
ε→0

R(ε) = 0.

Thus

||wε − y|| ≤ R(ε) → 0 as ε → 0, (9.3.9)

and Theorem 9.3.1 is proved.
Let us verify the claim. Note that

||Ã−1
ε Ã|| = ||Ã−1

ε (Ã + ε − ε)|| ≤ 1 + c0.

Thus we have TBR ⊆ BR, provided that

||Tψ|| ≤ c0

ε

M2

2
R2 + ε(1 + c0)||v|| ≤ R. (9.3.10)

This inequality holds if

ε

c0M2
(1 − ρ) ≤ R ≤ ε

c0M2
(1 + ρ), (9.3.11)

where

ρ =
√

1 − 2c0(1 + c0)M2||v||, ||v|| <
1

2c0(1 + c0)M2
. (9.3.12)

Let us now verify that T is a contraction mapping in BR, where

R =
ε

c0M2
(1 − ρ). (9.3.13)
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Let p, q ∈ BR. Then

Tp − Tq = −Ã−1
ε [η(p) − η(q)], (9.3.14)

where

η(p) =
∫ 1

0

(1 − s)F ′′(y + sp)pp ds (9.3.15)

is the remainder in the Taylor formula

F (p) − F (y) = Ã(p − y) + η(p). (9.3.16)

If p, q ∈ BR, then

||η(p) − η(q)|| = ||
∫ 1

0

(1 − s)[F ′′(y + sp)pp − F ′′(y + sq)qq]ds||

≤
∫ 1

0

(1 − s){||[F ′′(y + sp) − F ′′(y + sq)pp]||
+ ||F ′′(y + sq)(pp − qq)||}ds

≤
∫ 1

0

ds(1 − s)(M3sR
2 + 2M2R)||p − q||. (9.3.17)

Thus,

||η(p) − η(q)|| ≤
(

M2R +
M3R

2

6

)
||p − q||. (9.3.18)

From (9.3.14), (9.3.18) and (9.2.1) we get

||Tp − Tq|| ≤ c0
M2R

ε

(
1 +

M3R

6M2

)
||p − q||. (9.3.19)

This and (9.3.13) imply

||Tp − Tq|| ≤ (1 − ρ + O(ε))||p − q||, ε → 0, p, q ∈ BR. (9.3.20)

Therefore, for sufficiently small ε, the mapping T is a contraction mapping
in BR, where R is given by (9.3.13).

Theorem 9.3.1 is proved. �

Remark 9.3.1. If Ã := F (y) 	= 0, then one can always choose z so that

y − z = Ãv, ||v|| < b, (9.3.21)

where b > 0 is an arbitrary small fixed number. Indeed, if Ã 	= 0 then there
exists an element p 	= 0 such that Ãp 	= 0. Choose z such that y−z = λÃp,
where λ = const and |λ| ||p|| < b. Then v = λp, ||v|| < b.
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Remark 9.3.2. If one can choose z = 0 in Theorem 9.3.1, i.e., if y = Ãv
and ||v|| is sufficiently small, then the solution to equation (9.3.1) tends to
y as ε → 0.

In this case the DSM (9.2.4) yields a solution to equation (9.3.2) by the
formula:

y = lim
ε→0

lim
t→∞uε(t), (9.3.22)

where uε(t) is the solution to problem (9.2.4).



Chapter 10

DSM and Newton-type
methods without inversion of
the derivative

In this Chapter we construct the DSM so that there is no need to invert
F ′(u).

10.1 Well-posed problems

A Newton-type DSM requires calculation of [F ′(u)]−1, see (3.2.2).
This is a difficult and time-consuming step. Can one avoid such a step?

In this Section we assume that conditions (9.1.2) and (9.1.3) hold, and
equation

F (u) = f (10.1.1)

has a solution y.
Consider the following DSM:

u̇ = −Q[F (u) − f ], t ≥ 0, (10.1.2)

Q̇ = −TQ + A∗, (10.1.3)

u(0) = u0, Q(0) = Q0, (10.1.4)

where

A := F ′(u), T := A∗A, (10.1.5)

u0 ∈ H, and Q(t) is an operator-valued function.
Our result is the following theorem.

149
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Theorem 10.1.1. Assume (9.1.2), (9.1.3). Suppose that equation (10.1.1)
has a solution y, u0 is sufficiently close to y, and Q0 is sufficiently close
to Ã−1, where Ã := F ′(y). Then problem (10.1.2) - (10.1.4) has a unique
global solution, there exists u(∞), u(∞) = y, i.e.,

lim
t→∞ ||u(t) − y|| = 0, (10.1.6)

and

lim
t→∞ ||Q(t) − Ã−1|| = 0. (10.1.7)

Proof of Theorem 10.1.1. From our assumptions the existence and unique-
ness of the local solution to problem (10.1.2) - (10.1.4) follows. If we derive
a uniform with respect to t bound on the norm ||u(t)||+ ||Q(t)|| ≤ c, then,
as in Section 2.6, we prove that the local solution to (10.1.2) - (10.1.4) is a
global one. First, let us estimate the norm ||Q(t)|| uniformly with respect
to t. We use Theorem 5.2.1 and estimate (5.2.4). Since A is invertible,
there is a constant ε = const > 0 such that

(Th, h) ≥ ε||h||2. (10.1.8)

Therefore estimate (5.2.4) yields

||Q(t)|| ≤ e−εt[||Q0|| +
∫ t

0

M1e
εsds] ≤ ||Q0|| + M1

ε
:= c1. (10.1.9)

Thus, ||Q(t)|| is bounded uniformly with respect to t.
Let us now estimate ||u(t)||. We denote

w := u(t) − y, ||w(t)|| := g(t),

and use Taylor’s formula:

F (u) − f = F (u) − F (y) = Ãw + K(w), (10.1.10)

where

||K(w)|| ≤ M2

2
||w||2,

and M2 is the constant from (9.1.3). Thus equation (10.1.2) can be written
as

ẇ = −QÃw − QK(w). (10.1.11)
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Define

Λ := I − QÃ. (10.1.12)

Then

ẇ = −w + Λw − QK(w). (10.1.13)

Multiply this equation by w and get

gġ ≤ −g2 + λg2 +
c1M2

2
g3,

and

ġ ≤ −γg + c2g
2, γ := −1 − λ, γ ∈ (0, 1). (10.1.14)

Here we have used the estimate

(Λw,w) ≤ λ||w||2, λ ∈ (0, 1), (10.1.15)

which will be proved later.
From (10.1.14) one derives

g(t) ≤ re−γt, r :=
g(0)

1 − g(0)c2
, (10.1.16)

and we assume that

g(0)c2 < 1. (10.1.17)

Assumption (10.1.17) is always justified if g(0) is sufficiently small, i.e. if
||u0 − y|| is sufficiently small.

Let us verify inequality (10.1.15). Using definition (10.1.12) and differ-
entiating it with respect to time, one gets:

Λ̇ = −Q̇Ã. (10.1.18)

This equation, (10.1.12) and (10.1.3) yield:

Λ̇ = (TQ − A∗)Ã = T (I − Λ) − A∗Ã = −TΛ + A∗(A − Ã). (10.1.19)

We have

||A∗(A − Ã)|| ≤ M1M2g(t) ≤ M1M2re
−γt, (10.1.20)

where r is given by (10.1.16).
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Let us apply estimate (5.2.4) and inequality (10.1.8) to equation (10.1.19).
This yields:

||Λ(t)|| ≤ e−εt

(
||Λ(0)|| +

∫ t

0

M1M2re
−γseεsds

)
. (10.1.21)

Thus

||Λ(t)|| ≤ ||Λ(0)|| + cg(0) := λ, (10.1.22)

where

c :=
M1M2

1 − g(0)c2
sup
t≥0

e−γt − e−εt

ε − γ
. (10.1.23)

Estimate (10.1.22) shows that λ ∈ (0, 1) if ||Λ(0)|| and ||u0 − y|| are suffi-
ciently small.

To complete the proof of Theorem 10.1.1 we need to verify formula
(10.1.17). Estimate (10.1.21) implies:

lim
t→∞ ||Λ(t)|| ≤ O(e−min(ε,γ)t) → 0 as t → ∞. (10.1.24)

This formula and (10.1.12) imply

lim
t→∞ ||Q(t)Ã − I|| = 0,

and since Ã−1 is a bounded operator, we get

lim
t→∞ ||Q(t) − Ã−1|| = 0. (10.1.25)

Theorem 10.1.1 is proved. �

10.2 Ill-posed problems

In this Section we assume (9.1.3), but not (9.1.2). Let

F ′(u) := A, T := A∗A, T̃ = Ã∗Ã, Ã := F ′(y), (10.2.1)

where y is a solution to the equation

F (u) = f. (10.2.2)

Consider the following DSM:

u̇ = −Q[A∗(F (u) − f) + ε(t)(u − z)], (10.2.3)
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Q̇ = −Tε(t)Q + I, (10.2.4)

u(0) = u0, Q(0) = Q0, (10.2.5)

where z is an element which we choose later.
Assume that:

0 < ε(t) ↘ 0,
|ε̇|
ε

≤ γ

2
,

|ε̇(t)|
ε2(t)

≤ b, lim
t→∞

|ε̇(t)|
ε2(t)

= 0,

∫ ∞

0

ε(s)ds = ∞, (10.2.6)

where γ is defined in formula (10.2.14) below, and

||w(t)|| = g(t), b = const > 0.

Let

w := u(t) − y,

and assume that z is chosen so that

y − z = T̃ v, ||v|| ≤ λγ

4c2ε2(0)
, (10.2.7)

see inequality (10.2.21) below.
Define

Λ := I − QT̃ε(t). (10.2.8)

From equation (10.2.4) and estimate (5.2.4) we get:

||Q(t)|| ≤ e−
R t
0 ε(s)ds

[
||Q(0)|| +

∫ t

0

e−
R s
0 ε(p)dpds

]

≤ ||Q(0)|| + 1
ε(t)

≤ c1

ε(t)
(10.2.9)

Let us write equation (10.2.3) as

ẇ = −w + Λw + Q(Ã∗ − A∗)Ãw + Q(Ã∗ − A∗)K − εQT̃v, (10.2.10)

where v is defined (10.2.7) and K is defined in (10.1.10). We have

||Ã|| ≤ M1, ||Ã∗ − A∗|| ≤ M2g, ||Q|| ≤ c1

ε(t)
, ||w|| := g,
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so

||Q(Ã∗ − A∗)Ãw|| ≤ c1

ε(t)
M1M2g

2(t),

and

||Q(Ã∗ − A∗)K|| ≤ c1

ε(t)
2M1

M2

2
g2(t) =

c1M1M2g
2

ε(t)
. (10.2.11)

We will prove below that

||QT̃ || ≤ c2, (10.2.12)

and

||Λ|| ≤ λ0 < 1, (10.2.13)

where λ0 is a positive constant independent of t.
We define constant γ by the formula:

γ := 1 − λ0, γ ∈ (0, 1). (10.2.14)

Multiply (10.2.10) by w and use estimates (10.2.11) - (10.2.14) to get

ġg ≤ −γg2 +
c0

ε(t)
g3 + c2ε(t)||v||g, (10.2.15)

where

c0 := 2c1M1M2, (10.2.16)

and c2 is the constant from (10.2.12).
Since g(t) ≥ 0, we obtain from (10.2.15) the inequality

ġ ≤ −γg(t) +
c0

ε(t)
g2 + c2ε(t)||v||, γ ∈ (0, 1). (10.2.17)

We apply to this differential inequality Theorem 5.1.1. Let us check con-
ditions (5.1.2) - (5.1.4), which are the assumptions in this theorem. We
take

μ =
λ

ε(t)
, where λ = const > 0.

Condition (5.1.2) for inequality (10.2.17) takes the form:

c0

ε(t)
≤ λ

2ε(t)

(
γ − |ε̇(t)|

ε(t)

)
. (10.2.18)
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Using (10.2.6) one concludes that this inequality is satisfied if

4c0

γ
≤ λ. (10.2.19)

Condition (5.1.3) for inequality (10.2.17) is:

c0ε(t)||v|| ≤ λ

2ε(t)

(
γ − |ε̇(t)|

ε(t)

)
. (10.2.20)

This inequality is satisfied if

4c2

λγ
ε2(0)||v|| ≤ 1. (10.2.21)

Inequality (10.2.21) is satisfied if ||v|| is sufficiently small. Finally, condition
(5.1.4) is

||u0 − y|| λ

ε(0)
< 1. (10.2.22)

Inequality (10.2.22) holds if ||u0 − y|| is sufficiently small.
Thus, if

λ ≥ 4c0

γ
,

then condition (10.2.19) holds; if

||v|| ≤ λγ

4c2ε2(0)
,

then condition (10.2.21) holds; and, finally, if

||u0 − y|| <
ε(0)
λ

,

then condition (10.2.22) holds. If these conditions hold, then the inequality
(5.1.6) yields:

||u(t) − y|| <
ε(t)
λ

. (10.2.23)

This estimate yields a uniform bound on the norm ||u(t)||, and therefore
implies the global existence of the solution to problem (10.2.3) - (10.2.5),
the existence of u(∞) and the relation u(∞) = y, where y solves equation
(10.2.2).
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To complete the argument we have to prove estimates (10.2.12) and
(10.2.13). Estimate (10.2.12) follows from (10.2.13) and from the definition
(10.2.8). Let us prove (10.2.13). Using definition (10.2.8) we derive:

Λ̇ = −Q̇T̃ε(t) − Qε̇. (10.2.24)

Using equations (10.2.4) and (10.2.24), we obtain

Λ̇ = −Tε(t)Λ + Tε(t) − T̃ε(t) − Qε̇. (10.2.25)

This equation and Theorem 5.2.1 yield:

||Λ(t)|| ≤ e−
R t
0 ε(s)ds

[||Λ(0) +
∫ t

0

e−
R s
0 ε(p)dp(||Tε(t) − T̃ε(t)||

+ ||Q(s)|| |ε̇(s)|)ds
]

(10.2.26)

Using inequality (10.2.23), we derive the following estimate:

||Tε(t) − T̃ε(t)|| = ||A∗A − Ã∗Ã|| ≤ 2M1M2||u(t) − y||

≤ 2M1M2ε(t)
λ

. (10.2.27)

Using (10.2.9), we get

||Q(s)|| |ε̇(s)| ≤ c1
|ε̇(s)|
ε(s)

. (10.2.28)

From (10.2.26) - (10.2.28) we obtain:

||Λ(t)|| ≤ ||Λ(0)|| + 2M1M2

λ
+ b, (10.2.29)

where the following estimate

e−
R t
0 ε(s)ds

∫ t

0

ε(s)e−
R s
0 ε(p)dpds = 1 − e−

R t
0 ε(s)ds ≤ 1 (10.2.30)

was used.
Assume that

||Λ(0)|| + 2M1M2

λ
+ b ≤ λ0 < 1. (10.2.31)

Then condition (10.2.13) holds and, therefore, inequality (10.2.12) holds.
Condition (10.2.31) holds if

||I − Q(0)T̃ε(0)|| < 1.
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Indeed, one can choose ε(t) such that b > 0 is as small as one wishes. For
example, if

ε(t) =
C

(a + t)q
,

then

|ε̇|
ε2

=
q

C(a + t)1−q
≤ q

Ca1−q
, 0 < q < 1, (10.2.32)

and this number can be made as small as one wishes by taking C sufficiently
large. The term 2M1M2

λ can be made as small as one wishes by choosing λ
sufficiently large.

Let us formulate the result we have proved.

Theorem 10.2.1. Assume that equation (10.2.2) has a solution y, possibly
non-unique, that ε(t) satisfies (10.2.6), and that ||u0 − y|| and
||I − Q(0)T̃ε(0)|| are sufficiently small. Then problem (10.2.3) - (10.2.5)
has a unique global solution and estimate (10.2.23) holds.

Remark 10.2.1. Estimate (10.2.23) implies that u(∞) = y solves equation
(10.2.2).

Remark 10.2.2. In contrast to the well-posed case (see Theorem 10.1.1
from Section 10.1), we do not prove in the case of ill-posed problems the
convergence of Q(t) as t → ∞ . The reason is: the inverse of the limiting
operator T−1 does not exist, in general.

Remark 10.2.3. If ||T̃ || < ∞, then the condition

||I − Q(0)T̃ε(0)|| < 1

can be satisfied algorithmically in spite of the fact that we do not know y
and, consequently, we do not know T̃ε(0). For example, if one takes

Q(0) = cI,

where c > 0 is constant, and denote ε(0) := ν, then

||I − Q(0)T̃ε(0)|| = sup
0≤s≤||T̃ ||

∣∣∣∣1 − c

ν + s

∣∣∣∣ = 1 − c

ν + ||T̃ε(0)||
< 1,

provided that

c

ν + ||T̃ε(0)||
< 1.
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Chapter 11

DSM and unbounded operators

In this Chapter we consider the case when the operator F in the equation
F (u) = 0 is unbounded.

11.1 Statement of the problem

Consider the equation

G(u) := Lu + g(u) = 0, (11.1.1)

where L is a linear closed, unbounded, densely defined operator in a Hilbert
space H, which has a bounded inverse,

||L−1|| ≤ m, (11.1.2)

while g is a nonlinear operator which satisfies assumptions (1.3.2). The
operator G in (11.1.1) is not continuously Fréchet differentiable in the stan-
dard sense if L is unbounded. Recall that the standard definition of the
Fréchet derivative at a point u requires the existence of a bounded linear
operator A(u) such that

F (u + h) = F (u) + A(u)h + o(||h||) as ||h|| → 0. (11.1.3)

If G is defined by formula (11.1.1), then formally

G′(u) := A := A(u) = L + g′(u),

but in the standard definition the element h ∈ H in (11.1.3) is arbitrary,
subject to the condition ||h|| → 0. In the case of unbounded G, defined in
(11.1.1), the element h cannot be arbitrary: it has to belong to the domain
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D(L) of L. The operator A = L + g′(u) has the domain D(A) = D(L)
dense in H, D(L) is a linear manifold in H. If assumption (11.1.2) holds,
then equation (11.1.1) is equivalent to

F (u) := u + L−1g(u) = 0. (11.1.4)

To this equation we can apply the theory developed for equations which
satisfy assumption (1.3.2). We have

F ′(u) = I + L−1g(u), sup
u∈B(u0,R)

||F ′(u)|| ≤ M1(R), (11.1.5)

and

sup
u∈B(u0,R)

||F ′′(u)|| ≤ M2(R).

If equation (11.1.1) has a solution, then this solution solves equation
(11.1.4), so we may apply the results of Chapters 3, 6 - 10 to equation
(11.1.4). For example, Theorem 3.2.1 from Section 3.2 yields the following
result.

Theorem 11.1.1. Assume that equation (11.1.1) is solvable, L is a densely
defined, closed linear operator, (11.1.2) holds, and the operator F , defined
in (11.1.4), satisfies assumptions (1.3.1), (1.3.2), and (3.2.6).

Then the problem

u̇ = −[F ′(u)]−1F (u), u(0) = u0, (11.1.6)

has a unique global solution u(t), there exists u(∞), and F (u(∞)) = 0.

If condition (1.3.1) is not satisfied, then problem (11.1.4) can be treated
by the methods developed in Chapters 6 - 10.

An example of such treatment is given in Section 11.2.
Example 11.1.1. Consider a semilinear elliptic problem:

−Δu + g(u) = f in D, u|S = 0, (11.1.7)

where D ⊂ R
3 is a bounded domain with a smooth boundary S, f ∈ L2(D)

is a given function, g(u) is a smooth nonlinear function and we assume that

g(u) ≥ 0, g′(u) ≥ 0. (11.1.8)

Then one can check easily that problem (11.1.7) has no more than one
solution. If the solution u of problem (11.1.7) exists, then it solves the
problem

F (u) := u + L−1g(u) = h, h := L−1f, (11.1.9)
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where L−1 := (−Δ)−1, and −Δ is the Dirichlet Laplacian. It is well known
that estimate (11.1.2) holds for L−1 = (−Δ)−1 in a bounded domain. The
operator F in (11.1.9) satisfies conditions (1.3.1) and (1.3.2).

Thus, one can solve equation (11.1.9) by the DSM (11.1.6).

11.2 Ill-posed problems

In this Section we consider equation (11.1.1) under the assumption (11.1.2),
and the equivalent equation (11.1.4), and we assume that the operator
F satisfies condition (1.3.2) but not (1.3.1). We assume that equations
(11.1.1) and, therefore, equation (1.1.4) have a solution y, and

Ã := F ′(y) 	= 0.

Under these assumptions we may apply Theorem 7.1.1.
Consider the following equation

F (u) := u + B(u) = f, B(u) := L−1g(u), (11.2.1)

which is equation (11.1.4), and the DSM for solving this equation:

u̇ = −T−1
a(t) [A∗(F (u) − f) + a(t)(u − z)] , u(0) = u0, (11.2.2)

where the notations are the same as in Section 7.1, see (7.1.4).
Theorem 7.1.1 from Section 7.1 gives sufficient conditions for the exis-

tence and uniqueness of the global solution u(t) to problem (11.2.2), for
the existence of u(∞) = y, where F (y) = 0.

Theorem 7.2.1 from Section 7.2, applied to equation (11.2.1) with noisy
data fδ, ||fδ − f || ≤ δ , given in place of the exact data f , allows us to use
DSM (11.2.2) with fδ in place of f . In particular, this Theorem yields the
existence of the stopping time tδ such that the element uδ(tδ) converges to
y as δ → 0. Here uδ(t) is the solution to problem (11.2.2) with fδ in place
of f and y is a solution to equation (11.2.1).
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Chapter 12

DSM and nonsmooth operators

In this Chapter we study the equation F (u) = 0 with monotone operator
F without assuming that F ∈ C2

loc.

12.1 Formulation of the results

Consider the equation

F (u) = 0, (12.1.1)

where F is a monotone operator in a Hilbert space H:

(F (u) − F (v), u − v) ≥ 0, ∀u, v ∈ H. (12.1.2)

We do not assume in this Chapter that F ∈ C2
loc. We assume that F is

defined on all of H and is hemicontinuous.

Definition 12.1.1. F is called hemicontinuous if sn → +0 implies

F (u + snv) ⇀ F (u) ∀u, v ∈ H,

and demicontinuous if un → u implies F (un) ⇀ F (u). Here ⇀ denotes
weak convergence in H.

We also assume that equation (12.1.1) has a solution, and denote by
y the unique minimal-norm solution to equation (12.1.1). This solution is
well-defined due to Lemmas 6.1.2 and 6.1.3 from Section 6.1. In Lemma
6.1.2 we assumed that F was continuous, but the conclusion of this lemma
remain valid if F is hemicontinuous and monotone.
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Lemma 12.1.1. If F is hemicontinuous and monotone, then the set

Nf := {u : F (u) = f}
is closed and convex.

Proof. Let un → u and F (un) = f . We want to prove that F (u) = f , i.e.,
the set Nf is closed. Since F is monotone we have:

(F (un)−F (u−tz), un−u+tz) ≥ 0, t = const > 0, ∀z ∈ H. (12.1.3)

Taking n → ∞ in (12.1.3) we get:

(f − F (u − tz), tz) ≥ 0. (12.1.4)

Let us take t → +0 and use the hemicontinuity of F . The result is:

(f − F (u), z) ≤ 0. (12.1.5)

Since z is arbitrary, it follows that F (u) = f . To check that Nf is convex
we use the argument used in the proof of Lemma 6.1.2.

Lemma 12.1.1 is proved. �

Lemma 12.1.2. If F is hemicontinuous and monotone, then F is demi-
continuous.

Proof. Let un → u. We want to prove that F (un) ⇀ F (u). Since F is
monotone and D(F ) = H, it is locally bounded in H (see e.g. [De], p.97).
Thus,

||F (un)|| ≤ c,

where c does not depend on n. Bounded sets in H are weakly precompact.
Consequently, we may assume that

F (un) ⇀ f.

Let us prove that f = F (u). This will complete the proof of Lemma 12.1.2.
By the monotonicity of F , we have inequality (12.1.3). Let n → ∞ in
(12.1.3) and get

(f − F (u − tz), z) ≥ 0, ∀z ∈ H. (12.1.6)

Taking t → +0 and using hemicontinuity of F , we obtain

(f − F (u), z) ≥ 0. (12.1.7)

Since z is arbitrary, inequality (12.1.7) implies

F (u) = f.

Lemma 12.1.2 is proved. �
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Consider the following DSM for solving equation (12.1.1):

u̇ = −F (u) − au, u(0) = u0, a = const > 0. (12.1.8)

Lemma 12.1.3. Assume that F is monotone, hemicontinuous, and D(F ) =
H. Then problem (12.1.8) has a unique global solution for any u0 ∈ H and
any a ≥ 0.

Proof. In this proof we use the known argument based on Peano approx-
imations (see e.g [De], p.99, and [R38]). Uniqueness of the solution to
(12.1.8) can be proved easily: if u(t) and v(t) solve (12.1.8) then w := u−v
solves the problem

ẇ = −[F (u) − F (v)] − aw, w(0) = 0. (12.1.9)

Multiply (12.1.9) by w and use the monotonicity of F to get

(ẇ, w) ≤ −a(w,w), w(0) = 0, a = const > 0. (12.1.10)

Integrating (12.1.10) yields w(t) = 0 ∀t > 0, i.e. u = v. To prove the
existence of the solution to (12.1.8), we define the solution to (12.1.8) as
the solution to the equation

u(t) = u0 −
∫ t

0

[F (u(s)) + au(s)]ds. (12.1.11)

We prove the existence of the solution to (12.1.11) with a = 0. The proof
for a > 0 is even simpler. Consider the solution to the following equation

un(t) = u0 −
∫ t

0

F (un(s − 1
n

))ds, un(t) = u0 for t ≤ 0. (12.1.12)

From (12.1.12) it follows that

||un(t) − u0|| ≤ ct, 0 ≤ t ≤ r

c
, (12.1.13)

where

c = sup
u∈B(u0,r)

||F (u)||, B(u0, r) := {u : ||u − u0|| ≤ r},

and c < ∞ because of the local boundedness of monotone operators defined
on all of H. From equation (12.1.8) (with a = 0) it follows that ||u̇|| ≤ c.
Define

znm := un(t) − um(t), ||znm|| = gnm(t). (12.1.14)
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Equation (12.1.8) with a = 0 implies:

gnm(t)ġnm(t) =
−(F

(
un

(
t − 1

n

))− F
(
um

(
t − 1

m

))
, un(t) − um(t)) := J.(12.1.15)

One has

J = −(F
(
un

(
t − 1

n

))− F
(
um

(
t − 1

m

))
, un

(
t − 1

n

)− um

(
t − 1

m

)
)

−(F
(
un

(
t − 1

n

))− F
(
um

(
t − 1

m

))
, un(t) − un

(
t − 1

n

)−(
um(t) − um

(
t − 1

m

))
).

Using the monotonicity of F and the estimates

||F (u)|| ≤ c, and ||u̇|| ≤ c,

we obtain:

J ≤
(∣∣∣∣
∣∣∣∣F
(

un

(
t − 1

n

))∣∣∣∣
∣∣∣∣+

∣∣∣∣
∣∣∣∣F
(

um

(
t − 1

m

))∣∣∣∣
∣∣∣∣
)

c

(
1
n

+
1
m

)

≤ 2c2

(
1
n

+
1
m

)
.

Thus (12.1.15) implies

d

dt
g2

nm(t) ≤ 4c2

(
1
n

+
1
m

)
→ 0 as n, m → ∞; gnm(0) = 0. (12.1.16)

Consequently we obtain

lim
n,m→∞ gnm(t) = 0, 0 ≤ t ≤ r

c
. (12.1.17)

From (12.1.17) we conclude that the following limit exists

lim
n→∞un(t) = u(t), 0 ≤ t ≤ r

c
. (12.1.18)

Since F is demicontinuous, this implies

F (un(t)) ⇀ F (u(t)). (12.1.19)

Using (12.1.18) and (12.1.19), let us pass to the limit n → ∞ in (12.1.12)
and obtain

u(t) = u0 −
∫ t

0

F (u(s))ds, t ≤ r

c
. (12.1.20)
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Here we have used the relation

F

(
un

(
t − 1

n

))
⇀ F (u(t)) as n → ∞. (12.1.21)

This relation follows from the formula

un

(
t − 1

n

)
→ u(t) as n → ∞. (12.1.22)

Indeed

||un

(
t − 1

n

)
− u(t)|| ≤ ||un

(
t − 1

n

)
− un(t)|| + ||un(t) − u(t)||.

The second term on the right converges to zero due to (12.1.18), and the
first term is estimated as follows:

||un

(
t − 1

n

)
− un(t)|| ≤ c

1
n
→ 0 as n → ∞, (12.1.23)

where c is the constant from (12.1.13). We can differentiate the solution
u(t) of the equation (12.1.20) in the weak sense because convergence in
(12.1.19) is the weak convergence. Therefore (12.1.20) implies that

u̇ = −F (u), u(0) = u0, (12.1.24)

where the derivative u̇ is understood in the weak sense, i.e.,

d

dt
(u(t), η) = −(F (u(t)), η) ∀η ∈ H.

If we would assume that F is continuous rather than hemicontinuous, then
the derivative u̇ could be understood in the strong sense.

Let us prove that the solution u(t) of the equation (12.1.20) exists for
all t ≥ 0. Assume the contrary: the solution u(t) to (12.1.24) exists on the
interval [0, T ] but does not exist on [0, T + d], where d > 0 is arbitrarily
small. This assumption leads to a contradiction if we prove that the limit

lim
t→T−0

u(t) = u(T )

exists and is finite, because in this case one can take u(T ) as the initial data
at t = T and construct the solution to equation (12.1.24) on the interval
[T, T + d], d > 0, so that the solution u(t) will exist on [0, T + d], contrary
to our assumption.
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To prove that the finite limit u(T ) exists, let

u(t + h) − u(t) := z(t), ||z(t)|| = g(t), t + h < T. (12.1.25)

We have

ż = −[F (u(t + h)) − F (u(t))], z(0) = u(h) − u(0). (12.1.26)

Multiply (12.1.26) by z and use the monotonicity of F , to get

(ż, z) ≤ 0, z(0) = u(h) − u(0). (12.1.27)

Thus,

||u(t + h) − u(t)|| ≤ ||u(h) − u(0)||. (12.1.28)

We have

lim
h→0

||u(h) − u(0)|| = 0.

Therefore,

lim
h→0

||u(t + h) − u(t)|| = 0. (12.1.29)

This relation holds uniformly with respect to t and t+h such that t+h < T
and t < T .

By the Cauchy criterion for convergence, relation (12.1.29) implies the
existence of a finite limit

lim
t→T−0

u(t) := u(T ). (12.1.30)

Lemma 12.1.3 is proved. �

Lemma 12.1.4. If we denote by ua(t) the unique solution to (12.1.8), then

lim
a→0

||ua(t) − u(t)|| = 0 (12.1.31)

uniformly with respect to t ∈ [0, T ]. Here T > 0 is an arbitrary large fixed
number, and u(t) solves (12.1.24).

Proof. First, we check that

sup
t≥0

||ua(t)| ≤ c, (12.1.32)
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where the constant c does not depend on t. To prove (12.1.32), we start
with the equation

u̇a = −[F (ua) − F (0)] − F (0) − aua,

multiply it by ua and denote

g(t) := ||ua(t)||.
Then, using the monotonicity of F , we get

gġ ≤ c0g − ag2, c0 = ||F (0)||.
Thus

||ua(t)|| = g(t) ≤ g(0)e−at +
c0(1 − e−at)

a
≤ g(0) +

c0

a
. (12.1.33)

To prove (12.1.31), denote

w(t) := ua(t) − u(t).

Then

ẇ = −[F (ua) − F (u)] − aua, w(0) = 0. (12.1.34)

Multiply this equation by w, and use the monotonicity of F , to get

pṗ ≤ −a(ua, w) ≤ a||ua(t)||p(t),
p := ||w(t)|| = ||ua(t) − u(t)||, p(0) = 0. (12.1.35)

Thus

p(t) ≤ a

∫ t

0

||ua(s)||ds. (12.1.36)

If t ∈ [0, T ], then the first inequality (12.1.33) implies

max
0≤t≤T

a||ua(t)|| ≤ ag(0) + c0 max
0≤t≤T

|1 − e−at|. (12.1.37)

Passing to the limit a → 0 in (12.1.37) we obtain

lim
a→0

max
0≤t≤T

a||ua(t)|| = 0. (12.1.38)

From (12.1.38) and (12.1.36) the relation (12.1.31) follows.
Lemma 12.1.4 is proved. �
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Let us now state our main results.

Theorem 12.1.1. Assume that equation F (u) = 0 has a solution, possibly
non-unique, that F : H → H is monotone, continuous, D(F ) = H, and
a = const > 0. Then problem (12.1.8) has a unique global solution ua(t)
and

lim
a→0

lim
t→∞ ||ua(t) − y|| = 0, (12.1.39)

where y is the unique minimal-norm solution to equation F (u) = 0.

Theorem 12.1.2. Under the assumption of Theorem 12.1.1, let a = a(t).
Let us assume that

0 < a(t) ↘ 0, ȧ ≤ 0, ä ≥ 0; limt→∞ ta(t) = ∞;
limt→∞ ȧ

a = 0;
∫∞
0

a(s)ds = ∞. (12.1.40)

∫ t

0

e−
R t

s
a(τ)dτ |ȧ(s)|ds = O

(
1
t

)
as t → ∞.

Then the problem

u̇ = −F (u) − a(t)u, u(0) = u0 (12.1.41)

has a unique global solution and

lim
t→∞ ||u(t) − y|| = 0, (12.1.42)

where u(t) solves (12.1.41).

In Section 12.2 proofs of Theorems 12.1.1 and 12.1.2 are given.

Remark 12.1.1. Conditions (12.1.40) are satisfied, for example, by the func-
tion

a(t) =
c1

(c0 + t)b
, (12.1.43)

where c1, c0, b > 0 are constants, b ∈ (0, 1). The slow decay of a(t)
is important only for large t. For small t the function a(t) may decay
arbitrarily fast.
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12.2 Proofs

Proof of Theorem 12.1.1. The global existence of the solution ua(t) to prob-
lem (12.1.8) has been proved in Lemma 12.1.3. Let us prove the existence
of the limit ua(∞). Denote

w := ua(t + h) − ua(t), ||w(t)|| = g(t), h = const > 0.

Then (12.1.8) implies

ẇ = −F (ua(t + h)) − F (ua(t)) − aw, w(0) = u(h) − u(0). (12.2.1)

Multiply (12.2.1) by w and use the monotonicity of F to get

gġ ≤ −ag2, g(0) = ||u(h) − u(0)||. (12.2.2)

Thus

||ua(t + h) − ua(t)|| ≤ e−at||ua(h) − ua(0)||. (12.2.3)

From (12.2.3), (12.1.32), and the Cauchy criterion for the existence of the
limit as t → ∞, we conclude that the limit

lim
t→∞ua(t) = ua (12.2.4)

exists. Let us denote

zh(t) :=
ua(t + h) − ua(t)

h
, ψh(t) := ||zh(t)||.

Then

żh = − 1
h

[F (ua(t + h)) − F (ua(t))] − azh. (12.2.5)

Multiply (12.2.5) by zh and use the monotonicity of F to get

ψ̇hψh ≤ −aψ2
h. (12.2.6)

Thus

ψh(t) ≤ ψh(0)e−at. (12.2.7)

Let h → 0 in (12.2.7). Since we assumed F continuous, the derivative u̇(t)
exists in the strong sense, as the limit

u̇(t) = lim
h→0

zh(t),
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and one has:

lim
h→0

ψh(t) = ||u̇(t)||.

Thus, as h → 0, formula (12.2.7) yields

||u̇a(t)|| ≤ ||u̇a(0)||e−at. (12.2.8)

This inequality implies the existence of u(∞) and the following estimates:

||ua(t) − ua(0)|| ≤ ||u̇a(0)||1 − e−at

a
, (12.2.9)

and

||ua(t) − ua(∞)|| ≤ ||u̇a(0)||e
−at

a
. (12.2.10)

Estimate (12.2.8), the existence of u(∞) and the continuity of F , allow us
to pass to the limit t → ∞ in equation (12.1.8) and get

F (ua(∞)) + aua(∞) = 0. (12.2.11)

Let us prove that

lim
a→0

ua(∞) = y, (12.2.12)

where y is the unique minimal-norm solution to the equation

F (y) = 0. (12.2.13)

The proof of (12.2.12) is the same as the proof of Lemma 6.1.7: this proof
is valid for a hemicontinuous monotone operator F .

Theorem 12.1.1 is proved. �

Proof of Theorem 12.1.2. The global existence of the unique solution
to problem (12.1.41) follows from Lemma 12.1.3. Let us prove relation
(12.1.41). Equation (12.1.41) and the existence of a solution to (12.2.13)
imply:

sup
t≥0

||u(t)|| < c. (12.2.14)

Indeed, let

p(t) := u(t) − y, ||p(t)|| = q(t).
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Equation (12.1.41) implies

ṗ = −[F (u) − F (y)] − a(t)p − a(t)y. (12.2.15)

Multiply this equation by p and use the monotonicity of F to get

qq̇ ≤ −a(t)q2 + a(t)||y||q,

and

q̇ ≤ −a(t)q(t) + a(t)||y||. (12.2.16)

This implies

q(t) ≤ e−
R t
0 a(s)ds

[
q(0) +

∫ t

0

e
R s
0 a(τ)dτa(s)ds||y||

]
≤ ||q(0)|| + ||y||, (12.2.17)

because∫ t

0

e−
R t

s
a(τ)dτa(s)ds = 1 − e−

R t
0 a(τ)dτ ≤ 1.

Therefore

||u(t)|| ≤ q(t) + ||y|| ≤ ||q(0)|| + 2||y|| := c, (12.2.18)

so (12.2.14) is established.
Let us now prove that q(∞) = 0, i.e., the existence of u(∞) and the

relation u(∞) = y.
Using (12.1.41) we obtain

ẇ = −[F (u(t + h)) − F (u(t))] − [a(t + h)u(t + h) − a(t)u(t)],

where

w := u(t + h) − u(t).

Multiplying this equation by w and using the monotonicity of F , we derive:

gġ ≤ |a(t + h) − a(t)| ||u(t + h)||g − a(t)g2, (12.2.19)

where

g(t) := ||w(t)||,
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and

ġ ≤ −a(t)g(t) + ch|ȧ(t)|. (12.2.20)

Here we have used estimate (12.2.14) and the assumptions ȧ ≤ 0 and ä > 0,
which imply

|a(t + h) − a(t)| ≤ h|ȧ(t)|.

Inequality (12.2.20) implies

g(t) ≤ e−
R t
0 a(s)ds

[
g(0) + ch

∫ t

0

e
R s
0 a(τ)dτ |ȧ(s)|ds

]
. (12.2.21)

Let us derive from estimate (12.2.21) and assumptions (12.1.40) that

lim
t→∞ g(t) = 0 (12.2.22)

uniformly with respect to h running through any fixed compact subset of
R+ := [0,∞).

Indeed, the last assumption (12.1.40) implies

lim
t→∞ g(0)e−

R t
0 a(s)ds = 0, (12.2.23)

and an application of the L’Hospital rule yields

lim
t→∞

∫ t

0
e

R s
0 a(τ)dτ |ȧ(s)|ds

e
R t
0 a(s)ds

= lim
t→∞

|ȧ(t)|
a(t)

= 0, (12.2.24)

because of (12.1.40). Thus, the relation (12.2.22) is established.
From (12.2.14) it follows that there exists a sequence tn → ∞ such that

u(tn) ⇀ v. (12.2.25)

We want to pass to the limit tn → ∞ in equation (12.1.41) and obtain
F (v) = 0. To do this, we note that estimate (12.2.14) and the property
limt→∞ a(t) = 0 imply

lim
t→∞ a(t)u(t) = 0. (12.2.26)

Dividing inequality (12.2.21) by h and letting h → 0, we obtain

||u̇(t)|| ≤ e−
R t
0 a(s)ds

[
||u̇(0)|| + c

∫ t

0

e
R s
0 a(τ)dτ |ȧ(s)|ds

]
. (12.2.27)
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This inequality together with (12.2.23) and (12.2.24) implies

lim
t→∞ ||u̇(t)|| = 0. (12.2.28)

From (12.2.26), (12.2.28) and (12.1.41) it follows that

lim
t→∞F (u(t)) = 0. (12.2.29)

From (12.2.25), (12.2.29) and Lemma 6.1.4 it follows that

F (v) = 0. (12.2.30)

Let us prove now that

lim
n→∞u(tn) = v and v = y. (12.2.31)

From (12.2.25) we conclude that

||v|| ≤ lim inf
n→∞ ||u(tn)||. (12.2.32)

Let us prove that

lim sup
n→∞

||u(tn)|| ≤ ||v||. (12.2.33)

If (12.2.33) is proved, then (12.2.32) and (12.2.33) imply

lim
n→∞ ||u(tn)|| = ||v||. (12.2.34)

This relation together with weak convergence (12.2.25) imply strong con-
vergence (12.2.31).

So, let us verify (12.2.33). By the last assumption (12.1.40) we have

e−
R t
0 a(s)ds

∫ t

0

e
R s
0 a(τ)dτ |ȧ(s)|ds = O

(
1
t

)
as t → ∞. (12.2.35)

Thus, estimate (12.2.27) for a(t), defined in (12.1.43), implies

||u̇(t)|| = O

(
1
t

)
as t → ∞. (12.2.36)

Equation (12.2.30) and (12.1.41) imply:

(F (u(tn))−F (v), u(tn)−v)+a(tn)(u(tn), u(tn)−v) = −(u̇(tn), u(tn)−v).
(12.2.37)
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This relation holds for any solution to equation (12.2.30). Equation (12.2.37)
and the monotonicity of F imply

(u(tn), u(tn) − v) ≤ − 1
a(tn)

(u̇(tn), u(tn) − v). (12.2.38)

From (12.2.14), (12.2.36) and (12.2.38) we get

(u(tn), u(tn) − v) ≤ c

tna(tn)
→ 0 as n → ∞, (12.2.39)

because

lim
t→∞ ta(t) = ∞

by the assumption (12.1.40). From (12.2.39) we obtain (12.2.33). There-
fore, the first relation (12.2.31) is verified.

Let us prove that v = y. In formula (12.2.37) we can replace v by any
solution to equation (12.2.30). Let us replace v by y. Then (12.2.39) is
replaced by

||u(tn)||2 ≤ ||u(tn)||||y|| + c

tna(tn)
. (12.2.40)

Passing to the limit n → ∞, yields

lim sup
n→∞

||u(tn)|| ≤ ||y||. (12.2.41)

We have already proved that

lim sup
n→∞

||u(tn)|| = lim
n→∞ ||u(tn)|| = ||v||. (12.2.42)

Thus

||v|| = ||y||. (12.2.43)

Since y is the unique minimum-norm solution of equation (12.2.30) and v
solves this equation and has a norm greater than ||y||, it follows that v = y.

Theorem 12.1.2 is proved. �



Chapter 13

DSM as a theoretical tool

In this Chapter we give a sufficient condition for a nonlinear map to be
surjective and to be a global homeomorphism.

13.1 Surjectivity of nonlinear maps

In this Section we prove the following result.

Theorem 13.1.1. Assume that F : X → X is a C2
loc map in a Banach

space X and assumptions (1.3.1), (1.3.2) hold. Then F is surjective if

lim sup
R→∞

R

m(R)
= ∞. (13.1.1)

Proof. Consider the DSM:

u̇ = −[F ′(u)]−1(F (u) − f), u(0) = u0, (13.1.2)

where f and u0 are arbitrary. Arguing as in the proof of Theorem 3.2.1
we establish the existence and uniqueness of the global solution to (1.3.2)
provided that condition analogous to (3.2.6) holds:

||F (u0) − f ||m(R) ≤ R. (13.1.3)

If this condition holds, then u(∞) exists and

F (u(∞)) = f. (13.1.4)

Since f is arbitrary, the map F is surjective. Our assumption (13.1.1)
implies that for sufficiently large R and an arbitrary fixed u0 condition
(13.1.3) is satisfied.

Theorem 13.1.1 is proved. �
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13.2 When is a local homeomorphism a global one?

Let F : X → X satisfy conditions (1.3.1) and (1.3.2). Condition (1.3.1)
implies that F is a local homeomorphism, i.e., F maps a sufficiently small
neighborhood of an arbitrary point u0 onto a small neighborhood of the
point F (u0) bijectively and bicontinuously.

It is well-known that a local homeomorphism may be not a global one.
See an example in Section 2.6. Here is another one.

Example 13.2.1. Let

F : R
2 → R

2, F (u) =
(

arctanu1

u2(1 + u2
1)

)
.

Then det F ′(u) = 1, but F is not surjective. Indeed

F ′(u) =
( 1

1+u2
1

0
2u1u2 1 + u2

1

)
, det F ′(u) = 1,

so

[F ′(u)]−1 =
(

1 + u2
1 0

−2u1u2
1

1+u2
1

)
.

There is no point u =
(

u1

u2

)
such that F (u) =

(
π
2
1

)
.

This example can be found in [OR].

J. Hadamard has proved in 1906 (see [Ha]) the following result:

Proposition 13.2.1. If

F : R
n → R

n, F ∈ C1
loc(R

n), and sup
u∈Rn

||[F ′(u)]−1|| ≤ m, (13.2.1)

then F is a global homeomorphism of R
n onto R

n.

This result was generalized later to Hilbert and Banach spaces (see [OR]
and references therein).

Our aim is to give the following generalization of the Hadamard’s result.

Theorem 13.2.2. Assume that F : H → H satisfies assumption (1.3.2)
and

||[F ′(u)]−1|| ≤ ψ(||u||), (13.2.2)
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where H is a Hilbert space and ψ(s) > 0 is a continuous function on [0,∞)
such that∫ ∞

0

ds

ψ(s)
= ∞. (13.2.3)

Then F is a global homeomorphism of H onto H.

Remark 13.2.1. One can take, for example, ψ(s) = m = const, and then
the assumption (13.2.2) reduces to (13.2.1). One can take ψ(s) = as + b,
where a, b > 0 are constants.

Proof of Theorem 13.2.2. It follows from (13.2.2) that F is a local homeo-
morphism. We want to prove that F is injective and surjective.

Let us first prove that (13.2.2) implies surjectivity of F .
Consider problem (13.1.2). Denote

||F (u(t)) − f || := g(t). (13.2.4)

Under the assumptions of Theorem 13.2.2 problem (13.1.2) has a unique
local solution. We will establish a uniform with respect to t bound

sup
t

||u(t)|| ≤ c, (13.2.5)

and then the local solution to (13.1.2) is a global one (see Lemma 2.6.1).
Then we prove the existence of u(∞) and that u(∞) solves equation (13.1.4).
This will prove the surjectivity of F .

We have, using (13.1.2),

gġ = Re(F ′(u)u̇, F (u) − f) = −g2.

Thus

g(t) = g(0)e−t. (13.2.6)

This and (13.1.2) imply

||u̇|| ≤ ψ(||u||)g(0)e−t. (13.2.7)

Note that

||u||̇ ≤ ||u̇||. (13.2.8)

Indeed, differentiate (u, u) = |u||2 with respect to t and get

2||u||||u||̇ = 2Re(u̇, u) ≤ 2||u̇||||u||.
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If ||u(t)|| > 0 then we get (13.2.8). If the closure of the set of points t at
which u(t) = 0 contains an open set, then on this set ||u||̇ = ||u̇|| = 0, so
(13.2.8) holds. If inequality (13.2.8) holds everywhere except on a nowhere
dense set, then by continuity of ||u̇(t)|| it holds everywhere.

Thus, denoting ||u(t)|| := s, we can derive from (13.2.7) the inequality

∫ ||u(t)||

||u0||

ds

ψ(s)
≤ g(0)(1 − e−t). (13.2.9)

Thus inequality and assumption (13.2.3) imply estimate (13.2.5). From
(13.2.5) and (13.2.7) it follows that

||u̇(t)|| ≤ c1e
−t, (13.2.10)

where

c1 := g(0) max
0≤s≤c

ψ(s).

Estimate (13.2.10) implies the existence of u(∞) and the inequalities

||u(t) − u(∞)|| ≤ c1e
−t, ||u(t) − u0|| ≤ c1. (13.2.11)

Passing to the limit t → ∞ in equation (13.1.2) and taking into account
(13.2.10) we derive equation

F (v) − f = 0, v := u(∞). (13.2.12)

Since f is arbitrary, the map F is surjective.
Let us now prove that F is injective, i.e., F (v) = F (w) implies w = v.

The idea of our proof is simple. We started with the initial approximation
u0 in problem (13.1.2) and constructed v = u(∞; u0). We wish to consider
the straight line

u0(s) = u0 + s(w − u0), u0(0) = u0, u0(1) = w, (13.2.13)

and for each u0(s) we construct

u(t, s) := u(t, u0(s)).

We will show that

u(∞, s) = w ∀s ∈ [0, 1]. (13.2.14)

This implies w = v.
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To verify (13.2.14) we show that if

||u(∞, s) − u(∞, s + σ)||

is sufficiently small, then the equation

F (u(∞, s)) = F (u(∞, s + σ)) = f

implies

u(∞, s) = u(∞, s + σ), (13.2.15)

because F is a local homeomorphism.
We prove that

||u(∞, s) − u(∞, s + σ)|| ≤ c||u(0, s) − u(0, s + σ)|| ≤ c2σ, (13.2.16)

where

c2 := c||w − u0||,

so that ||u(∞, s) − u(∞, s + σ)|| is as small as we wish if σ is sufficiently
small. Thus, in finitely many steps we can reach the point s = 1, and at
each step we will have equation (13.2.14). So, our proof will be complete
if we verify estimate (13.2.16).

Let us do this. Denote

x(t) := u(t, s + σ) − u(t, s), η(t) := ||x(t)||, (13.2.17)

z := u(t, s + σ), ζ := u(t, s), z − ζ = x = x(t). (13.2.18)

Using (13.2.10), (13.1.2) and (1.3.2), we get:

ηη̇ = −([F ′(z)]−1(F (z) − f) − [F ′(ζ)]−1(F (ζ) − f), x(t))
= (([F ′(z)]−1 − [F ′(ζ)]−1)(F (z) − f), x(t))

−([F ′(z)]−1(F (z) − F (ζ)), x(t))
≤ ce−tη2 − η2 + cη3, η ≥ 0. (13.2.19)

Here we have used the following estimates:

||[F ′(z)]−1 − [F ′(ζ)]−1|| ≤ c||z − ζ||, (13.2.20)

||F (z) − f || ≤ ce−t, (13.2.21)

F (z) − F (ζ) = F ′(ζ)(z − ζ) + K, ||K|| ≤ M2η
2(t)

2
, (13.2.22)
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||[F ′(ζ)]−1|| ≤ c, (13.2.23)

where c > 0 denotes different constants independent of time. From equa-
tion (13.2.19) we obtain the following inequality:

η̇ ≤ −η + ce−tη + cη2, η(0) = ||u(0, s + σ)− u(0, s)|| := δ. (13.2.24)

Let us define q = q(t) by formula:

η = q(t)e−t. (13.2.25)

Then (13.2.24) yields:

q̇ ≤ ce−t(q + q2), q(0) = δ. (13.2.26)

We integrate (13.2.26) and get

∫ q(t)

δ

dq

q + q2
≤ c(1 − e−t). (13.2.27)

This implies

ln
q(δ + 1)
(q + 1)δ

≤ c,
q

q + 1
≤ δ

δ + 1
ec := c2δ, (13.2.28)

where c2 = ec

δ+1 . We assume that

c2δ < 1. (13.2.29)

Then (13.2.28) yields

q(t) ≤ c3δ. (13.2.30)

Therefore

||u(t, s + σ) − u(t, s)|| := η(t)
≤ c3δe

−t||u(0, s + σ) − u(0, s)|| ≤ c4e
−tσ. (13.2.31)

We have verified estimate (13.2.16). This completes the proof of injectivity
of F .

Theorem 13.2.2 is proved. �



Chapter 14

DSM and iterative methods

14.1 Introduction

In this Chapter a general approach to constructing convergent iterative
schemes is developed. This approach is based on the DSM. The idea is
simple. Suppose we want to solve an operator equation F (u) = 0 which
has a solution, and we have justified a DSM method

u̇ = Φ(t, u), u(0) = u0 (14.1.1)

for solving equation F (u) = 0. Suppose also that a dicretization scheme

un+1 = un + hnΦ(tn, un), u0 = u0, tn+1 = tn + h, (14.1.2)

converges to the solution of (14.1.1) and one can choose hn so that

∞∑
n=1

hn = t,

where t ∈ R+ is arbitrary, then (14.1.2) is a convergent iterative process
for solving equation F (u) = 0.

Iterative methods for solving linear equations have been discussed in
Section 2.4 and 4.4. The basic result we have proved in these Sections can
be described as follows:

Every solvable linear equation Au = f with a closed densely defined
operator in a Hilbert space H can be solved by a convergent iterative process.

If the data fδ are given, such that ||fδ − f || ≤ δ, then the iterative
process gives a stable approximation to the minimal-norm solution of the
equation Au = f provided that iterations are stopped at n = n(δ), where
n(δ) is suitably chosen.

183
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In Section 14.2 we construct an iterative method for solving well-posed
problems. We prove that every solvable well-posed operator equation can
be solved by an iterative method which converges at an exponential rate. In
Section 14.3 we construct an iterative process for solving ill-posed problems
with monotone operators. We prove that any solvable nonlinear operator
equation F (u) = f with C2

loc monotone operator F can be solved by an
iterative process which converges to the unique minimal-norm solution y
of this equation for any choice of the initial approximation. In Section 14.4
we deal with iterative processes for general nonlinear equations.

14.2 Iterative solution of well-posed problems

Consider the equation

F (u) = 0, (14.2.1)

where F : H → H satisfies conditions (1.3.1) and (1.3.2) and H is a Hilbert
space. Let a DSM for solving equation (14.2.1) be of the form

u̇ = Φ(u), u(0) = u0, (14.2.2)

and assume that conditions (3.1.23) and (3.1.24) hold. Note that in Sec-
tions 3.1 - 3.6 the Φ did not depend on t. That is why we take Φ(u) rather
than Φ(t, u) in (14.2.2). We assume that Φ is locally Lipschitz.

Consider the following iterative process

un+1 = un + hΦ(un), u0 = u0, (14.2.3)

where the initial approximation u0 is chosen so that condition (3.1.25) hold.

Theorem 14.2.1. If F satisfies conditions (1.3.1), (1.3.2), (3.1.25) and
Φ satisfies conditions (3.1.23) and (3.1.24), and if h > 0 in (14.2.3) is
sufficiently small, then iterative process (14.2.3) produces un such that

||un − y|| ≤ Re−chn, ||F (un)|| ≤ ||F0||e−chn, (14.2.4)

where

F0 := F (u0), c = const > 0, c < c1,

c1 is the constant from condition (3.1.23), R > 0 is a constant from con-
ditions (1.3.1) and (1.3.2), and y solves equation (14.2.1).
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Proof. For n = 0 the second estimate (14.2.4) is obvious, and the first one
follows from (3.1.27) and (3.1.25). Assuming that estimates (14.2.4) hold
for n ≤ m, let us prove that they hold for n = m + 1. Then, by induction,
they hold for any n. Denote by wn+1(t) the solution to the problem

ẇ(t) = Φ(w), w(nh) = un, tn := nh ≤ t ≤ (n+1)h =: tn+1. (14.2.5)

Estimate (3.1.26) yields

||w(t) − y|| ≤ c2

c1
||Fn||e−c1t ≤ Re−chn−c1(t−nh), t ≥ tn. (14.2.6)

We have

||un+1 − y|| ≤ ||un+1 − w(tn+1)|| + ||w(tn+1) − y||, (14.2.7)

and

||un+1 − w(tn+1)|| ≤
∫ tn+1

tn

||Φ(un) − Φ(w(s))||ds

≤ L1

∫ tn+1

tn

||un − w(s)||ds

≤ L1

∫ tn+1

tn

ds||
∫ s

tn

Φ(w(s))ds||

≤ L1hc2

∫ tn+1

tn

||F (w(s))||ds

≤ L1c2h
2||F (un)||

≤ L1c2h
2||F0||e−chn. (14.2.8)

From (14.2.7), (14.2.8) and (14.2.6) with t = (n + 1)h we obtain

||un+1 − y|| ≤ Re−chn
(
e−c1h + L1c1h

2
) ≤ Re−ch(n+1), (14.2.9)

provided that

e−c1h + L1c1h
2 ≤ e−ch. (14.2.10)

Inequality (14.2.10) holds if c1 > c and h is sufficiently small.
Let us estimate ||F (un+1)||. We have

||F (un+1)|| ≤ ||F (un+1) − F (w(tn+1))|| + ||F (w(tn+1))||. (14.2.11)

Furthermore, using (14.2.8) and (1.3.2) we get

||F (un+1)−F (w(tn+1))|| ≤ M1||un+1−w(tn+1)|| ≤ M1L1c2h
2||F0||e−chn
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(14.2.12)

and using (3.1.28) with u0 = un and t = tn+1 − tn = h, we get

||F (w(tn+1))|| ≤ ||F (un)||e−c1h ≤ ||F0||e−chn−c1h. (14.2.13)

From (14.2.11) - (14.2.13) we obtain

||F (un+1)|| ≤ ||F0||e−chn
(
e−c1h + M1L1c2h

2
) ≤ ||F0||e−ch(n+1), (14.2.14)

provided that

e−c1h + M1L1c2h
2 ≤ e−ch. (14.2.15)

This inequality holds if c1 > c and h is sufficiently small.
Finally, the assumption (3.1.25) implies the existence of a solution y to

equation (14.2.1).
Theorem 14.2.1 is proved. �

Remark 14.2.1. If condition (3.1.25) is dropped but we assume that equa-
tion (14.2.1) has a solution y and ||u0 − y|| is sufficiently small, then our
proof remains valid and yields the conclusion (14.2.4) of Theorem 14.2.1.

14.3 Iterative solution of ill-posed equations with
monotone operator

Assume now that equation (14.2.1) has a solution y, the operator F in this
equation satisfies assumption (1.3.2) but not (1.3.1), and F is monotone:

(F (u) − F (v), u − v) ≥ 0, ∀u, v ∈ H, F : H → H, (14.3.1)

where H is a Hilbert space. Let y be the (unique) minimal-norm solution
to equation (14.2.1).

Theorem 14.3.1. Under the above assumptions one can choose hn > 0
and an > 0 such that the iterative process

un+1 = un − hnA−1
n [F (un) + anun], u0 = u0, (14.3.2)

where An := F ′(un) + anI, and u0 ∈ H is arbitrary, converges to y:

lim
n→∞ ||un − y|| = 0. (14.3.3)
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Proof. Denote by Vn the solution of the equation

F (Vn) + anVn = 0. (14.3.4)

This equation has a unique solution as we have proved in Lemma 6.1.6.
Let

zn := un − Vn, ||zn|| := gn. (14.3.5)

We have

||un − y|| ≤ gn + ||Vn − y||. (14.3.6)

In Lemma 6.1.7 we have proved that

lim
n→∞ ||Vn − y|| = 0, (14.3.7)

provided that

lim
n→∞ an = 0. (14.3.8)

Let us prove that

lim
n→∞ ||un − Vn|| = 0. (14.3.9)

Denote

bn := ||Vn+1 − Vn||.

Then

lim
n→∞ bn = 0.

Let us write (14.2.1) as

zn+1 = (1 − hn)zn − hnA−1
n K(zn) − (Vn+1 − Vn). (14.3.10)

Here we have used Taylor formula:

F (un)+anun = F (vn)−F (Vn)+an(un−Vn) = Anzn +K(zn), (14.3.11)

where

||K(zn)|| ≤ M2

2
||zn||2 := cg2

n. (14.3.12)
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From (14.3.10) we obtain

gn+1 ≤ (1−hn)gn+
chn

an
g2

n+bn, 0 < hn ≤ 1. := (1−γn)gn+bn, (14.3.13)

where the estimate

||A−1
n || ≤ 1

an

is used. Choose

an = 2cgn. (14.3.14)

Then

gn+1 ≤ (1 − hn)gn +
hn

2
gn + bn

=
(

1 − hn

2

)
gn + bn := (1 − γn)gn + bn.

Therefore

gn+1 ≤ (1 − γn)gn + bn, (14.3.15)

where

γn :=
hn

2
, 0 < γn ≤ 1

2
,

and g1 ≥ 0 is arbitrary.
Assume that

∞∑
n=1

hn = ∞. (14.3.16)

Then (14.3.15) implies

lim
n→∞ gn = 0. (14.3.17)

Indeed, (14.3.15) implies:

gn+1 ≤ bn +
n−1∑
k=1

bk

n∏
j=k+1

(1 − γj) + g1

n∏
j=1

(1 − γj). (14.3.18)

Assumption (14.3.16) implies

lim
n→∞

n∏
j=1

(1 − γj) = 0. (14.3.19)
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Assume that (14.3.16) holds and

lim
n→∞

bn−1

hn
= 0. (14.3.20)

Then

lim
n→∞

n−1∑
k=1

bk

n∏
j=k+1

(1 − γj) = 0. (14.3.21)

This follows from a discrete analog of L’Hospital’s rule:
If pn, qn > 0, limn→∞ qn = ∞, and limn→∞

pn−qn−1
qn−qn−1

exists,
then

lim
n→∞

pn

qn
= lim

n→∞
pn − pn−1

qn − qn−1
.

In our case

pn =
n−1∑
k=1

bk

k∏
j=1

(1 − γj), qn =
n∏

j=1

(1 − γj)n, lim
n→∞ qn = ∞,

lim
n→∞

pn − pn−1

qn − qn−1
= lim

n→∞
bn−1

∏n−1
j=1 (1 − γj)∏n

j=1(1 − γj) −
∏n−1

j=1 (1 − γj)

= lim
n→∞

bn−1

−γn
= 0, (14.3.22)

where we have used assumption (14.3.20).
Theorem 14.3.1 is proved.

�

Remark 14.3.1. If h = const, h ∈ (0, 1), then condition (14.3.16) holds,
so one can use hn = h, h ∈ (0, 1), in the iterative process (14.3.2) with
an chosen as in (14.3.14). Then (14.3.15) takes the form

gn+1 ≤ qgn + bn, q := 1 − h ∈ (0, 1), lim
n→∞ bn = 0, (14.3.23)

g1 is arbitrary, and (14.3.23) implies limn→∞ gn = 0.
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14.4 Iterative methods for solving nonlinear
equations

In this Section we do not assume that F : H → H is monotone. We assume
that condition (1.3.2) holds, that y solves equation (14.2.1), F (y) = 0, and
that

Ã := F ′(y) 	= 0. (14.4.1)

We want to construct a convergent iterative process for solving equation
(14.2.1).

The DSM for solving this equation has been given in Section 7.1, formula
(7.1.3), and we use the notations and the results from this Section. Consider
the corresponding iterative method:

un+1 = un − hnT−1
an

[A∗(un)F (un) + an(un − z)], u0 = u0, (14.4.2)

where an, hn > 0 are some sequences,

T := A∗(un)A(un), Tan := T + anI.

Following the method developed in Section 7.1, let us denote

un − u := wn, ||wn|| = gn, (14.4.3)

and rewrite (14.4.2) as follows:

wn+1 = wn−hnT−1
an

[A∗(un)(F (un)−F (y))+anwn +an(y−z)]. (14.4.4)

As was proved in Section 7.1, we can choose z so that

y − z = T̃ v, 2M1M2||v|| ≤ 1
2
, (14.4.5)

where M1 and M2 are constants from (1.3.2). This is possible if assumption
(14.4.1) holds.

Let us use the formulas:

F (un) − F (y) = A(un)wn + K(wn), ||K(wn)|| ≤ M2

2
g2

n, (14.4.6)

||T−1
an

A∗(un)|| ≤ 1
2
√

an
, (14.4.7)

and rewrite (14.4.4) as follows:

wn+1 = (1 − hn)wn − hnT−1
an

A∗(un)K(wn) − hnanT−1
an

T̃ v. (14.4.8)
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We have

T−1
an

T̃ =
(
T−1

an
− T̃−1

an
T̃
)

T̃ + T̃−1
an

T̃ .

Therefore

||T−1
an

T̃ v|| ≤ ||
(
T−1

an
− T̃−1

an

)
T̃ ||||v|| + ||v||, (14.4.9)

where the inequality

||T̃−1
a T̃ || ≤ 1, a ≥ 0,

was used.
From (14.4.7) - (14.4.9) we obtain

gn+1 ≤ (1 − hn)gn + hn
M2

4
√

an
g2

n + hnan||v||

+ hnan||v||||
(
T−1

an
− T̃−1

an

)
T̃ ||. (14.4.10)

Denote

C0 :=
M2

2
,

and use the following estimate:

||
(
T−1

an
− T̃−1

an

)
T̃ || = ||T−1

an
[A∗(un)A(un) − Ã∗(y)Ã(y)]T̃−1

an
T̃ ||

≤ 2M1M2gn

an
:=

c1gn

an
. (14.4.11)

From (14.4.10) and (14.4.11) we get

gn+1 ≤
(

1 − hn

2

)
gn +

c0hn√
an

g2
n + hnan||v||, (14.4.12)

where we have used inequality (14.4.5), which implies

c1||v|| ≤ 1
2
.

Let us choose an so that

c0√
an

gn =
1
4
, i.e., an = 16c2

0g
2
n. (14.4.13)
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Then (14.4.12) takes the form

gn+1 ≤
(

1 − hn

4

)
gn + 16hn||v||c2

0g
2
n, g0 = ||u0y|| ≤ R, (14.4.14)

where R > 0 is the radius of the ball in condition (1.3.2).
We can choose hn = h ∈ (0, 1) and g0 > 0 such that (14.4.14) implies

lim
n→∞ gn = 0. (14.4.15)

This possibility is seen from the following lemma.

Lemma 14.4.1. Let

gn+1 ≤ γgn + pg2
n, g0 = m > 0; 0 < γ < 1, p > 0, (14.4.16)

where p is an arbitrary fixed positive constant. If m > 0 is sufficiently
small, namely, if

m < (q − γ)/p,

where q ∈ (γ, 1) is an arbitrary number, then the sequence gn, generated by
(14.4.16) tends to zero:

lim
n→∞ gn = 0 (14.4.17)

at a rate of a geometrical progression,

gn ≤ mqn, 0 < q < 1.

Proof. Assumption (14.4.16) implies

gn+1 < qn+1m, γ < q < 1, n = 0, 1, 2, · · · (14.4.18)

provided that

m <
q − γ

p
, γ < q < 1. (14.4.19)

Let us prove (14.4.18) by induction. We have

q1 ≤ γm + pm2 < qm, m := g0,

provided (14.4.19) holds. So (14.4.18) holds for n = 0. Assuming that it
holds for some n, let us check that it holds for n + 1:

gn+2 ≤ γgn+1 + pg2
n+1 ≤ γqn+1m + pq2n+2m2

≤ qn+1(γm + pm2) < qn+2m. (14.4.20)

So Lemma 14.4.1 is proved. �
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From Lemma 14.4.1 it follows that we can choose a constant hn = h in
(14.4.14) such that by choosing g0 sufficiently small we get (14.4.15).

Let us formulate the result we have proved.

Theorem 14.4.1. Assume tht F : F → H satisfies conditions (1.3.2)
and (14.4.1), where y solves equation (14.2.1). Then the iterative process
(14.4.2) produces a sequence un such that

lim
n→∞ ||un − y|| = 0, (14.4.21)

provided that an is chosen as in (14.3.3) and hn = h is a constant, h ∈
(0, 1), u0 − y is sufficiently small, and z is chosen so that (14.4.5) holds.
The convergence in (14.4.21) is at the rate of a geometrical series at least.

Remark 14.4.1. Theorem 14.4.1 guarantees that any solvable equation
(14.2.1) can be solved by a convergent iterative process if conditions (1.3.2)
and (14.4.1) hold. We do not give an algorithm for choosing z, but only
prove the existence of such a z that (14.4.5) holds.

14.5 Ill-posed problems

Suppose that the assumptions of Theorem 14.3.1 or Theorem 14.4.1 hold,
that equation

F (u) = f (14.5.1)

is being considered, and that noisy data fδ, ||fδ−f || ≤ δ, are given in place
of the exact data f for which equation (14.5.1) is solvable. We want to show
that iterative processes (14.3.2) and (14.4.2) can be used for constructing
a stable approximation to a solution y of equation (14.5.1). This is done
by the method developed in Section 4.4. Namely, we stop iterations at the
stopping number n = n(δ), limδ→0 n(δ) = ∞, which can be chosen so
that uδ := un(δ)(fδ) is the desired stable approximation of y in the sense

lim
δ→0

||uδ − y|| = 0. (14.5.2)

Here un(δ)(fδ) is the sequence, generated by the iterative process (14.3.2)
(or (14.4.2)) with F (un) − fδ replacing F (un). Consider, for example,
iterative process (14.3.2), where un is replaced by un,δ := un(fδ) and F (un)
is replaced by F (un) − fδ. We have proved in Theorem 14.3.1 that

lim
n→∞ ||un(f) − y|| = 0, (14.5.3)
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where un := un(f) is generated by (14.3.2) with F (un)−fδ replacing F (un),
f being the exact data. We have

||un(fδ) − y|| ≤ ||un(fδ) − un(f)|| + ||un(f) − y||. (14.5.4)

If we choose n = n(δ) such that

lim
δ→0

n(δ) = ∞ (14.5.5)

and

lim
δ→0

||un(δ)(fδ) − un(δ)(f)|| = 0, (14.5.6)

then, due to (14.5.3), the element uδ := un(δ)(fδ) gives the desired stable
approximation of the solution y. Due to the continuity of un(f) with
respect to f for any fixed n, we have:

||un(fδ) − un(f)|| ≤ ε(n, δ), (14.5.7)

where

lim
δ→0

ε(n, δ) = 0, (14.5.8)

n being fixed. Therefore, denoting

||un(f) − y|| := ω(n), lim
n→∞ω(n) = 0, (14.5.9)

we rewrite inequality (14.5.4) as

||un(fδ) − y|| ≤ ε(n, δ) + ω(n). (14.5.10)

Minimizing the right-hand side of (14.5.10) with respect to n for a fixed
small δ > 0, one finds n = n(δ), and

lim
δ→0

[ε(n(δ), δ) + ω(n(δ))] = 0, lim
δ→0

n(δ) = ∞. (14.5.11)

One can also find n(δ) by solving the equation

ε(n, δ) = ω(n) (14.5.12)

for n for a fixed small δ > 0. For a fixed δ > 0 the quantity ε(n, δ) grows as
n → ∞, so that equation (14.5.12) has a solution n(δ) with the properties
(14.5.11). This was proved in Section 2.4 for linear operators.
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For nonlinear operators one may choose an arbitrary small number η >
0, find n = n(η), such that

ω(n(η)) <
η

2
,

then for a fixed n(η) find δ = δ(η) so small that

ε(n(η), δ(η)) <
η

2
.

Then

ε(n(η), δ(η)) + ω(n(η)) < η.

The functions n = n(η), δ = δ(η) one can consider as a parametric
representation of the dependence n = n(δ). The function ω(n) can be
chosen without loss of generality monotonically decaying to zero as n →
∞. Thus the equation ω(n) = η

2 determines a unique monotone function
n = n(η), so that for a given n one can find a unique η(n) such that
n(η(n)) = n.

The function ε(n, δ) = δp(n), where one may assume limn→∞ p(n) = ∞
and p(n) grows monotonically when n grows.

Indeed

ε(n, δ) = ||un(fδ) − un(f)|| ≤ sup
||ξ||∈B(f,δ)

||u′
n(ξ)||δ := p(n)δ,

where u′
n(ξ) is the Fréchet derivative of the operator f �→ un(f) for fixed n.

Since p(n) is an upper bound on the norm of this operator, one may assume
that p(n) grows monotonically with n. One may minimize the right-hand
side of (14.5.10) with respect to n for a fixed δ analytically if ω(n) and p(n)
are given analytically.
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Chapter 15

Numerical problems arising in
applications

15.1 Stable numerical differentiation

Let f ∈ Cμ(a, b), μ > 0 be the space of μ times differentiable functions.
If 0 < μ < 1, then the norm in Cμ(a, b) is defined as follows:

||f ||Cμ(a,b) = sup
x∈(a,b)

|f(x)| + sup
x,y∈(a,b), x 	=y

|f(x) − f(y)|
|x − y|μ .

If m < μ < m + 1, then

||f ||Cμ(a,b) = sup
x∈(a,b)

m∑
j=0

|f (j)(x)| + sup
x,y∈(a,b), x 	=y

|f (m)(x) − f (m)(y)|
|x − y|μ−m

.

If μ = m, where m ≥ 0 is an integer, then

||f ||Cm(a,b) = sup
x∈(a,b)

m∑
j=0

|f (j)(x)|.

Suppose that μ ≥ 1 and fδ is given in place of f ,

||fδ − f || ≤ δ.

We are going to discuss the problem of stable numerical differentiation of
f given the noisy data fδ. By a stable approximation of f ′ one usually
means an expression Rδfδ such that

lim
δ→0

||Rδ(fδ) − f ′|| = 0, (15.1.1)

197
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where the norm is C0−norm, i.e., the usual sup-norm. Thus

||Rδ(fδ) − f ′|| := η(δ) → 0 as δ → 0, (15.1.2)

where Rδ is some, not necessarily linear, operator acting on the noisy data
fδ. Since the data are {δ, fδ} and the exact data f are unknown, we think
that it is natural to change the standard definition of the regularizer and
to define a regularizer Rδ by the relation:

sup
f∈B(fδ,δ)∩K

||Rδ(fδ) − f ′|| := η(δ) → 0 as δ → 0, (15.1.3)

where K is a compactum to which the exact data belong, and

B(fδ, δ) := {f : ||f − fδ|| ≤ δ}.

The above definition is the general Definition 2.1.3, applied to the problem
of stable numerical differentiation.

In many applications K is defined as

K = K := {f : ||f ||μ ≤ Mμ}, μ > 1, (15.1.4)

where || · ||μ in (15.1.4) denotes Cμ−norm.
We will prove that
If μ ≤ 1, then there does not exist Rδ, linear or nonlinear, such that

(15.1.3) holds. If μ > 1, then a linear operator Rδ exists such that (15.1.3)
holds.

Moreover, Rδ will be given explicitly, analytically, and η(δ) will be
specified.

If μ = 2, we will prove that Rδ that we construct is the best possible
operator among all linear and nonlinear operators in the following sense:

sup
f∈K2,δ

||Rδfδ − f ′|| = inf
T∈N

sup
f∈K2,δ

||Tfδ − f ′||, (15.1.5)

where

K2,δ := K2 ∩ B(fδ, δ),

and N is the set of all operators from L∞(a, b) into L∞(a, b).
Stable numerical differentiation is of practical interest in many applica-

tions. For example, if one measures the distance s(t), traveled by a particle
by the time t, and wants to find the velocity of this particle, one has to esti-
mate s′(t) stably given sδ(t), ||sδ(t)−s(t)|| ≤ δ. The number of examples
can be easily increased.
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The first question to ask is:
When is it possible, in principle, to find Rδ satisfying (15.1.3)?
The second question we split into two questions:
How does one construct Rδ?
What is the error estimate in formula (15.1.3)?
Let us answer these questions.

Theorem 15.1.1. If μ ≤ 1, then there is no operator Rδ such that (15.1.3)
holds.

Proof. Without loss of generality, let (a, b) = (0, 1), and let

f1(x) = −Mx(x − 2h)
2

, 0 ≤ x ≤ 2h, f2(x) = −f2(x). (15.1.6)

Let us extend f1 from [0, 2h] to [2h, 1] by zero and denote again by f1 the
extended function. This f1 ∈ W 1,∞(0, 1), where W l,p is the Sobolev space.
We have

||fk|| := sup
x∈(0,1)

|fk(x)| =
Mh2

2
, k = 1, 2. (15.1.7)

Let

h =

√
2δ

M
. (15.1.8)

Then

Mh2

2
= δ.

For fδ = 0 we have

||fk − fδ|| = ||fk|| = δ. (15.1.9)

Denote

T (0)|x=0 := b, (15.1.10)

where T = Tδ is some operator,

T : L∞(0, 1) → L∞(0, 1).

Let K1 be given by (15.1.4) with a constant M1. We have

f ′(0) = Mh.
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Thus

γ := inf
T

sup
f∈K1,δ

||T (fδ) − f ′|| ≥ inf
b

max{|b − f ′
1(0)|, |b + f ′

1(0)|}

= inf
b

max{|b − Mh|, |b + Mh|}
= Mh =

√
2δM := ε(δ). (15.1.11)

If the constant M1 in the definition of K1 is fixed, then

sup
x∈(0,1)

|f ′
k(x)| = sup

x∈(0,2h)

M |h − x| = Mh =
√

2δM ≤ M1. (15.1.12)

Since M in (15.1.6) is arbitrary, we can choose M = M(δ) so that
√

2δM =
M1, i.e. M = M2

1
2δ . In this case γ ≥ M1 > 0, so that relation (15.1.3) does

not hold no matter what the choice of Rδ is. If μ < 1, then for no choice
of Rδ the relation (15.1.3) holds because f ′ does not exist in L∞(0, 1).

Theorem 15.1.1 is proved. �

An argument similar to the above leads to a similar conclusion if the
derivatives are understood in L2 sense, || · || is the norm in the Sobolev
space Hμ = Hμ(0, 1), i.e. the space of real-valued functions with the norm
defined for an integer μ ≥ 0 by the formula

||u||μ =

⎛
⎝ μ∑

j=0

||u(j)||20

⎞
⎠

1
2

,

where

||u||20 :=
∫ 1

0

|u|2dx,

and for arbitrary values μ > 0 the norm is defined by interpolation, see,
for instance [BL].

The main differences between Cμ and Hμ cases consists in the calcula-
tion of the norms ||f1||0 and ||f ′

1||0:
||f1||L2(0,1) := ||f1||0 = c0Mh

5
2 , ||f ′

1|| = c1Mh
3
2 , (15.1.13)

where c0, c1 > 0 are constants.
Indeed

||f1||20 =
∫ 2h

0

M2

4
x2(x − 2h)2dx =

M2h5

4
(2h)2

(
1
5
− 1

4
+

1
3

)

= M2h5 34
15

:= c2
0M

2h5,
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||f ′
1||20 =

∫ 2h

0

M2(x − h)2dx =
2
3
M2h3 := c2

1M
2h3.

Choose h from the condition (15.1.9):

c0Mh
5
2 = δ, h =

(
δ

c0M

) 2
5

. (15.1.14)

Let

fδ = 0, K
(2)
1,δ := {f : ||f ||0 + ||f ′||0 ≤ M1}.

Then

γ2 := inf
T

sup
f∈K

(2)
1,δ

||T (fδ) − f ′||

≥ inf
T

max{||T (0) − f ′
1||0, ||T (0) − f ′

1||0}. (15.1.15)

Denote

ϕ := T (0) ∈ L2(0, 1),

and set

ϕ = cf ′
1 + ψ, (ψ, f ′

1) = 0, c = const. (15.1.16)

Then (15.1.15) implies

γ2 ≥ inf
c∈R, ψ⊥f ′

1

max{
√

|1 − c|2||f ′
1||20 + ||ψ||20,

√
|1 + c|2||f ′

1||20 + ||ψ||20}

= inf
c∈R

max{|1 − c|, |1 + c|}||f ′
1||0 = ||f ′

1||0 = c1Mh
3
2 . (15.1.17)

From (15.1.14) and (15.1.17) we get

γ2 ≥ c1

c
3
5
0

M
2
5 δ

3
5 . (15.1.18)

We choose h by formula (15.1.14), and then condition (15.1.9) holds. We
then choose M such that

c1Mh
3
2 = M1. (15.1.19)

Then (15.1.17) yields

γ2 ≥ M1 > 0. (15.1.20)

Thus we have an analog of Theorem 15.1.1 for L2- norm.
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Theorem 15.1.2. If μ ≤ 1, then there is no operator Rδ such that (15.1.3)
holds with || · || = || · ||L2(0,1).

Proof. We have proved this theorem for μ = 1. If μ < 1, then f ′ does not
exist in L2(0, 1), so (15.1.3) does not hold with || · || = || · ||L2(0,1).

Let us now prove that if μ > 1, then relation (15.1.3) holds. We obtain
an estimate for ηs(δ). Define

Rδfδ :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

fδ(x+h(δ))−fδ(x)
h(δ) , 0 ≤ x ≤ h(δ),

fδ(x+h(δ))−fδ(x−h(δ))
2h(δ) , h(δ) ≤ x ≤ 1 − h(δ),

fδ(x)−fδ(x−h(δ))
h(δ) , 1 − h(δ) ≤ x ≤ 1,

(15.1.21)

where h(δ) > 0 will be specified below. Our argument is valid for Lp norms
with any p ∈ [1,∞]. We have

||Rδfδ−f ′|| ≤ ||Rδfδ−Rδf ||+||Rδf−f ′|| ≤ ||Rδ||δ+||Rδf−f ′||. (15.1.22)

For simplicity let us assume that f is periodic, f(x + 1) = f(x), and,
therefore, f is defined on all of R. Then we can use the middle line in
(15.1.21) as the definition of Rδfδ, get

||Rδ|| ≤ 1
h(δ)

, (15.1.23)

and

||Rδ(fδ) − Rδ(f)|| ≤ δ

h(δ)
. (15.1.24)

Let us estimate the last term in (15.1.22). Let h(δ) := h, and assume
f ∈ C2. Then, for the L∞-norm we have:

|| f(x+h)−f(x−h)
2h − f ′||

= || f(x)+hf ′(x)+ h2
2 f ′′(ξ+)−f(x)+hf ′(x)−h2

2 f ′′(ξ−)

2h − f ′||
≤ M2h

2 , (15.1.25)

where ξ± are the points in the remainder of the Taylor formula, and

Mm = sup
x∈(0,1)

|f (m)(x)|.

Thus (15.1.22), (15.1.24) and (15.1.25) yield:

||Rδfδ − f ′|| ≤ δ

h
+

M2h

2
:= η(δ, h). (15.1.26)
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Minimizing the right-hand side of (15.1.26) with respect to h, we get

h =
√

2δ

M2
, ηs(δ) := η(δ, h(δ)) =

√
2M2δ. (15.1.27)

These formulas are obtained under the assumption f ∈ C2.
If f ∈ Cμ, 1 < μ < 2, then the estimate, analogous to (15.1.25), is:

||f(x + h) − f(x − h)
2h

− f ′|| = || 1
2h

∫ x+h

x−h

[f ′(t) − f ′(x)]dt||

≤ 1
2h

||
∫ x+h

x−h

Mμ−1|t − x|μ−1dt||

=
2Mμ−1

2h
||
∫ h

0

sμ−1ds||

=
Mμ−1h

μ−1

μ
. (15.1.28)

Therefore estimates similar to (15.1.26) and (15.1.27) take the form:

||Rδfδ − f ′|| ≤ δ

h
+

Mμ−1h
μ−1

μ
= η(δ, h), (15.1.29)

h = h(δ) = cμδ
1
μ , cμ :=

[
μ

(μ−1)Mμ−1

] 1
μ

;

η(δ) = η(δ, h(δ)) = Cμδ
μ−1

μ , (15.1.30)

where

Cμ =
1
μ

+
Mμ−1

μ
cμ−1
μ . (15.1.31)

�

We have proved the following result.

Theorem 15.1.3. If μ ∈ (1, 2), then Rδ, defined in (15.1.21), satisfies
estimate (15.1.3) if h = h(δ) is given in (15.1.30), and then the error η(δ)
is given also in (15.1.30).

If μ > 2, then one can define

R
(Q)
h :=

1
h

Q∑
k=−Q

A
(Q)
k f

(
x +

kh

Q

)
. (15.1.32)
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Suppose

sup
x

|f (m)(x)| ≤ Mm, (15.1.33)

where m = 2q or m = 2q +1, and q ≥ 0 is an integer. Let us take Q = q in
(15.1.32) and choose the coefficients A

(Q)
j so that the difference R

(Q)
h − f ′

has the highest order of smallness as h → 0. Then these coefficients solve
the following linear algebraic system:

Q∑
k=−Q

1
j!

(
k

Q

)j

A
(Q)
k = δ1j , 0 ≤ j ≤ 2Q, δkj =

{
1, k = j,
0, k 	= j.

(15.1.34)

We set A
(Q)
0 = 0. Then system (15.1.34) is a linear algebraic system for 2Q

unknown coefficients A
(Q)
k , k = ±1, · · ·,±Q, with Vandermonde matrix

whose determinant does not vanish. Thus, all the coefficients

A
(Q)
k , 1 ≤ |k| ≤ Q,

are uniquely determined from the system (15.1.34). For example:

A
(1)
0 = 0, A

(1)
±1 = ± 1

2

A
(2)
0 = 0, A

(2)
±1 = ± 4

3 , A
(2)
±2 = ± 1

6

A
(3)
0 = 0, A

(3)
±1 = ± 9

4 , A
(3)
±2 = ± 9

20 , A
(3)
±3 = ± 1

20 ,

etc.
Let m = 2q + 1 > 1, q = Q. We have

|R(Q)
h f − f ′| ≤ 2N2Q+1h

2Q, ||R(Q)
h ||L∞ =

c(Q)
h

, (15.1.35)

where

c(Q) =
Q∑

k=−Q

|A(Q)
k |.

Therefore an inequality analogous to (15.1.26) with L∞-norm will be of the
form

||R(Q)
h fδ − f ′|| ≤ c(Q)δ

h
+ 2Mmhm−1 := η(δ, h). (15.1.36)
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Minimizing the right-hand side of (15.1.36) with respect to h, we get:

h = h(δ) =
[

c(Q)δ
2Mm(m − 1)

] 1
m

δ
1
m , (15.1.37)

and

η(δ) = O
(
δ1− 1

m

)
as δ → 0.

We have proved the following result.

Theorem 15.1.4. If f ∈ Cm, m > 2, then the operator Rδ := R
(Q)
h(δ),

where Q = m−1
2 if m is odd, Q = m

2 if m is even, and h(δ) is given in
(15.1.37), yields a stable approximation Rδfδ of f ′ with the error η(δ) =
O(δ1− 1

m ) as δ → 0, and estimate (15.1.3) holds. A similar result holds for
Lp-norm, p ∈ [1,∞].

Finally we state the following result, which follows from (15.1.11) and
(15.1.30) with μ = 2:

||Rδfδ − f ′|| ≤
√

2M2δ, h(δ) =
√

2δ

M2
. (15.1.38)

Let μ = 2 and the norm be L∞-norm. Then, among all operators T , linear
and nonlinear, acting from the space of L∞ periodic functions with period
1 into itself, the operator

Tfδ = Rδfδ :=
fδ(x + h(δ)) − fδ(x − h(δ))

2h(δ)

with h(δ) =
√

2δ
M2

gives the best possible estimate of f ′, given the data
fδ, ||fδ − f || ≤ δ, on the class of all f such that supx |f ′′(x)| ≤ M2.

15.2 Stable differentiation of piecewise-smooth
functions

Let f be a piecewise-C2([0, 1]) function,

0 < x1 < x2 < · · · < xJ , 1 ≤ j ≤ J,

be the discontinuity points of f . We do not assume their locations xj and
their number J known a priori. We assume that the limits f(xj ± 0) exist,
and

sup
x	=xj ,1≤j≤J

|f (m)(x)| ≤ Mm, m = 0, 1, 2. (15.2.1)
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Assume that fδ is given,

‖f − fδ‖ := sup
x	=xj ,1≤j≤J

|f − fδ| ≤ δ,

where fδ ∈ L∞(0, 1) are the noisy data.
The problem is:
Given {fδ, δ}, where δ ∈ (0, δ0) and δ0 > 0 is a small number, estimate

stably f ′, find the locations of discontinuity points xj of f and their number
J , and estimate the jumps

pj := f(xj + 0) − f(xj − 0)

of f across xj, 1 ≤ j ≤ J .
A stable estimate Rδfδ of f ′ is an estimate satisfying the relation

lim
δ→0

||Rδfδ − f ′|| = 0.

There is a large literature on stable differentiation of noisy smooth func-
tions, but the problem stated above was not solved for piecewise-smooth
functions by the method given below. A statistical estimation of the loca-
tion of discontinuity points from noisy discrete data is given in [KR2]. In
[R25], [R21], [KR1], various approaches to finding discontinuities of func-
tions from the measured values of these functions are developed.

The following formula (see Section 15.1) was proposed originally (in
1968, see [R4]) for stable estimation of f ′(x), assuming f ∈ C2([0, 1]),
M2 	= 0, and given noisy data fδ:

Rδfδ :=
fδ(x + h(δ)) − fδ(x − h(δ))

2h(δ)
,

h(δ) :=
(

2δ

M2

) 1
2

, h(δ) ≤ x ≤ 1 − h(δ), (15.2.2)

and

‖Rδfδ − f ′‖ ≤
√

2M2δ := ε(δ), (15.2.3)

where the norm in (15.2.3) is L∞(0, 1)−norm. Numerical efficiency and
stability of the stable differentiation method proposed in [R4] has been
demonstrated in [R30]. Moreover, (cf [R13], p. 345, and Section 15.1 ),

inf
T

sup
f∈K(M2,δ)

‖Tfδ − f ′‖ ≥ ε(δ), (15.2.4)
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where T : L∞(0, 1) → L∞(0, 1) runs through the set of all bounded opera-
tors,

K(M2, δ) := {f : ‖f ′′‖ ≤ M2, ‖f − fδ‖ ≤ δ}.

Therefore estimate (15.2.2) is the best possible estimate of f ′, given noisy
data fδ, and assuming f ∈ K(M2, δ).

In [R44] this result was generalized to the case

f ∈ K(Ma, δ), ‖f (a)‖ ≤ Ma, 1 < a ≤ 2,

where

‖f (a)‖ := ‖f‖ + ‖f ′‖ + sup
x,x′

|f ′(x) − f ′(x′)|
|x − x′|a−1

, 1 < a ≤ 2,

and f (a) is the fractional-order derivative of f .
The aim of this Section is to extend the above results to the case of

piecewise-smooth functions.

Theorem 15.2.1. Formula (15.2.2) gives stable estimate of f ′ on the set
Sδ := [h(δ), 1 − h(δ)] \ ⋃J

j=1(xj − h(δ), xj + h(δ)), and (15.2.3) holds with
the norm ‖ · ‖ taken on the set Sδ. Assuming M2 > 0 and computing the
quantities

fj :=
fδ(jh + h) − fδ(jh − h)

2h
,

where

h := h(δ) :=
(

2δ

M2

) 1
2

, 1 ≤ j < [
1
h

],

for sufficiently small δ, one finds the location of discontinuity points of f
with accuracy 2h, and their number J . Here [ 1

h ] is the integer smaller than
1
h and closest to 1

h . The discontinuity points of f are located on the intervals
(jh − h, jh + h) such that |fj | 
 1 for sufficiently small δ, where ε(δ) is
defined in ( 15.2.3) . The size pj of the jump of f across the discontinuity
point xj is estimated by the formula

pj ≈ fδ(jh + h) − fδ(jh − h),

and the error of this estimate is O(
√

δ).
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Let us assume that minj |pj | := p 
 h(δ), where 
 means ”much
greater than”. Then xj is located on the j-th interval [jh − h, jh + h],
h := h(δ), such that

|fj | :=
∣∣∣∣fδ(jh + h) − fδ(jh − h)

2h

∣∣∣∣
 1, (15.2.5)

so that xj is localized with the accuracy 2h(δ). More precisely,

|fj | ≥ |f(jh + h) − f(jh − h)|
2h

− δ

h
,

and

δ

h
= 0.5ε(δ),

where ε(δ) is defined in (15.2.3) . One has

|f(jh + h) − f(jh − h)| ≥ |pj | − |f(jh + h) − f(xj + 0)|
−|f(jh − h) − f(xj − 0)|,

≥ |pj | − 2M1h.

Thus,

|fj | ≥ |pj |
2h

− M1 − 0.5ε(δ) = c1
|pj |√

δ
− c2 
 1,

where

c1 :=
√

M2

2
√

2
, and c2 := M1 + 0.5ε(δ).

The jump pj is estimated by the formula:

pj ≈ [fδ(jh + h) − fδ(jh − h)], (15.2.6)

and the error estimate of this formula can be given:

|pj − [fδ(jh + h) − fδ(jh − h)]| ≤ 2δ + 2M1h

= 2δ + 2M1

√
2δ
M2

= O(
√

δ). (15.2.7)

Thus, the error of the calculation of pj by the formula

pj ≈ fδ(jh + h) − fδ(jh − h)
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is O(δ
1
2 ) as δ → 0.

Proof of Theorem 15.2.1. If x ∈ Sδ, then, using Taylor’s formula, one gets:

|(Rδfδ)(x) − f ′(x)| ≤ δ

h
+

M2h

2
. (15.2.8)

Here we assume that M2 > 0 and the interval (x−h(δ), x+h(δ)) ⊂ Sδ, i.e.,
this interval does not contain discontinuity points of f . If for all sufficiently
small h, not necessarily for h = h(δ), inequality (15.2.8) fails, i.e., if

|(Rδfδ)(x) − f ′(x)| >
δ

h
+

M2h

2

for all sufficiently small h > 0, then the interval (x − h, x + h) contains a
point xj 	∈ Sδ, i.e., a point of discontinuity of f or f ′. This observation
can be used for locating the position of an isolated discontinuity point xj

of f with any desired accuracy provided that the size |pj | of the jump of f
across xj is greater than kδ, where k > 2 is a constant, |pj | > kδ, and that
h can be taken as small as desirable.

Indeed, if xj ∈ (x − h, x + h), then we have

|pj | − 2δ − 2hM1 ≤ |fδ(x + h) − fδ(x − h)| ≤ |pj | + 2hM1 + 2δ.

The above estimate follows from the relation

|fδ(x + h) − fδ(x − h)|
= |f(x + h) − f(xj + 0) + pj + f(xj − 0) − f(x − h) ± 2δ|

= |pj ± (2hM1 + 2δ)|.
Here |p ± b|, where b > 0, denotes a quantity such that

|p| − b ≤ |p ± b| ≤ |p| + b.

Thus, if h is sufficiently small and |pj | > kδ, where k > 2, then the inequal-
ity

(k − 2)δ − 2hM1 < |fδ(x + h) − fδ(x − h)|

can be checked, and therefore the inclusion xj ∈ (x − h, x + h) can be
checked. Since h > 0 is arbitrarily small in this argument, it follows that
the location of the discontinuity point xj of f , at which |pj | > kδ with
k > 2, can be established with arbitrary accuracy.

A discussion of the case when a discontinuity point xj belongs to the
interval (x − h(δ), x + h(δ)) will be given below.
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Minimizing the right-hand side of (15.2.8) with respect to h yields for-
mula (15.2.2) for the minimizer h = h(δ) defined in (15.2.2), and estimate
(15.2.3) for the minimum of the right-hand side of (15.2.8).

If |p| 
 h(δ), and (15.2.5) holds, then the discontinuity points are
located with the accuracy 2h(δ), as we prove now by an argument very
similar to the one given above.

Consider the case when a discontinuity point xj of f belongs to the
interval (jh − h, jh + h), where h = h(δ). Then estimate (15.2.6) can be
obtained as follows. For jh − h ≤ xj ≤ jh + h, one has

|f(xj + 0) − f(xj − 0) − fδ(jh + h) + fδ(jh − h)|
≤ 2δ + |f(xj + 0) − f(jh + h)|

+|f(xj − 0) − f(jh − h)| ≤ 2δ + 2hM1, h = h(δ).

This yields formulas (15.2.6) and (15.2.7). Computing the quantities
fj for 1 ≤ j < [ 1

h ], and finding the intervals on which (15.2.5) holds for
sufficiently small δ, one finds the location of discontinuity points of f with
accuracy 2h, and the number J of these points. For a small fixed δ > 0 the
above method allows one to recover the discontinuity points of f at which

|fj | ≥ |pj |
2h

− δ

h
− M1 
 1.

This is the inequality (15.2.5). If h = h(δ), then

δ

h
= 0.5ε(δ) = O(

√
δ),

and

|2hfj − pj | = O(
√

δ) as δ → 0,

provided that M2 > 0. Theorem 15.2.1 is proved. �

Remark 15.2.1. Similar results can be derived if

‖f (μ)‖L∞(Sδ) := ‖f (μ)‖Sδ
≤ Mμ, 1 < μ ≤ 2.

In this case

h = h(δ) = cμδ
1
μ ,

where cμ =
[

2
Mμ(μ−1)

] 1
μ

, Rδfδ is defined in (15.2.2), and the error of the
estimate is:

‖Rδfδ − f ′‖Sδ
≤ μM

1
μ
μ

(
2

μ − 1

)μ−1
μ

δ
μ−1

μ .
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The proof is similar to the given above. It is proved in Section 15.1 that
for Cμ-functions given with noise it is possible to construct stable differen-
tiation formulas if μ > 1 and it is impossible to construct such formulas if
μ ≤ 1. The obtained formulas are useful in applications. One can also use
Lp-norm on Sδ in the estimate ‖f (μ)‖Sδ

≤ Mμ.
Remark 15.2.2. The case when M2 = 0 requires a discussion. In this case
the last term on the right-hand side of formula (15.2.8) vanishes and the
minimization with respect to h becomes meaningless: it requires that h
be as large as possible, but one cannot take h arbitrarily large because
estimate (15.2.8) is valid only on the interval (x − h, x + h) which does
not contain discontinuity points of f , and these points are unknown. If
M2 = 0, then f is a piecewise-linear function. The discontinuity points of
a piecewise-linear function can be found if the sizes |pj | of the jumps of f
across these points satisfy the inequality

|pj | >> 2δ + 2hM1

for some choice of h. This follows from the estimate

|fδ(jh + h) − fδ(jh − h)| ≥ |pj | − 2hM1 − 2δ,

if the discontinuity point xj lies on the interval (jh−h, jh+h). For instance,
if h = δ

M1
, then 2δ + 2M1h = 4δ. So, if |pj | >> 4δ, then the location of

discontinuity points of f can be found in the case when M2 = 0. The
discontinuity points xj of f are located on the intervals for which

|fδ(jh + h) − fδ(jh − h)| >> 4δ,

where h = δ
M1

.
The size |pj | of the jump of f across a discontinuity point xj can be

estimated by formula (15.2.6) with h = δ
M1

, and one assumes that xj ∈
(jh−h, jh+h) is the only discontinuity point on this interval. The error of
the formula (15.2.6) is estimated as in the proof of Theorem 15.2.1. This
error is not more than 2δ + 2M1h = 4δ for the above choice of h = δ

M1
.

One can estimate the derivative of f at the point of smoothness of f
assuming M2 = 0 provided that this derivative is not too small. If M2 = 0,
then f = ajx + bj on every interval Δj between the discontinuity points
xj , where aj and bj are some constants. If (jh − h, jh + h) ⊂ Δj , and

fj :=
fδ(jh + h) − fδ(jh − h)

2h
,

then

|fj − aj | ≤ δ

h
.
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Choose h = tδ
M1

, where t > 0 is a parameter, and M1 = maxj |aj |. Then
the relative error of the approximate formula

aj ≈ fj

for the derivative f ′ = aj on Δj equals to

|fj − aj |
|aj | ≤ M1

t|aj | .

Thus, if, e.g., |aj | ≥ M1
2 and t = 20, then the relative error of the above

approximate formula is not more than 0.1.
Suppose now that ξ ∈ (mh−h, mh+h), where m > 0 is an integer, and

ξ is a point at which f is continuous but f ′(ξ) does not exist. Thus, the
jump of f across ξ is zero, but ξ is not a point of smoothness of f . How
does one locate the point ξ?

The algorithm we propose consists of the following. We assume that
M2 > 0 on Sδ. Calculate the numbers

fj :=
fδ(jh + h) − fδ(jh − h)

2h

and

|fj+1 − fj |, j = 1, 2, . . . , h = h(δ) =
√

2δ

M2
.

Inequality (15.2.3) implies

fj − ε(δ) ≤ f ′(jh) ≤ fj + ε(δ),

where ε(δ) is defined in (15.2.3).
Therefore, if

|fj | > ε(δ),

then

sign fj = sign f ′(jh).

One has:

J − 2δ

h
≤ |fj+1 − fj | ≤ J +

2δ

h
,

where

δ

h
= 0.5ε(δ)
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and

J :=
∣∣f(jh + 2h) − f(jh) − f(jh + h) + f(jh − h)

2h

∣∣.
Using Taylor’s formula, one derives the estimate:

0.5[J1 − ε(δ)] ≤ J ≤ 0.5[J1 + ε(δ)], (15.2.9)

where

J1 := |f ′(jh + h) − f ′(jh)|.
If the interval (jh − h, jh + 2h) belongs to Sδ, then

J1 = |f ′(jh + h) − f ′(jh)| ≤ M2h = ε(δ).

In this case

J ≤ ε(δ),

so

|fj+1 − fj | ≤ 2ε(δ) if (jh − h, jh + 2h) ⊂ Sδ. (15.2.10)

Conclusion: If

|fj+1 − fj | > 2ε(δ),

then the interval (jh− h, jh + 2h) does not belong to Sδ, that is, there is a
point ξ ∈ (jh−h, jh+2h) at which the function f is not twice continuously
differentiable with |f ′′| ≤ M2. Since we assume that either at a point ξ the
function is twice differentiable, or at this point f ′ does not exist, it follows
that if |fj+1 − fj | > 2ε(δ), then there is a point ξ ∈ (jh − h, jh + 2h) at
which f ′ does not exist.

If

fjfj+1 < 0, (15.2.11)

and

min(|fj+1|, |fj |) > ε(δ), (15.2.12)

then (15.2.11) implies f ′(jh)f ′(jh + h) < 0, so the interval (jh, jh + h)
contains a critical point ξ of f , or a point ξ at which f ′ does not exist. To
determine which one of these two cases holds, let us use the right inequality
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(15.2.9). If ξ is a critical point of f and ξ ∈ (jh, jh + h) ⊂ Sδ, then
J1 ≤ ε(δ), and in this case the right inequality (15.2.9) yields J ≤ ε(δ).
Thus

|fj+1 − fj | ≤ 2ε(δ). (15.2.13)

Conclusion: If (15.2.11) - (15.2.13) hold, then ξ is a critical point. If
(15.2.11) and (15.2.12) hold and

|fj+1 − fj | > 2ε(δ),

then ξ is a point of discontinuity of f ′.
If ξ is a point of discontinuity of f ′, we would like to estimate the jump

P := |f ′(ξ + 0) − f ′(ξ − 0)|.
Using Taylor’s formula one gets

fj+1 − fj =
P

2
± 2.5ε(δ). (15.2.14)

The expression A = B±b, b > 0, means that B−b ≤ A ≤ B+b. Therefore,

P = 2(fj+1 − fj) ± 5ε(δ). (15.2.15)

We have proved the following theorem:

Theorem 15.2.2. If ξ ∈ (jh−h, jh+2h) is a point of continuity of f and
|fj+1−fj | > 2ε(δ), then ξ is a point of discontinuity of f ′. If (15.2.11) and
(15.2.12) hold, and |fj+1 − fj | ≤ 2ε(δ), then ξ is a critical point of f . If
(15.2.11) and (15.2.12) hold and |fj+1 − fj | > 2ε(δ), then ξ ∈ (jh, jh + h)
is a point of discontinuity of f ′. The jump P of f ′ across ξ is estimated by
formula (15.2.15) .

Let us give a method for finding nonsmoothness points of piecewise-
linear functions.

Assume that f is a piecewise-linear function on the interval [0, 1] and
0 < x1 < · · · < xJ < 1 is its nonsmoothness points, i.e, the discontinuity
points of f or these of f ′. Assume that fδ is known at a grid mh, m =
0, 1, 2, ......, M ,

h =
1
M

, fδ,m = fδ(mh), |f(mh) − fδ,m| ≤ δ ∀m,

where fm = f(mh). If mh is a discontinuity point, mh = xj , then we
define its value as f(xj − 0) or f(xj + 0), depending on which of these two
numbers satisfy the inequalty |f(mh) − fδ,m| ≤ δ.
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The problem is:
Given fδ,m ∀m, estimate the location of the discontinuity points xj,

their number J , find out which of these points are points of discontinuity
of f and which are points of discontinuity of f ′ but points of continuity of
f , and estimate the sizes of the jumps of f

|pj | = |f(xj + 0) − f(xj − 0)|
and the sizes of the jumps of f ′

qj = |f ′(xj + 0) − f ′(xj − 0)|
at the continuity points of f which are discontinuity points of f ′.

Let us solve this problem. Consider the quantities

Gm :=
fδ,m+1 − 2fδ,m + fδ,m−1

2h2
:= gm + wm,

where

gm :=
fm+1 − 2fm + fm−1

2h2
,

and

wm :=
fδ,m+1 − fm+1 − 2(fδ,m − fm) + fδ,m−1 − fm

2h2
.

We have

|wm| ≤ 4δ

2h2
=

2δ

h2
,

and

gm = 0 if xj 	∈ (mh − h, mh + h) ∀j.

Therefore, the following claim hold:
Claim:
If minj |xj+1 − xj | > 2h and

|Gm| >
2δ

h2
, (15.2.16)

then the interval (mh−h, mh+h) must contain a discontinuity point of f .
Condition (15.2.16) is sufficient for the interval (mh − h, mh + h) to

contain a discontinuity point of f , but is not a necessary condition: it
may happen that the interval (mh − h, mh + h) contains more than one
discontinuity points (this is only possible if the assumption minj |xj+1 −
xj | > 2h does not hold) without changing gm or Gm, so that one cannot
detect these points by the above method. We have proved the following
result.
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Theorem 15.2.3. Condition (15.2.16) is a sufficient condition for the
interval (mh − h, mh + h) to contain a nonsmoothness point of f . If one
knows a priori that minj |xj+1 − xj | > 2h, then condition (15.2.16) is a
necessary and sufficient condition for the interval (mh − h, mh + h) to
contain exactly one point of nonsmoothness of f .

Let us estimate the size of the jump |pj | = |f(xj + 0) − f(xj − 0)|.
Let us assume that (15.2.16) holds, xj+1 − xj > 2h, so there is only one
discontinuity point xj of f on the interval (mh − h, mh + h), and assume
that xj ∈ (mh − h, mh). The case when xj ∈ (mh, mh + h) is treated
similarly. Let

f(x) = ajx + bj when mh < x < xj ,

and

f(x) = aj+1x + bj+1 when xj < x < (m + 1)h,

where aj , bj are constants. One has

gm =
−(aj+1 − aj)(mh − h) − (bj+1 − bj)

2h2
,

and

|pj | = |(aj+1 − aj)xj + bj+1 − bj |.
Thus

|gm| = |−(aj+1 − aj)xj − (bj+1 − bj) − (aj+1 − aj)(mh − h − xj)
2h2

|

=
|pj |
2h2

± |aj+1 − aj ||xj − (mh − h)|
2h2

,

where A ± B denotes a quantity such that A − B ≤ A ± B ≤ A + B,
A,B > 0.

Let

|aj+1 − aj | = qj .

Note that

|xj − (mh − h)| ≤ h if mh − h < xj < mh.

Thus,

|Gm| =
|pj |
2h2

±
(

qjh

2h2
+

2δ

h2

)
.
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Therefore,

|Gm| =
|pj |
2h2

[
1 ±

(
qjh

|pj | +
4δ

|pj |
)]

,

provided that |pj | > 0.
If

qjh + 4δ

|pj | << 1 and |pj | > 0,

then

|pj | ≈ 2h2|Gm|.

If pj = 0, then xj = bj−bj+1
aj+1−aj

, and

|Gm| =
qj(xj − mh + h)

2h2
± 2δ

h2
,

because xj > mh − h by the assumption. Thus,

qj ≈ 2h2|Gm|
xj − mh + h

,

provided that pj = 0 and δ << qj(xj − mh + h).
If

min
j

|xj+1 − xj | > 2h,

then the number J of the nonsmoothness points of f can be determined as
the number of intervals on which (15.2.16) holds.

15.3 Simultaneous approximation of a function and
its derivative by interpolation polynomials

In this Section we present a result from [R8]. We want to construct an in-
terpolation polynomial which gives a stable approximation of a continuous
function f ∈ C(I), I := [−1, 1], given noisy values fδ(xj), |fδ(xj)−f(xj)| <
δ, and approximation should have the property that its derivative gives a
stable approximation of f ′.

The idea is to use Lagrange interpolating polynomial Ln(x) with nodes
at the roots

xj = xj,n+1 := cos
(

2j − 1
2n + 2

π

)
, 1 ≤ j ≤ n + 1,
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of the Tchebyshev polynomial Tn+1(x), x ∈ I,

Tn(x) := 2−(n−1) cos(n arccos x), Ln = Ln(x, f) =
n+1∑
j=1

f(xj)lj(x),

(15.3.1)

where

lj(x) :=
Tn+1(x)

T ′
n+1(xj)(x − xj)

. (15.3.2)

Let

λn := max
x∈I

n+1∑
j=1

|lj(x)|, λ′
n(x) :=

n+1∑
j=1

|l′j(x)|, λ′
n := max

x∈I
λ′

n(x). (15.3.3)

It is known (see [A]) that

ln(n + 1)
8
√

π
< λn < 8 +

4
π

ln(n + 1). (15.3.4)

Let

En(f) := min
P∈Pn

max
x∈I

|f(x) − P (x)|,

where Pn is the set of all polynomials of degree ≤ n. The polynomial of
the best approximation exists and is unique for any f ∈ C(I).

If Cr = Cr(I) is the set of r times continuously differentiable functions
on I with the norm

||f ||r = max
x∈I

{|f(x)| + |f (r)(x)|}

and f ∈ C1, then (see [T])

||f − Ln|| ≤ (1 + λn)En(f), (15.3.5)

where || · || := || · ||0.
Let us state our results.

Theorem 15.3.1. Let f ∈ C1. Then

||f ′ − L′
n|| ≤ (1 + λ′

n)En(f ′), (15.3.6)

|f ′(x) − L′
n(x)| ≤

(
1 +

nλn√
1 − x2

)
En−1(f ′), λ′

n ≤ n2λn, (15.3.7)

λ′
n(x) ≤ nλn√

1 − x2
. (15.3.8)
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Let

Ln,δ(x) :=
n+1∑
j=1

fδ(xj)lj(x).

Our second result is the following theorem:

Theorem 15.3.2. Let f ∈ Cr, r > 3. Then there exists a function n(δ)
such that

||Ln(δ),δ − f || = O(δ| ln δ|), δ → 0, (15.3.9)

| d

dx
Ln(δ),δ(x) − f ′(x)| ≤ En−1(f ′)[1 + λ′

n] + δλ′
n(x), (15.3.10)

||Ln(δ),δ − f || ≤ (1 + λn)En(f) + δλn. (15.3.11)

The following lemma will be used in the proofs.

Lemma 15.3.1. Let Pj ∈ Pn and

m∑
j=1

|Pj(x)| ≤ M, x ∈ I, (15.3.12)

where M = const and m ≥ 1 is an arbitrary integer. Then

m∑
j=1

|P ′
j(x)| ≤ Mn√

1 − x2
, (15.3.13)

m∑
j=1

|P ′
j(x)| ≤ Mn2. (15.3.14)

This lemma is a generalization of the known for m = 1 inequalities of
S. Bernstein.

Proof of Lemma 15.3.1. Let

x = cos θ, Pj(x) = Pj(θ).

Then (see [T], p. 227):

P ′
j(θ) =

1
4n

2n∑
k=1

(−1)k+1Pj(θ+θk)
1

sin2( θk

2 )
, θk =

(2k − 1)π
2n

, (15.3.15)
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and

1
4n

2n∑
k=1

1
sin2

(
θk

2

) = n. (15.3.16)

From (15.3.12), (15.3.15) and (15.3.16) we get

m∑
j=1

|P ′
j(θ)| ≤

m∑
j=1

∣∣∣∣∣ 1
4n

2n∑
k=1

(−1)k+1Pj(θ + θk)
1

sin2( θk

2 )

∣∣∣∣∣ (15.3.17)

≤ 1
4n

2n∑
k=1

(−1)k+1 1
sin2( θk

2 )

m∑
j=1

|Pj(θ + θk)| ≤ Mn. (15.3.18)

Using (15.3.18), we get
m∑

j=1

|P ′
j(x)| =

m∑
j=1

|P ′
j(θ)|

∣∣∣∣ dθ

dx

∣∣∣∣ ≤ Mn√
1 − x2

, (15.3.19)

so (15.3.13) is proved.
Let us prove (15.3.14).
If |x| ≤ cos

(
π
2n

)
, then, using the inequality

sin x ≥ 2x

π
, 0 ≤ x ≤ π

2
,

we get:√
1 − x2 ≥ sin

( π

2n

)
>

π

2n

2
π

=
1
n

, (15.3.20)

so (15.3.14) follows from (15.3.19) if |x| ≤ cos
(

π
2n

)
.

If

cos
( π

2n

)
≤ |x| ≤ 1,

then we use the following known formula: (see [PS], problem VI. 71)

P ′
k(x) =

2n−1

n

n∑
j=1

(−1)j−1
√

1 − x2
j,nP ′

k(xj,n)
Tn(x)

x − xj,n
, (15.3.21)

and get
m∑

k=1

|P ′
k(x)| ≤ 2n−1

n

n∑
j=1

m∑
k=1

√
1 − x2

j,n|P ′
k(xj,n)| |Tn(x)|

|x − xj,n|

≤ Mn
2n−1

n

n∑
j=1

|Tn(x)|
|x − xj,n| ≤ Mn2. (15.3.22)
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Here we have used inequality (15.3.19):

m∑
k=1

√
1 − x2

j,n|P ′
k(xj,n)| ≤ Mn, (15.3.23)

and took into account that (see [PS] problem VI. 80)

2n−1

n

n∑
j=1

|Tn(x)|
|x − xj,n| =

2n−1

n

n∑
j=1

Tn(x)
x − xj,n

=
T ′

n(x)
n

≤ n

if cos
( π

2n

)
≤ |x| ≤ 1. (15.3.24)

Lemma 15.3.1 is proved. �

Proof of Theorem 15.3.1. Let Qn(x) be the polynomial of the best approx-
imation for the function f(x), i.e.,

||f − Qn|| = En(f).

Note that

Ln(x, Qn) = Qn(x).

Therefore

||f(x) − Ln(x, f)|| ≤ ||f − Qn|| + ||Qn − Ln(x, Qn)||
+ ||Ln(x,Qn) − Ln(x, f)||

≤ En(f) + λnEn(f), (15.3.25)

where λn is defined in (15.3.3)
Let Pn−1(x) be the polynomial of the best approximation for f ′, i.e.,

||f ′ − Pn−1|| = En−1(f ′).

Let

Pn(x) := f(0) +
∫ x

0

Pn−1(t)dt, P ′
n = Pn−1. (15.3.26)

We have

L′
n(x, Pn) = P ′

n = Pn−1,

|L′
n(x, Pn) − L′

n(x, f)| ≤ ||f − Pn||L′
n(x, f), (15.3.27)
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and

||f − Pn|| ≤ ||
∫ x

0

|f ′(t) − Pn−1(t)|dt|| ≤ En−1(f ′). (15.3.28)

Using estimates (15.3.26) - (15.3.28), we obtain:

|f ′(x) − L′
n(x, f)| ≤ |f ′(x) − Pn−1(x)| + |Pn−1(x) − L′

n(x, Pn)|
+ |L′

n(x, Pn) − L′
n(x, f)|

≤ En−1(f ′) + λ′
n(x)En−1(f ′), (15.3.29)

which is inequality (15.3.3).
Lemma 15.3.1 and the definition (15.3.3) of λn imply

λ′
n(x) ≤ nλn√

1 − x2
, λ′

n ≤ n2λn. (15.3.30)

This argument allows one to estimate

λ(k)
n (x) :=

n+1∑
j=1

|l(k)
j (x)|

and

λ(k)
n := ||λ(k)

n (x)||0.

For example,

λ(k)
n ≤ n2kλn.

Theorem 15.3.1 is proved. �

Proof of Theorem 15.3.2. We have

||f(x) − Ln,δ(x)|| ≤ ||f(x) − Ln(x, f)|| − ||Ln(x, f − fδ)||
≤ (1 + λn)En(f) + δλn, (15.3.31)

where we have used the estimate (15.3.25). We assume that n is large.
If one minimizes the right-hand side of (15.3.31) with respect to n for a
small fixed δ, then one gets the value of n, n = n(δ), for which Ln(δ),δ(x)
approximates f(x) best.

It is known (see [A]) that if f ∈ Cr(I) then

En(f) ≤ KrMr

nr
, Mr = ||f (r)||, 1 < Kr ≤ π

2
, (15.3.32)
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where r ≥ 1 is an integer. Let us denote

μr := KrMr.

For large n minimization of the right-hand side of (15.3.31) can be done
analytically. We have for large n

(1 + λn)En(f) + δλn � μr lnn

nr
+ δ lnn, (15.3.33)

where the notation a � b means c1a ≤ b ≤ c2a and c1, c2 > 0 are constants
independent of n.

A necessary condition for the minimizer of the right-hand side of (15.3.33)
is

δ = μr
lnn

nr

(
1 + O

(
1

lnn

))
, n → 0. (15.3.34)

Thus

n = n(δ) =
(rμr

δ
ln

μr

δ

) 1
r

, δ → 0. (15.3.35)

From (15.3.31) and (15.3.35) it follows that formula (15.3.9) holds. Simi-
larly we derive (15.3.10) and (15.3.11)

Theorem 15.3.2 is proved. �

If f ∈ Cr(I), then

||f (k)(x)−L(k)
n (x, f)|| ≤ cω

(
1
n

, f (r)

)
nk−r(1+nk ln), k ≤ r, (15.3.36)

where c > 0 is a constant and ω
(
δ, f (r)

)
is the continuity modulus of f (r).

Recall that if f ∈ C(I) then

ω (δ, f) := sup
|x−y|≤δ, x,y∈I

|f(x) − f(y)|. (15.3.37)

Let us prove (15.3.36). There exists a polynomial Sn(x) such that

||f (k) − S(k)
n || ≤ cnk−rω

(
1
n

, f (r)

)
, k ≤ r. (15.3.38)

We have

S(k)
n = L(k)

n (x, f).
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Therefore

||f (k) − L(k)
n (x, f)|| ≤ ||f (k) − S(k)

n || + ||S(k)
n − L(k)

n (x, f)||
≤ cnk−rω

(
n, f (r)

)
+ λ(k)

n cn−rω

(
1
n

, f (r)

)

≤ cnk−r(1 + nk ln)ω
(

1
n

, f (r)

)
. (15.3.39)

The results of this Section are of practical interest. For example, if
f = ex, x ∈ [−1, 1], then

||ex − L7(x, ex)|| ≤ 10−7, ||ex − L6(x, ex)|| ≤ 10−5, (15.3.40)

|ex − L′
7(x, ex)| ≤ 10−5, |x| ≤ 0.98;

|ex − L′
7(x, ex)| ≤ 10−7, 0.98 ≤ |x| ≤ 1. (15.3.41)

15.4 Other methods of stable differentiation

Let An be a sequence of operators which converge strongly on a set S
of functions to the identity operator. For example, An can be Fejer, S.
Bernstein, Vallee-Poussin, or other methods of approximation of f , such as
a mollification:

Mεf =
1
ε

∫
I

g

(
x − y

ε

)
f(y)dy, I = [−1, 1]. (15.4.1)

where

0 ≤ g(x) ∈ C∞
0 (I),

∫ 1

−1

g(x)dx = 1. (15.4.2)

The function g is called the mollification kernel. Specifically, one may
choose

g(x) =

{
ce

− 1
1−x2 , |x| < 1

0, |x| ≥ 1

where c = const > 0 is chosen so that∫ 1

−1

g(x)dx = 1.

One has:

lim
ε→0

||Mεf − f || = 0, ||Mεf ||Lp(R) ≤ ||f ||Lp(I), p ≥ 1, (15.4.3)
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(
dm

dxm Mεf
)
(x) = Mε

(
dm

dxm f
)
(x), x ∈ (−1, 1),

limε→0

∣∣∣∣ dm

dxm Mεf − dm

dxm f
∣∣∣∣

Lp(Ĩ)
= 0, (15.4.4)

where Ĩ ⊂ I is an interval inside (−1, 1).
If f ∈ C(I), then, taking ε = 1

h and −1 < x < 1, one gets:

Mεf = n

∫ x+1

x−1

g(nt)f(x − t)dt

=
∫ n(x+1)

n(x−1)

g(u)f
(
x − u

n

)
du → f(x) as n → ∞. (15.4.5)

The convergence in (15.4.5) is uniform on any compact subset of I. To
avoid the discussion of the convergence of Mεf at the end points of the
interval[−1, 1] let us assume that f ∈ C(R) is periodic with period 2.

Let us estimate f ′ given noisy data fδ, ||fδ − f || ≤ δ, and assuming
that f ∈ C2(R). First, note that if f ∈ C2(R) and f(x + 2) = f(x), then
(see (15.4.5)):

||(Mεf)′ − f ′|| = ||Mε(f ′) − f ′|| ≤ ||
∫ 1

−1

g(u)|f
(
x − u

n

)
− f ′(x)|du||

≤ M2c1

n
, (15.4.6)

where

||f ′′|| ≤ M2, c1 =
∫ 1

−1

|u|g(u)−1du, ε =
1
n

.

Using the inequality (15.4.6) and assuming f ∈ C2(R), ε = 1
n , we

obtain:

||(Mεfδ)′ − f ′|| ≤ ||(Mε(fδ) − f))′|| + ||(Mεfδ)′ − f ′||
≤ 1

ε2
||
∫ ∞

−∞
|g′
(

x − y

ε

)
|dy|| + M2c1

n
. (15.4.7)

Note that∫ ∞

−∞

∣∣∣∣g′
(

x − y

ε

)∣∣∣∣ dy = ε

∫ 1

−1

|g′(t)|dt = c2ε =
c2

n
. (15.4.8)

Thus (15.4.7) yields

||(M 1
n
fδ)′ − f ′|| ≤ c2δn +

M2c1

n
:= η(n, δ). (15.4.9)
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Minimizing the right-hand side of (15.4.9) with respect to n for a fixed
δ > 0, one gets

n(δ) =
γ√
δ
, γ :=

√
M2c1

c2
(15.4.10)

and

η(δ) := η(n(δ), δ) = γ1

√
δ, γ1 := c2γ +

M2c1

γ
. (15.4.11)

We have proved the following result.

Theorem 15.4.1. Assume that

f ∈ C2(R), f(x+2) = f(x), ||fδ−f || ≤ δ, ||f || := ess supx∈R
|f(x)|.

Then the operator

Rδfδ := (M 1
n(δ)

fδ)′

gives a stable approximation of f ′ provided that n(δ) = γ√
δ

with the error

γ1

√
δ, where the constants γ and γ1 are defined in (15.4.10) and (15.4.11).

Remark 15.4.1. The method of the proof of Theorem 15.4.1 can be used
for other (than mollification) methods of approximation of functions. For
example, the Vallee-Poussin approximation method is

Anf =
(2n)!!

(2n − 1)!!
1
2π

∫ π

−π

f(y) cos2n x − y

2
dy, f(x+2π) = f(x), (15.4.12)

yields a uniform approximation with the error

||Anf − f || ≤ 3ω

(
1√
n

, f

)
. (15.4.13)

Many results on approximation of functions one finds in [A, Pow, Ti, Tik,
T].

The method for stable numerical differentiation given noisy data fδ,
based on the approximating the identity sequence of operators An, can be
summarized as follows: one constructs the formula for stable differentiation
Rδfδ = (An(δ)fδ)′ satisfies relation (15.1.2) if the sequence of operators An

has the following properties

Anf → f, (Anf)′ → f ′ as n → ∞, (15.4.14)
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where convergence is in L∞ (or Lp) norm, and one has estimates of the
type:

||(Anf)′ − f ′|| ≤ ω(n), (15.4.15)

where

ω(n) ≤ c

nb
,

and b > 0 if f ∈ Cμ with μ > 1. Moreover,

||(Anf)′ − (Anfδ)′|| ≤ ||f − fδ||b(n) = δb(n), (15.4.16)

where limn→∞ b(n) = ∞. The n(δ) is found by minimizing the quantity:

δb(n) + ω(n) = min, (15.4.17)

or by solving the equation

δ =
ω(n)
b(n)

(15.4.18)

for n. As δ → 0 one has n(δ) → ∞.
Consider the operator

Rhf =
f(x + h) − f(x − h)

2h
(15.4.19)

on the space of C2(R) periodic functions, f(x + 2) = f(x), as an integral
operator

Rhf =
∫ 1

−1

δ(y − h) − δ(y + h)
2h

f(x + y)dy (15.4.20)

with the distributional kernel. One has

lim
h→0

δ(y − h) − δ(y + h)
2h

= −δ′(y) (15.4.21)

in the sense of distributions. Thus

lim
h→0

Rhf = −
∫ 1

−1

δ′(y)f(x + y)dy = f ′(x). (15.4.22)

One may use other kernels to approximate f ′(x). For example, consider
the operator

Thf :=
∫ 1

−1

w(yh)f(x + yh)dy, (15.4.23)
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where w is an entire function. Assuming that f ∈ C2(−1, 1) we have

Thf =
∫ 1

−1

[
w(0) + yhw′(0) + O(y2h2)

] [
f(x) + yhf ′(x) + O(y2h2)

]
dy.

(15.4.24)

Let us require

w(0) = 0, w′(0) := c1, w(y) = c1y,

then (15.4.24) yields

Thf = c1h
2

∫ 1

−1

y2dyf ′(x) + O
(
h3
)

=
2h2

3
c1f

′(x) + O(h3). (15.4.25)

Choose c1 = 3
2h2 , i.e., w(yh) = 3y

2h . Then

lim
h→0

Thf = f ′(x). (15.4.26)

Therefore formula (15.4.23) with w(yh) = 3y
2h gives an approximation to

f ′(x). This formula requires an integration, so it is more complicated than
formula (15.4.19). In Section 15.1 we have proved that operator (15.4.19)
with h = h(δ), defined in (15.1.8), is optimal in the sense (15.1.5), i.e.
among all linear and nonlinear operators acting from L∞

π (R) into L∞
π (R),

where L∞
π (R) is the space of 2-periodic functions on R with the norm

||f ||L∞
π (R) = ess supx∈R

|f(x)|, the operator Rh(δ), defined in (15.4.19),
with h = h(δ), defined in (15.1.8), gives the best possible approximation of
f ′ in the sense (15.1.5).

15.5 DSM and stable differentiation

Consider the problem of stable differentiation as the problem of solving
Volterra integral equation of the first kind:

Au :=
∫ x

0

udt = f(x), 0 ≤ x ≤ 1. (15.5.1)

Without loss of generality we assume that f is defined on the interval [0, 1]
and f(0) = 0. If f(0) 	= 0, then the function f(x)− f(0) vanishes at x = 0
and has the same derivative as f .

Let us assume that noisy data fδ are given, ||fδ −f || ≤ δ, and the norm
is L2(0, 1) := H norm. The Hilbert space H is assumed real-valued.
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We have

(Au, u) =
∫ 1

0

dx

∫ x

0

u(t)dtu(x) =
1
2

(∫ x

0

u(t)dt

)2
∣∣∣∣∣
1

0

=
1
2

(∫ 1

0

u(t)dt

)2

≥ 0. (15.5.2)

Since A is a linear bounded operator in H, conditions (1.3.2) hold. We
have

||Au||2 =
∫ 1

0

dx

(∫ x

0

udt

)2

dx ≤
∫ 1

0

x

∫ x

0

u2dtdx ≤ 1
2
||u||2.

Thus ||A|| ≤ 1√
2
. Consider a DSM scheme for solving equation (15.5.1):

u̇δ(t) = −A−1
a(t)[Auδ(t) + a(t)uδ(t) − fδ] = −uδ(t) + A−1

a(t)fδ,

uδ(0) = u0, (15.5.3)

where a(t) satisfies (6.1.30). Inequality (15.5.2) and the linearity of A imply

(Au − Av, u − v) ≥ 0, ∀u, v ∈ H. (15.5.4)

Thus, we may use Theorems 6.2.1 and 6.3.1 for calculating a stable ap-
proximation to f ′ given the noisy data fδ.

Calculating A−1
a amounts to solving the problem∫ x

0

u(y)dy + au(x) = g, g ∈ H. (15.5.5)

This problem is solved analytically:

u := ua(x) =
d

dx

1
a

∫ x

0

e−
x−y

a g(y)dy =
g

a
− 1

a2

∫ x

0

e−
x−y

a g(y)dy. (15.5.6)

If a = a(t), formula (15.5.6) remains valid. One can use formula (15.5.6)
for constructing a stable approximation of f ′ given noisy data fδ. This
corresponds to solving the equation

Aua,δ + aua,δ = fδ, (15.5.7)

and choosing a = a(δ) so that

uδ := ua(δ),δ
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would converge to f ′:

lim
δ→0

||uδ − f ′|| = 0. (15.5.8)

To choose a(δ) we take g = fδ in (15.5.6) and estimate the difference
ua,δ − f ′:

||ua,δ − f ′|| ≤ ||ua,δ − ua|| + ||ua − f ′||, (15.5.9)

where ua is the right-hand side of (15.5.6) with f in place of g. Using
(15.5.6), we get

||ua,δ−ua|| ≤ δ

a
+δ|| 1

a2

∫ x

0

e−
x−y

a (fδ−f)dy|| ≤ δ

(
1
a

+
1

a
3
2
√

2

)
, (15.5.10)

where ||fδ − f || ≤ δ. Furthermore, integrating by parts, we get

||ua − f ′|| = ||f
a
− 1

a2

∫ x

0

e−
x−y

a f(y)dy − f ′||

≤ ||f
a
− 1

a2

[
ae−

x−y
a f

∣∣∣x
0
− a

∫ x

0

e−
x−y

a f ′(y)dy

]
− f ′||

≤ ||1
a
f(0) +

1
a

∫ x

0

e−
x−y

a f ′(y)dy − f ′(x)||

≤ ||1
a

∫ x

0

e−
s
a f ′(x − s)ds − f ′(x)||. (15.5.11)

Here we have used the assumption

f(0) = 0.

We have

lim
a→0

||1
a

∫ x

0

e−
s
a f ′(x − s)ds − f ′(x)|| = 0. (15.5.12)

If T (a) : H → H is defined as

T (a)h =
1
a

∫ x

0

e−
x−y

a h(y)dy, (15.5.13)

then

||T (a)h||2 =
∫ 1

0

dx

∣∣∣∣1a
∫ x

0

e−
x−y

a h(y)dy

∣∣∣∣
2

≤
∫ 1

0

dx
1
a2

∫ x

0

e−
2(x−y)

a dy

∫ x

0

h2dy

≤ 1
a2

∫ 1

0

dx
a

2

∫ 1

0

h2dy =
1
2a

||h||2.
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Thus

||T (a)|| ≤ 1√
2a

. (15.5.14)

We have

||T (a)h − h|| = ||1
a

∫ x

0

e−
x−y

a [h(y) − h(x)]dy − e−
x
a h(x)||

≤ ||1
a

∫ x

0

e−
s
a [h(x − s) − h(x)]ds||

+ ||e− x
a h(x)||. (15.5.15)

Assume that

sup
0≤x≤1

|h(j)(x)| ≤ Mj , 0 ≤ j ≤ 2, Mj = const. (15.5.16)

Then (15.5.15) implies:

||T (a)h − h|| ≤ M1a + M0

(a

2

) 1
2

, (15.5.17)

and (15.5.11) implies

||ua − f ′|| ≤ M2a + M1

(a

2

) 1
2

. (15.5.18)

If h(x) in (15.5.15) is an arbitrary element of H = L2(0, 1) then by the
Lebesgue’s dominated convergence theorem we have

lim
a→0

||e− x
a h(x)|| = 0, (15.5.19)

and, setting s
a = z, we obtain:

lim
a→0

||1
a

∫ x

0

e−
s
a [h(x − s) − h(x)]ds||2

= lim
a→0

||
∫ x

a

0

e−z[h(x − az) − h(x)]dz||2

≤ lim
a→0

∫ 1

0

dx

∫ 1
a

0

e−zdz

∫ 1
a

0

e−z|h(x − az) − h(x)|2dz

= 0. (15.5.20)

Therefore

lim
a→0

||T (a)h − h|| = 0, ∀h ∈ H. (15.5.21)
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This conclusion is a consequence of (15.5.17) as well.
It follows from (15.5.9), (15.5.10) and (15.5.18) that

||ua,δ − f ′|| ≤ δ

a
3
2
√

2

(
1 +

√
2a

1
2

)
+

M1a
1
2√

2

(
1 +

M2a
1
2

M1

√
2

)
. (15.5.22)

Minimizing the right-hand side of (15.5.22) with respect to a we get

aδ = O
(
δ

1
2

)
. (15.5.23)

Denoting uδ := uaδ,δ and using (15.5.22), we obtain:

||uδ − f ′|| = O
(
δ

1
2

)
, δ → 0. (15.5.24)

Numerical results for stable differentiation, based on the equation (15.5.7),
are given in [ARU].

Let us formulate the result we have proved.

Theorem 15.5.1. Assume (15.5.16), and let

uδ = T (a(δ))fδ,

where ||fδ − f || ≤ δ, Ta is defined in (15.5.13) and a(δ) = O
(
δ

1
2

)
. Then

(15.5.24) holds.

Let us return to DSM (15.5.3) and give the stopping rule, i.e. the choice
of tδ such that

lim
δ→0

||uδ(tδ) − f ′|| = 0. (15.5.25)

The solution to (15.5.3) is

uδ(t) = u0e
−t +

∫ t

0

e−(t−s)A−1
a(s)fδds := u(t, fδ). (15.5.26)

Thus

||uδ(t)−f ′|| ≤ ||u(t, fδ)−u(t, f)||+ ||u(t, f)−f ′|| ≤ δ

a(t)
+ ||u(t, f)−f ′||.

(15.5.27)

We have

||u(t, f) − f ′|| ≤ ||u0||e−t + ||
∫ t

0

e−(t−s)A−1
a(s)fds − f ′||. (15.5.28)
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From (15.5.18) it follows that

||A−1
a(s)f − f ′|| = O

(
a

1
2

)
, a(s) → 0. (15.5.29)

Since

lim
t→∞

∫ t

0

e−(t−s)h(s)ds = h(∞),

provided h(∞) exists, we conclude from (15.5.28) and (15.5.29) that

||u(t, f) − f ′|| = O
(
a

1
2 (t)

)
, t → ∞. (15.5.30)

From (15.5.27) and (15.5.30) we obtain

||uδ(t) − f ′(x)|| ≤ δ

a(t)
+ O

(
a

1
2 (t)

)
. (15.5.31)

Thus, if tδ minimizes (15.5.31) then limδ→0 tδ = ∞ and (15.5.25) holds.
The minimizer aδ of the right-hand side of (15.5.31) with respect to a is
aδ = O

(
δ

2
3

)
. Therefore tδ is found from the relation aδ = a(t), and

||uδ(tδ) − f ′(x)|| ≤ O
(
δ

1
3

)
, as δ → 0. (15.5.32)

Consider now another DSM:

u̇δ = −(Auδ + a(t)uδ − fδ), u(0) = 0. (15.5.33)

Our arguments are valid for an arbitrary initial data u(0) = u0, and we
took u0 = 0 just for simplicity of writing.

Denote by

uδ(t) = u(t, fδ)

the solution to (15.5.33), and by V (t) the solution to the equation

AV + a(t)V − fδ = 0. (15.5.34)

Let

uδ − V (t) := w. (15.5.35)

Then

ẇ = −V̇ − [Aw + a(t)w], w(0) = 0. (15.5.36)
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We have proved above (see (15.5.24)) that:

lim
δ→0

||V (tδ) − f ′|| = 0, (15.5.37)

where tδ is defined by the equation aδ = a(t) and limδ→0 tδ = ∞. Thus,
(15.5.25) holds if we prove that

lim
δ→0

w(tδ) = 0. (15.5.38)

Multiply (15.5.36) by w, denote

g(t) := ||w(t)||,

and use the inequality (Aw,w) ≥ 0 to get:

ġ ≤ −a(t)g + ||V̇ ||. (15.5.39)

Let us estimate ||V̇ ||. Differentiate (15.5.34) with respect to t and get

AV̇ + a(t)V̇ = −ȧV. (15.5.40)

Multiply (15.5.40) by V̇ , use inequality (AV̇ , V̇ ) ≥ 0, and get

||V̇ || ≤ |ȧ|
a(t)

||V ||. (15.5.41)

Similarly, multiply (15.5.34) by V and get

||V || ≤ ||fδ||
a(t)

.

This and (15.5.4) imply

||V̇ || ≤ |ȧ|
a2

||fδ||.

Assume

lim
t→∞

|ȧ(t)|
a3(t)

= 0,

∫ ∞

0

a(t)dt = ∞. (15.5.42)

From (15.5.39) we obtain:

g(t) = g0e
− R t

0 a(s)ds + e−
R t
0 a(s)ds

∫ t

0

e
R s
0 a(p)dp||V̇ (s)||ds := J1 + J2.
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From the second condition (15.5.42) it follows that

lim
t→∞ ||g0||e−

R t
0 a(s)ds = 0.

We have

J2(t) ≤
∫ t

0
e

R s
0 a(p)dp |ȧ(s)|

a2(s) ds||fδ||
e

R t
0 a(s)ds

. (15.5.43)

Applying L’Hospital’s rule to (15.5.43) and using the first condition (15.5.42),
we conclude that

lim
t→∞J2(t) = 0.

Thus,

lim
t→∞ g(t) = 0. (15.5.44)

Let us summarize the result.

Theorem 15.5.2. Assume that f ∈ C2, 0 < a(t) ↘ 0, (15.5.42) holds,
and ||fδ − f ||L2(0,1) ≤ δ. Then problem (15.5.33) has a unique global solu-
tion uδ(t), and (15.5.25) holds with tδ chosen from the equation aδ = a(t),
where aδ is given in (15.5.23).

Remark 15.5.1. One can construct an iterative method for stable numerical
differentiation using the general results from Sections 2.4 and 4.4.

15.6 Stable calculating singular integrals

Let us denote the hypersingular integral by the symbol

∫
=

b

0

f(x)dx.

We assume that

f ∈ Ck([0, b]), k > μ − 1 > 0, b > 0,

and define

∫ b

0

=
f(x)dx

xμ
:=

∫ b

0

f(x) − fk(x)
xμ

dx +
k∑

j=0

f (j)(0)b−μ+j+1

j!(−μ + j + 1)
, (15.6.1)
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where

fk(x) :=
k∑

j=0

f (j)(0)xj

j!
. (15.6.2)

If k ≥ μ− 1 and f ∈ Ck+1([0, b]), then the term in (15.6.1), corresponding
to μ = j +1 is replaced by f(j)(0) ln b

j! . If the integral is given on the interval
[a, d], it can be reduced to the integral over [0, b] by a change of variables.
The definition (15.6.1) does not depend on the choice of k in (15.6.1) in the
region k > μ−1. Although there are many papers on calculating hypersin-
gular integrals, paper [R18] was the first one, as far as the author knows,
in which the ill-possedness of this problem was discussed and a stable ap-
proximation of hypersingular integrals was proposed. We present here the
results of this paper. Let us first explain why the usual quadrature formulas
lead to possibly very large errors in computing hypersingular integrals.

In other words, we explain why computing hypersingular integrals is an
ill-posed problem.

Consider a quadrature formula

Qnf =
n∑

j=1

wn,jf(xn,j), (15.6.3)

where wn,j are the weights and xn,j are the nodes. Let us assume that

lim
n→∞Qnf =

∫ b

0

fdx ∀f ∈ C([0, b]). (15.6.4)

If one applies formula (15.6.3) to calculating the right-hand side of (15.6.1),
and if the function f is given with some error, so that fδ is given in place
of f ,

||fδ(x) − f(x)|| ≤ δ, || · || = || · ||L∞(0,b), (15.6.5)

then, even if we assume that f (j)(0), 0 ≤ j ≤ k are known exactly, we
have

lim
n→∞ sup

{fδ:||fδ−f ||≤δ}

∣∣∣∣Qn

[
fδ(x) − fk(x)

xμ

]
− Qn

[
f(x) − fk(x)

xμ

]∣∣∣∣ = ∞.

(15.6.6)

Thus, the problem of calculating hypersingular integrals is ill-posed.
Let us check (15.6.6). Take, for example,

fδ(x) =
{

f(x) + δ, if 0 < a ≤ x ≤ b,

f(x) + δ
(

x
a

)μ
, 0 < x ≤ a.

(15.6.7)
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Then the function fδ(x) − f(x) is continuous on [0, b], and

lim
n→∞

n∑
j=1

wn,j
[fδ(xn,j) − f(xn,j)]

xμ
nj

= δ

∫ a

0

(x

a

)μ dx

xμ

+ δ

∫ b

a

dx > δ
1

aμ−1
. (15.6.8)

The right-hand side of (15.6.8) tends to infinity as a → 0, so that (15.6.6)
is verified.

The problem is to construct a quadrature formula for stable computa-
tion of integral (15.6.1) given noisy data fδ. We will not assume tht f (j)(0)
are known, but estimate them stably from noisy data fδ. This can be done
by the method developed in Section 5.1 provided that upper bounds on the
derivatives of f are known. To estimate stably f (j)(0), 0 ≤ j ≤ k, we use
the bounds

||f (j)|| := sup
0≤x≤b

|f (j)(x)| := Mj , 0 ≤ j ≤ k + 2. (15.6.9)

One may look for an estimate of f (j)(0) of the form:

f (j)(0) =
j∑

m=0

cm,jf(mh) := Lj,hf, (15.6.10)

where cm,j are found from the condition

f (j)(0) −
j∑

m=0

cm,jf(mh) = O
(
hj+1

)
. (15.6.11)

This leads to a linear algebraic system for finding cm,j :

j∑
m=0

mphp

p!
= δjp, 0 ≤ p ≤ j. (15.6.12)

This system is uniquely solvable because its matrix has non-zero Vander-
monde determinant.

If fδ is given in place of f ,

||fδ − f || ≤ δ,

then one uses formula (15.6.10) with fδ in place of f and finds h = h(δ)
such that

lim
δ→0

[Lj,h(δ)fδ − f (j)(0)] = 0. (15.6.13)
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This h(δ) is found from the estimate:

[Lj,hfδ−f (j)(0)| ≤ |Lj,h(fδ−f)|+ |Lj,hf−f (j)(0)| ≤ δϕj(h)+O
(
hj+1

)
,

(15.6.14)

where

ϕj(h) =
j∑

m=0

|cm,j |.

The coefficients

cm,j = cm,j(h)

and

ϕj(h) → ∞ as h → 0.

One finds h(δ) by minimizing the right-hand side of (15.6.14) with respect
to h for a given δ > 0. This gives also an estimate of the error of the
approximation (15.6.10).

Assume now that stable approximations f
(j)
δ (0) to f (j)(0), 0 ≤ j ≤ k,

have been calculated. Denote

fkδ(x) :=
k∑

j=0

f
(j)
δ (0)
j!

xj , (15.6.15)

and let

Qδfδ := Qn,a,b

(
fδ(x) − fkδ(x)

xμ

)
+

k∑
j=0

f
(j)
δ (0)b−μ+j+1

j!(−μ + j + 1)
, (15.6.16)

Here Qn,a,b, n = 1, 2, · · ·, are quadrature formulas with positive weights
which converge, as n → ∞, to

∫ b

a
f(x)dx for any f ∈ C([a, b]).

For example, quadrature formulas of Gaussian type have these proper-
ties, they are exact for polynomials of degree ≤ 2n − 1 and converge for
any f ∈ C([a, b]) (see, e.g., [DR]).

Let us formulate our result.

Theorem 15.6.1. Assume k > μ − 1, f ∈ Ck+2([0, b]). Then there is
an a = a(δ, k) such that

J :=

∣∣∣∣∣
∫ b

0

= fdx − Qδfδ

∣∣∣∣∣ = O
(
δ

k+2−μ
k+1

)
, δ → 0, (15.6.17)

for all n ≥ n(δ, k, μ, f).
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Proof. Denote

J1 =
∫ a

0

f(x) − fk(x)
xμ

dx, J1 = O
(
ak+2−μ

)
, (15.6.18)

J2 =
∫ b

a

f(x) − fk(x)
xμ

dx−Qn,a,b

(
f(x) − fk(x)

xμ

)
→ 0 as n → ∞,

(15.6.19)

J3 = Qn,a,b

(
f(x) − fδ(x)

xμ

)
,

|J3| ≤ O
(
δa−μ+1

)
as n → ∞, (15.6.20)

J4 = Qn,a,b

(
fkδ(x) − fk(x)

xμ

)
+

k∑
j=0

f (j)(0) − f
(j)
δ (0)

j!
b−μ+j+1

(−μ + j + 1)
,

(15.6.21)

J4 = O
(
δ

k+2−μ
k+1

)
, as n → ∞. (15.6.22)

From these estimates the relation (15.6.17) follows.
Theorem 15.6.1 is proved. �
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Chapter 16

Auxiliary results from analysis

16.1 Contraction mapping principle

Let F be a mapping in a Banach space X. Assume that there is a closed
set D ⊂ X such that

F (D) ⊂ D, ||F (u)−F (v)|| ≤ q||u−v||, u, v ∈ D, q ∈ (0, 1). (16.1.1)

Theorem 16.1.1. If (16.1.1) holds then equation

u = F (u) (16.1.2)

has a unique solution in D. This solution can be obtained by the iterative
method

un+1 = F (un), u0 ∈ D, u = lim
n→∞un, (16.1.3)

where u0 ∈ D is arbitrary, and

||un − u|| ≤ qn

1 − q
||u1 − u0||. (16.1.4)

Proof. One has

||un+1−un|| = ||F (un)−F (un−1)|| ≤ q||un−un−1|| ≤ ·· · ≤ qn||u1−u0||.
(16.1.5)

Thus

||un − up|| ≤
n∑

j=p+1

||uj − uj−1||

≤
n∑

j=p+1

qj−1||u1 − u0|| ≤ qp

1 − q
||u1 − u0||. (16.1.6)

241
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By the Cauchy test there exists the limit

lim
n→∞un = u, (16.1.7)

and

||u − un|| ≤ qn

1 − q
||u1 − u0||.

Passing to the limit in (16.1.3) yields (16.1.2). Uniqueness of the solution
to (16.1.2) in D is immediate: if u and v solve (16.1.2) then

||u − v|| = ||F (u) − F (v)|| ≤ q||u − v||. (16.1.8)

If 0 < q < 1, then (16.1.8) implies ||u − v|| = 0, so u = v.
Theorem 16.1.1 is proved. �

Remark 16.1.1. If

||Fm(u) − Fm(v)|| ≤ q||u − v||, u, v ∈ D, q ∈ (0, 1), (16.1.9)

where m > 1 is an integer, and F (D) ⊂ D, then equation (16.1.2) has a
unique solution in D.

Indeed, the equation

u = Fm(u) (16.1.10)

has a unique solution in D by Theorem 16.1.1 due to assumption (16.1.9).
Therefore F (u) = Fm+1(u) = Fm(F (u)). Since the solution to (16.1.10) is
unique, it follows that u = F (u), so u solves equation (16.1.2). The solution
to (16.1.2) is unique if assumption (16.1.9) holds. Indeed, if v = F (v), then
v = Fm(v), and therefore v = u, because the solution to (16.1.10) is unique.
One can also prove that (16.1.3) holds.

Remark 16.1.2. The contraction assumption (16.1.1) cannot be replaced
by a weaker one

||F (u) − F (v)|| < ||u − v||. (16.1.11)

For example, if X = R
1, D = X and F (u) = π

2 + u − arctanu then
u = F (u) implies π

2 = arctan u, and there is no real number u such that
arctanu = π

2 . On the other hand,

|F (u) − F (v)| = |u − v − (arctanu − arctan v)| < |u − v|.
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Remark 16.1.3. If F maps D into a precompact subset of D and (16.1.11)
holds, then equation (16.1.2) has a solution in D and this solution is unique.

Uniqueness of the solution is obvious: if v and u solve (16.1.2), then,
by (16.1.11) we have:

||u − v|| = ||F (u) − F (v)|| < ||u − v||. (16.1.12)

Thus, u = v.
Let us prove the existence of the solution to (16.1.2). Consider F on

F (D). The set F (D) is precompact by the assumption. It is closed because
F is continuous and D is closed. Thus the set F (D) is is compact.

The continuous function ||u − F (u)|| on the compact set F (D) attains
its minimum at some point y, i.e.

||y − F (y)|| ≤ ||u − F (u)|| ∀u ∈ F (D). (16.1.13)

If ||y − F (y)|| > 0, then

||F (y) − F 2(y)|| < ||y − F (y)||,

which is a contradiction to (16.1.13). Therefore y = F (y), and equation
(16.1.2) has a solution.

Remark 16.1.4. Assume that F depends continuously on a parameter z ∈
Z, where Z is a Banach space, i.e.

lim
||z−ξ||→0

||F (u, z) − F (u, ξ)|| = 0 ∀u ∈ D ⊂ X. (16.1.14)

Consider the equation

u = F (u, z). (16.1.15)

Theorem 16.1.2. Assume that for every

z ∈ B(z0, ε) := {z : z ∈ Z, ||z − z0|| ≤ ε}, ε = const > 0,

one has

||F (u, z) − F (v, z)|| ≤ q||u − v||, (16.1.16)

where q ∈ (0, 1) does not depend on z ∈ B(z0, ε),

lim
||z−z0||→0

||F (u, z) − F (u, z0)|| = 0 ∀u ∈ D, (16.1.17)
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and F (·, z) maps a closed set D ⊂ X into itself for every z ∈ B(z0, ε).
Then equation (16.1.15) has a unique solution u(z), which is continuous
as z → z0:

lim
||z−z0||→0

||u(z) − u(z0)|| = 0. (16.1.18)

If F (·, z) ∈ Cm(B(z0, ε)), then u ∈ Cm(B(z0, ε)), m ≥ 1.

Proof. For each z ∈ B(z0, ε) equation (16.1.15) has a unique solution u(z).
Moreover

||u(z) − u(z0)|| = ||F (u(z), z) − F (u(z0), z0)||
≤ ||F (u(z), z) − F (u(z0), z)||

+ ||F (u(z0), z) − F (u(z0), z0)||
≤ q||u(z) − u(z0)|| + ||F (u(z0), z) − F (u(z0), z0)||.

Therefore

||u(z) − u(z0)|| ≤ 1
1 − q

||F (u(z0), z) − F (u(z0), z0)||. (16.1.19)

By assumption (16.1.17) one gets from (16.1.19) the desired conclusion
(16.1.18). If m = 1, then differentiate (16.1.15) with respect to z and get
the equation for u′

z := u′:

u′ = Fu(u, z)u′ + Fz(u, z).

From (16.1.16) it follows that

||F ′
u(u, z)|| ≤ q < 1,

so that the above equation has a unique solution and this implies u ∈
C1(B(z0, ε)). Similarly one treats the case m > 1.

Theorem 16.1.2 is proved. �

Remark 16.1.5. Under the assumption of Theorem 16.1.1 the sequence un,
defined in (16.1.3), is a minimizing sequence for the functional g(u) :=
||u − F (u)||.
Remark 16.1.6. Suppose that there is a norm || · || on X equivalent to the
original norm, i.e.

c1||u||1 ≤ ||u|| ≤ c2||u||1 ∀u ∈ X. (16.1.20)
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It may happen that the map F is not a contraction on D with respect to
the original norm, but is a contraction with respect to an equivalent norm.
A standard example deals with the equation

u(t) =
∫ t

0

f(s, u(s))ds := F (u), (16.1.21)

where u(t) is a continuous vector-function with values in R
n. Assume that

|f(t, u) − f(t, v)| ≤ k|u − v|, (16.1.22)

where

|u| :=

⎛
⎝ n∑

j=1

|uj |2
⎞
⎠

1
2

is the length of the vector u, and k > 0 is a constant independent of u, v
and t. Let X be the space C(0, T ) of continuous vector-functions with the
norm

||u|| = max
0≤t≤T

|u(t)|. (16.1.23)

Define an equivalent norm:

||u||1 = max
0≤t≤T

{e−γt|u(t)|}, γ = const > 0. (16.1.24)

We have

||F (u) − F (v)|| ≤ max
0≤t≤T

{
e−γtk

∫ t

0

|u − v|ds

}

≤ max
0≤t≤T

{
e−γtk

∫ t

0

eγsds

}
||u − v||1

≤ k
1 − e−γT

γ
||u − v||1. (16.1.25)

One can always choose γ > 0 such that

q := k
1 − e−γT

γ
< 1 (16.1.26)

no matter how large the fixed k and T are. It is easy to see that in the
original norm (corresponding to γ = 0) the map F is not necessarily a
contraction if k and T are sufficiently large.
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16.2 Existence and uniqueness of the local solution
to the Cauchy problem

Let

u̇ = F (t, u), u(0) = u0, (16.2.1)

where F : X → X is a map in a Banach space. Assume that

||F (t, u) − F (t, v)|| ≤ M1(R)||u − v||, u, v ∈ B(u0, R), (16.2.2)

where

B(u0, R) = {u : ||u − u0|| ≤ R, u ∈ X},

and

||F (t, u)|| ≤ M0(R), ∀u, v ∈ B(u0, R). (16.2.3)

For any fixed u ∈ B(u0, R) the element F (t, u) is assumed continuous
with respect to t ∈ [0, T ]. Consider the equation

u(t) = u0 +
∫ t

0

F (s, u(s))ds := G(u) (16.2.4)

in the space C([0, T ]);X) of continuous functions with values in X and the
norm

|u| = max
0≤t≤T

||u(t)||. (16.2.5)

Let us check that the map G is a contraction on the set

D = {u(t) : u ∈ B(u0, R), t ∈ [0, T ]},

provided that T is sufficiently small, and GD ⊂ D.
Using (16.2.3), we get

|u(t) − u0| ≤ M0(R)T ≤ R if T ≤ R

M0(R)
, (16.2.6)

so

GD ⊂ D if T ≤ R

M0(R)
. (16.2.7)



16.2. EXISTENCE AND UNIQUENESS 247

Furthermore, using (16.2.2), we get

|G(u) − G(v)| ≤ M1(R)T |u − v| := q|u − v|, (16.2.8)

where

q = M1(R)T < 1 if T ≤ R

M1(R)
. (16.2.9)

From Theorem 16.1.1 we obtain the following result.

Theorem 16.2.1. Assume (16.2.2), (16.2.3), (16.2.6) and (16.2.9). Then
problem (16.2.1) has a unique solution u = u(t, u0) ∈ B(u0, R) defined on
[0, T ], where

T = min
(

1
M1(R)

,
R

M0(R)

)
. (16.2.10)

Remark 16.2.1. By Theorem 16.1.2 the solution u(t, u0) depends continu-
ously on the initial approximation u0 in the following sense.

If

||u0 − v0|| ≤ ε, T = min
(

1
M1(R + ε)

,
R

M0(R + ε)

)
,

then

lim
||v0−u0||→0

|u(t, u0) − u(t, v0|) = 0.

Theorem 16.2.1 allows one to introduce the notion of maximal interval
of the existence of the solution. Namely, if the solution u(t) exists on the
interval [0, T ) and does not exist on the interval [0, τ ] for any τ > T , then
we say that [0, T ] is the maximal interval of the existence of the solution
to (16.2.1). We have defined the maximal interval of the form [0, T ) of the
existence of the solution. Usually the definition does not fix the lower point
of the maximal interval of the existence of the solution, which is zero in
our case (see, e.g., [H] for the standard definition of the maximal interval
of the existence of the solution).

Under the assumptions of Theorem 16.2.1 we can prove that if [0, T ] is
the maximal interval of the existence of the solution to (16.2.1) then

lim
t→T−

||u(t)|| = ∞, (16.2.11)

where t → T− denotes convergence from the left.
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Indeed, assuming that (16.2.11) fails, we have

sup
0≤t≤T

||u(t)|| ≤ c < ∞. (16.2.12)

Thus

||u(tn)|| ≤ c, tn → T, tn < T. (16.2.13)

Consider the problem

u(t) = u(tn) +
∫ t

tn

F (s, u(s))ds, (16.2.14)

and let

D = {u(t) : u(t) ∈ B(u(tn), R), t ∈ [tn, tn + τ ]}.

We choose tn such that

tn > T − τ (16.2.15)

and

τ < min
(

1
M1(R)

,
1

M0(R)

)
, (16.2.16)

where

||u(t) − u(tn)|| ≤ R, tn ≤ t ≤ tn + τ. (16.2.17)

If the constant c, independent of n, is given in (16.2.13), then we can find
R and τ = τ(R) > 0, independent of n, so that the inequalities (16.2.15)
and (16.2.17) hold. Therefore the unique solution u(t) to problem (16.2.1)
is defined on the interval [0, T1], where T1 = tn + τ > T . This contradicts
to the assumption that T < ∞ and [0, T ] is the maximal interval of the
existence of the solution u(t). We have proved the following result.

Theorem 16.2.2. Assume that conditions (16.2.2) and (16.2.3) hold with
some R > 0 for any u0 such that ||u0|| ≤ c, where c > 0 is an arbitrary
constant and R = R(c). Then either the maximal interval [0, T ] of the
existence of the solution to (16.2.1) is finite, and then (16.2.11) holds, or
it is infinite, and then (16.2.12) holds for any T < ∞ with a constant
c = c(T ) > 0.
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Remark 16.2.2. Theorems 16.2.1 and 16.2.2 imply that a unique local so-
lution to problem (16.2.1) is a global one provided that a uniform with
respect to time a priori estimate

sup
t

||u(t)|| ≤ c < ∞ (16.2.18)

is established for the solution to problem (16.2.1) and F (t, u) satisfies the
assumptions of Theorem 16.2.2.

This argument was used often in Chapters 3, 6-11, 13.
Remark 16.2.3. We give two standard examples of the finite maximal in-
terval of the existence of the solution to problem (16.2.1).
Example 16.2.1. Let

u̇ = 1 + u2, u(0) = 1. (16.2.19)

Then

u = tan
(π

4
+ t

)
. (16.2.20)

Thus, u(t) does not exist on any interval of length greater than π, and

lim
t→π

4

u(t) = ∞. (16.2.21)

Example 16.2.2. Let

ut − Δu = u2, t ≥ 0, x ∈ D ⊂ Rn, (16.2.22)
uN |S = 0, t ≥ 0, (16.2.23)
u|t=0 = u0(x). (16.2.24)

Here, D is a bounded domain with a sufficient smooth boundary S, N is
the exterior normal to S, and

u0(x) ≥ 0,

∫
D

u0(x)dx > 0. (16.2.25)

Let us verify that the local solution to problem (16.2.22) - (16.2.25) has
to blow up in a finite time, that is (16.2.11) holds for some T < ∞. Indeed,
integrate (16.2.22) over D, use formula∫

D

Δudx =
∫

S

uNds = 0,

and get

∂

∂t

∫
D

udx =
∫

D

u2dx. (16.2.26)
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Moreover, assuming that u is real-valued, we get

g(t) :=
∫

D

udx ≤
(∫

D

u2dx

) 1
2

|D| 12 , |D| := meas D, (16.2.27)

where meas D is the volume of the domain D.
Thus,

dg

dt
≥ cg2, c :=

1
|D| , g(0) =

∫
D

u0dx > 0. (16.2.28)

Integrate (16.2.28) and get

g(t) ≥ 1
1

g(0) − ct
. (16.2.29)

Therefore

lim
t→T−

g(t) = +∞, T :=
1

cg(0)
. (16.2.30)

If (16.2.30) holds, then

lim
t→T

||u||L2(D) = ∞, (16.2.31)

because of the estimate (16.2.27).

16.3 Derivatives of nonlinear mappings

Let F : X → Y be a mapping from a Banach space X into a Banach space
Y .

Definition 16.3.1. If there exists a bounded linear map A = A(u), such
that

F (u + h) = F (u) + A(u)h + o(||h||), ||h|| → 0, (16.3.1)

then the map F is called F -differentiable (Fréchet differentiable ) at the
point u and one writes A(u) := F ′(u). If A(u) depends continuously on u
in the sense

lim
||v−u||

||A(u) − A(v)|| = 0, u, v ∈ D, (16.3.2)

then we write F ∈ C1(D). Here D is an open set in X, and ||A(u)|| is the
norm of the linear operator from X to Y .
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If F ′(u) exists, then it is unique.

Definition 16.3.2. The map F : X → Y is called G-differentiable (Gâteaux
differentiable ) at a point u if

F (u + th) = F (u) + tA(u)h + o(t), t → 0, (16.3.3)

where t is a number, h ∈ X is any arbitrary element, and A(u) is a bounded
linear operator A(u) : X → Y .

The term o(t) in (16.3.3) depends on h. Clearly if F is F -differentiable
then F is G-differentiable.

If F is F -differentiable at a point u, then F is continuous at this point.
One has

F (u + h) − F (u) =
∫ 1

0

d

dt
F (u + th)dt =

∫ 1

0

F ′(u + th)hdt.

Thus

||F (u + h) − F (u)|| ≤ sup
v∈B(u,R)

||F ′(v)||||h||, ||h|| ≤ R,

where B(u, R) : {u : ||u − v|| ≤ R}. The first derivative F ′(u) is a map
X → L(X, Y ), where L(X, Y ) is the space of bounded linear operators
from X into Y . If this map is F -differentiable, then its derivative is called
the second derivative of F , F ′′(u). The map F ′′(u) maps X into a set
L(X, L(X, Y )). This set can be identified with the set of L(X, X; Y ) of
bilinear mappings. An m-linear mapping G : X1 ×X2 × · · · ×Xm → Y is
a mapping which is a bounded linear mapping with respect to each of the
variables xj assuming that all the other variables are fixed, thus

||G(x1, x2, · · ·, xm)|| ≤ c

m∏
j=1

||xj ||.

One can define higher order derivatives inductively. Then F (n)(u) is the
first derivative of F (n−1)(u). If F ∈ Cn+1(D), i.e., F is n + 1 times F-
differentiable in an open set D ⊂ X, then an analog of Taylor’s formula
holds:

F (u + h) =
n∑

j=0

F (j)(u)hj

j!
+ Rn, (16.3.4)

where

Rn =
∫ 1

0

(1 − s)n

n!
F (n+1)(u + sh)hn+1ds. (16.3.5)
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Here

F (n)(u)hn =
∂n

∂t1 · · · ∂tn
F

⎛
⎝u +

n∑
j=1

tjhj

⎞
⎠
∣∣∣∣∣∣ t1 = · · · = tn = 0

h1 = · · · = hn = h

. (16.3.6)

Example 16.3.1. Uryson operators are defined by the formula:

F (u) =
∫

D

K(x, y, u(y))dy, D ⊂ R
n. (16.3.7)

They are considered in X = C(D) or X = Lp(D), where C(D) is the
space of continuous in a bounded domain D the function with sup-norm
and Lp(D), p ≥ 1, are the Lebesgue spaces. If the function K(x, y, u(y))
is continuous in the region D × D × BR, where B = {u : |u| < R}, and
Ku = ∂K

∂u is continuous in D × D × BR, then the operator (16.3.7) is F -
differentiable in C(D) and in Lp(D) at any point u such that ||u|| ≤ R.
One has

F ′(u)h =
∫

D

Ku(x, y, u(y))h(y)dy. (16.3.8)

If one wishes that the operator F , defined in (16.3.7), be defined on all
of the space X = C(D), then the function K(x, y, u) has to be defined in
D ×D ×R. If X = Lp(D), then it is necessary to restrict the growth of K
with respect to variable u in order that the domain of definition of F in X
be nontrivial.

For example, for F , defined in (16.3.7), to act from Lp1(D) int Lp2(D),
it is sufficient that

|K(x, y, u)| ≤ c1 + c2|u|
p1
p2 ,

where c1 and c2 are positive constants. For F , defined in (16.3.7) to act in
Lp(D), it is sufficient that

|K(x, y, u)| ≤ a(x, y)(c1 + c2|u|γ),∫
D

∫
D

|a(x, y)|bdxdy < ∞, γ ≤ b − 1,

γb

b − 1
≤ p ≤ b,

where c1, c2, γ, and b are positive constants. This is verified by using
Hölder inequality.
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A particular case of the Uryson operator (16.3.7) is the Hammerstein
operator

F (u) =
∫

D

K(x, y)f(y, u(y))dy, (16.3.9)

where the function f(y, u) is continuous with respect to u and integrable
with respect to y. The operator

(Nu)(y) := f(y, u(y))

is called Nemytskij operator. It acts from Lp1(D) into Lp2(D) if

|f(y, u(y))| ≤ a(y) + b|u(y)|
p1
p2 , a ∈ Lp2(D). (16.3.10)

The operator

Ku :=
∫

D

K(x, y)u(y)dy (16.3.11)

acts from Lp(D) into Lq(D), p, q ≥ 1, if∫
D

∫
D

|K(x, y)|dxdy < ∞, r′ =
r

r − 1
, r := min(p, q′). (16.3.12)

Indeed

|Ku| ≤
(∫

D

|K(x, y)|r′
) 1

q′
(∫

D

|u(y)|q
) 1

q′
, (16.3.13)

and r ≤ q′ implies r′ ≥ q. Note that since |D| := meas D < ∞ and r ≤ p,
one has

||u||Lr(D) ≤ ||u||Lp(D). (16.3.14)

Furthermore(∫
D

|Ku|qdx

) 1
q

≤
(∫

D

dx

(∫
D

|K(x, y)|r′
dy

) q
r′
) 1

q

||u||Lp(D)

≤
(∫

D

∫
D

|K(x, y)|r′
dydx

) 1
r′

×

|D|
1

q( r′
q ) ||u||Lp(D). (16.3.15)

From (16.3.13) - (16.3.15) the desired conclusion follows and

||K||Lp(D)→Lq(D) ≤ ||K(x, y)||Lr′ (D×D)|D|
1

q( r′
q )′ . (16.3.16)
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16.4 Implicit function theorem

Assume that X, Y and Z are Banach spaces U ⊂ X and V ⊂ Y are
open sets, u0 ∈ U, v0 ∈ V, F : X × Y → Z is a C1(U × V ) map, and
F (u0, v0) = 0.

Theorem 16.4.1. If [F ′
v(u0, v0)]−1 := L is a bounded linear operator,

then there exists a unique map v = f(u), such that F (u, f(u)) = 0, u ∈
U1 ⊂ U, v0 = f(u0), f is continuous in U1. If F ∈ Cm(U × V ) then
f ∈ Cm(U1).

Proof. Without loss of generality assume that u0 = 0, v0 = 0. Consider
the equation

v = v − LF (u, v) := T (v, u). (16.4.1)

Let us check that the operator T maps a ball Bε := {v : ||v|| ≤ ε} into itself
and is a contraction on BR for any u ∈ U1. If this is checked, then Theorem
16.1.1 implies the existence and uniqueness of the solution to v = f(u) to
the equation (16.4.1), and Theorem 16.1.2 implies that f ∈ Cm(U1) if
F ∈ Cm(U × V ).

We have

||v − LF (u, v)|| = ||v − LFu(0, 0)u − v − LR||
≤ ||L||||Fu(0, 0)||||u|| + ||L||o(||v|| + ||u||),(16.4.2)

where R = R(u, v) is the remainder in the formula

F (u, v) = Fu(0, 0)u+Fv(0, 0)v+R, R = o(||u||+||v||), Fv(0, 0) = L−1.

(16.4.3)

If

||u|| ≤ δ, ||L||||Fu(0, 0)||δ ≤ ε

2
, (16.4.4)

and

o(||v|| + ||u||) ≤ ε

2
, (16.4.5)

then

T (v, u)Bε ⊂ Bε ∀u ∈ {u : ||u|| ≤ δ} := B̃δ ⊂ U. (16.4.6)

Let v, w ∈ Bε and u ∈ B̃δ. Then

T ′
v(v, u) = I − LF ′

v(u, v), (16.4.7)
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and, by the continuity of F ′
v(u, v),

||F ′
v(u, v) − Fv(0, 0)|| ≤ α(δ, ε), (16.4.8)

where

lim
δ,ε→0

α(δ, ε) = 0. (16.4.9)

Since LF ′
v(0, 0) = I, formulas (16.4.7) - (16.4.9) imply

||T ′
v(v, u)|| ≤ ||L||||F ′

v(u, v) − F ′
v(0, 0)|| ≤ q < 1, (16.4.10)

provided that

0 ≤ ε ≤ ε0, 0 ≤ δ ≤ δ0, (16.4.11)

where ε0 and δ0 are sufficiently small. The number q < 1 in (16.4.10)
depends on ε0 and δ0 but not on u ∈ B̃ε0 or v ∈ B̃δ0 .

Thus, Theorems 16.1.1 and 16.1.2 imply the conclusions of Theorem
16.4.1. �

A particular case of Theorem 16.4.1 is the equation for the inverse
function

v = f(u), v0 = f(u0). (16.4.12)

Theorem 16.4.2. Assume that f : Y → X,

L := [f ′(v0)]−1, (16.4.13)

is a bounded linear operator, u0 = f(v0), and f ∈ C1(V ), v0 ∈ V , where
V is an open set in Y . Then there exists and is unique the inverse function
u = f−1(v), such that u = f−1(f(u)), u ∈ U, u0 ∈ U , where U ⊂ X is
a neighborhood of u0, and f−1(v) is Cm if f ∈ Cm.

Proof. Let F (u, v) = f(v) − u, then

Fv(u0, v0) = f ′(v0), (16.4.14)

the operator f ′(v0) has a bounded inverse operator (16.4.13), and Theorem
16.4.2 follows from Theorem 16.4.1. �
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16.5 An existence theorem

Consider the Cauchy problem:

u̇ = F (u, t), u(0) = u0. (16.5.1)

Let

J = [0, a] ⊂ R, Λ = [α, β] ⊂ R+,

where Xλ is a scale of Banach spaces, satisfying the following assumptions:

Xλ ⊂ Xμ if μ < λ, λ, μ ∈ Λ, (16.5.2)

||u||μ ≤ ||u||λ if μ < λ, λ, μ ∈ Λ. (16.5.3)

Theorem 16.5.1. Assume that

F : J × Xλ → Xμ is continuous if μ < λ, λ, μ ∈ Λ, (16.5.4)

F (t, 0) ∈ Xβ , (16.5.5)

||F (t, u)−F (t, v)||μ ≤ M

λ − μ
||u−v||λ, μ < λ, t ∈ J λ, μ ∈ Λ. (16.5.6)

Then problem (16.5.1) with u0 ∈ Xβ has a unique solution u(t) ∈ Xλ for
every λ ∈ (α, β), and this solution is defined on the interval t ∈ [0, δ(β−λ)),
where δ := min

(
a, 1

Me

)
.

Proof. Let

un+1(t) = u0 +
∫ t

0

F (s, un(s))ds. (16.5.7)

Assumptions (16.5.2) - (16.5.6) imply that un(t) ∈ Xλ for every λ ∈ [α, β],
and the map un : J → Xλ is continuous.

Denote J(t) = [0, t] and

m(t) := ||u0||β +
β − α

M
max

s∈J(t)
||F (s, 0)||β . (16.5.8)

Let us check that

||un+1(t) − un(t)||λ ≤ m(t)
(

tMe

β − λ

)n+1

, t ∈ J. (16.5.9)
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We have

||u1(t)|| − u0(t)||λ ≤ t

[
M

β − λ
||u0||β + F (s, 0)||β

]

≤ Mt

β − λ
m(t). (16.5.10)

If (16.5.9) holds for n = j − 1, then it holds for n = j. Indeed, with
γ < β − λ we have:

||uj+1(t) − uj(t)||λ ≤
∫ t

0

||F (s, uj(s)) − F (s, uj−1(s))||λds

≤ M

γ

∫ t

0

||uj(s) − uj−1(s)||λ+γds

≤ M

γ

∫ t

0

m(s)
(

sMe

β − λ − γ

)j

ds. (16.5.11)

Choose

γ =
β − λ

j + 1
. (16.5.12)

Then

||uj+1(t)|| − uj(t)||λ ≤ M(j + 1)
β − λ

m(t)
(Me)jtj+1

(β − λ)j
(
1 − 1

j+1

)j

(j + 1)

= m(t)
(

tMe

β − λ

)j+1 1

e
(
1 − 1

j+1

)j

≤ m(t)
(

tMe

β − λ

)j+1

, (16.5.13)

because(
1 +

1
j

)j

≤ e. (16.5.14)

Thus (16.5.9) is proved.
If t ∈ [0, δ(β − λ)), where δ = min

(
a, 1

Me

)
, then

tMe

β − λ
:= q < 1. (16.5.15)
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Therefore (16.5.9) implies

lim
n→∞un(t) = u(t), (16.5.16)

where convergence is in Xλ uniform in t ∈ [0, δ(β−λ)), and u(t) solves the
equation

u(t) = u0 +
∫ t

0

F (s, u(s))ds (16.5.17)

and problem (16.5.1).
If v(t) is another solution to (16.5.1) in Xλ, then w := u(t)−v(t) solves

the problem:

ẇ = F (t, u) − F (t, v), w(0) = 0. (16.5.18)

Let

un+1(t) = u0 +
∫ t

0

F (s, un(s))ds,

vn+1(t) = v0 +
∫ t

0

F (s, vn(s))ds,

wn(t) = un(t) − vn(t).

Then, as in (16.5.13), we have:

||wn(t)||λ ≤ m(t)
(

tMe

β − λ

)
,

and, if (16.5.15) holds, then

lim
n→∞ ||wn(t)||λ = 0. (16.5.19)

Thus w(t) = 0 for t ∈ [0, t0], where t0 < δ(β − λ).
Theorem 16.5.1 is proved. �

16.6 Continuity of solutions to operator equations
with respect to a parameter

Let X and Y be Banach spaces, k ∈ Δ ⊂ C be a parameter, Δ be an open
bounded set on a complex plane C, A(k) : X → Y be a map, possibly
nonlinear, f := f(k) ∈ Y be a function.
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Consider an equation

A(k)u(k) = f(k). (16.6.1)

We are interested in conditions, sufficient for the continuity of u(k) with re-
spect to k ∈ Δ. The novel points in our presentation include necessary and
sufficient conditions for the continuity of the solution to equation (16.6.1)
with linear operator A(k) and sufficient conditions for its continuity when
the operator A(k) is nonlinear.

Consider separately the cases when A(k) is a linear map and when A(k)
is a nonlinear map.

Assumptions 1. A(k) : X → Y is a linear bounded operator, and

(a) equation (16.6.1) is uniquely solvable for any

k ∈ Δ0 := {k : |k − k0| ≤ r}, k0 ∈ Δ, Δ0 ⊂ Δ,

(b) f(k) is continuous with respect to k ∈ Δ0, supk∈Δ0
‖f(k)‖ ≤ c0;

(c) limh→0 supk∈Δ0
v∈M

‖[A(k + h) − A(k)]v‖ = 0, where M ⊂ X is an arbi-

trary bounded set,

(d) supk∈Δ0
f∈N

‖A−1(k)f‖ ≤ c1, where N ⊂ Y is an arbitrary bounded set

and c1 may depend on N .

Theorem 16.6.1. If Assumptions 1 hold, then

lim
h→0

∥∥u(k + h) − u(k)
∥∥ = 0. (16.6.2)

Proof. One has

u(k + h) − u(k) = A−1(k + h)f(k + h) − A−1(k)f(k)

= A−1(k + h)f(k + h) − A−1(k)f(k + h)

+ A−1(k)f(k + h) − A−1(k)f(k).

(16.6.3)

Furthermore,we have:∥∥∥A−1(k)
[
f(k+h)−f(k)

]∥∥∥ ≤ c1

∥∥f(k+h)−f(k)
∥∥→ 0 as h → 0. (16.6.4)

Using the relation:

A−1(k + h) − A−1(k) = −A−1(k + h)
[
A(h + k) − A(k)

]
A−1(k),
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and estimating the norms of inverse operators, we obtain∥∥A−1(k +h)−A−1(k)
∥∥ ≤ c2

1

∥∥A(k +h)−A(k)
∥∥→ 0 as h → 0. (16.6.5)

From (16.6.3) - (16.6.5) and Assumptions 1 the conclusion of Theorem
16.6.1 follows. �

Remark 16.6.1. Assumptions 1 are not only sufficient for the continuity
of the solution to (16.6.1), but also necessary if one requires the continuity
of u(k) uniform with respect to f running through arbitrary bounded sets.
Indeed, the necessity of the assumption (a) is clear; that of the assumption
(b) follows from the case A(k) = I, where I is the identity operator; that of
the assumption (c) follows from the case A(k) = I, A(k + h) = 2I, ∀h 	= 0,
f(k) = g 	= 0 ∀k ∈ Δ0. Indeed, in this case assumption c) fails and one has
u(k) = g, u(k + h) = g

2 , so ||u(k + h) − u(k)|| = ||g||
2 does not tend to zero

as h → 0.
To prove the necessity of the assumption (d), suppose that

sup
k∈Δ0

‖A−1(k)‖ = ∞.

Then, by the Banach-Steinhaus theorem, there is an element f such that
supk∈Δ0

‖A−1(k)f‖ = ∞, so that

lim
j→∞

‖A−1(kj)f‖ = ∞, kj → k ∈ Δ0.

Then

‖uj‖ := ‖u(kj)‖ = ‖A−1(kj)f‖ → ∞,

so uj does not converge to u := u(k) = A−1(k)f , although kj → k.

Assumptions 2. A(k) : X → Y is a nonlinear map, and (a), (b), (c)
and (d) of Assumptions 1 hold, and the following assumption holds:

(e) A−1(k) is a homeomorphism of X onto Y for each k ∈ Δ0.

Remark 16.6.2. Assumption (e) is included in (d) in the case of a linear
operator A(k) because if ‖A(k)‖ ≤ c2 and ‖A−1(k)‖ ≤ c1 then A(k),
k ∈ Δ0, is an isomorphism of X onto Y .

Theorem 16.6.2. If Assumptions 2 hold, then (16.6.2) holds.

Let us make the following Assumption Ad:
Assumptions Ad: Assumptions 2 hold and
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(f) ḟ(k) := df(k)
dk is continuous in Δ0,

(g) Ȧ(u, k) := ∂A(u,k)
∂k is continuous with respect to (wrt) k in Δ0 and

wrt u ∈ X,

(j) supk∈Δ0
‖[A′(u, k)]−1‖ ≤ c3, where A′(u, k) is the Fréchet derivative

of A(u, k) and [A′(u, k)]−1 is continuous with respect to u and k.
ḟ(k) := df(k)

dk is continuous in Δ0.

Remark 16.6.3. If Assumption Ad holds, then

lim
h→0

‖u̇(k + h) − u̇(k)‖ = 0. (16.6.6)

Remark 16.6.4. If Assumptions 1 hold except one: A(k) is not necessarily
a bounded linear operator, A(k) may be unbounded, closed, densely defined
operator-function, then the conclusion of Theorem 16.6.2 still holds and its
proof is the same. For example, let

A(k) = L + B(k),

where B(k) is a bounded linear operator continuous with respect to k ∈ Δ0,
and L is a closed, linear, densely defined operator from D(L) ⊂ X into Y .
Then

‖A(k + h) − A(k)‖ = ‖B(k + h) − B(k)‖ → 0 as h → 0,

although A(k) and A(k + h) are unbounded.

Proofs of Theorem 16.6.2 and of Remark 16.6.3 are given below.

Proof of Theorem 16.6.2. One has:

A(k + h)u(k + h) − A(k)u(k) = f(k + h) − f(k) = o(1) as h → 0.

Thus

A(k)u(k + h)−A(k)u(k) = o(1)− [A(k + h)u(k + h)−A(k)u(k + h)].

Since

sup
{u(k+h):‖u(k+h)‖≤c}

‖A(k + h)u(k + h) − A(k)u(k + h)‖ →
h→0

0,

one gets

A(k)u(k + h) → A(k)u(k) as h → 0. (16.6.7)
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By the Assumptions 2, item (e), the operator A(k) is a homeomorphism.
Thus (16.6.7) implies (16.6.2).

Theorem 16.6.2 is proved. �

Proof of Remark 16.6.3. First, assume that A(k) is linear. Then

d

dk
A−1(k) = −A−1(k)Ȧ(k)A−1(k), Ȧ :=

dA

dk
. (16.6.8)

Indeed, differentiate the identity A−1(k)A(k) = I and get

dA−1(k)
dk

A(k) + A−1(k)Ȧ(k) = 0.

This implies (16.6.8).
This argument proves also the existence of the deriviative dA−1(k)

dk . For-

mula u(k) = A−1(k)f(k) and the continuity of ḟ and of dA−1(k)
dk yield the

existence and continuity of u̇(k). Remark 16.6.3 is proved for linear oper-
ators A(k).

Assume now that A(k) is nonlinear, A(k)u := A(k, u). Then one can
differentiate (16.6.1) with respect to k and get

Ȧ(k, u) + A′(k, u)u̇ = ḟ , (16.6.9)

where A′ is the Fréchet derivative of A(k, u) with respect to u. Formally
one assumes that u̇ exists, when one writes (16.6.9), but in fact (16.6.9)
proves the existence of u̇, because ḟ and Ȧ(k, u) := ∂A(k,u)

∂k exist by the
Assumption Ad and [A′(k, u)]−1 exists and is an isomorphism by the
Assumption Ad, item (j). Thus, (16.6.9) implies

u̇ = [A′(k, u)]−1ḟ − [A′(k, u)]−1Ȧ(k, u). (16.6.10)

Formula (16.6.10) and Assumption Ad imply (16.6.6).
Remark 16.6.3 is proved. �

Consider some application of the above results to Fredholm equations
depending on a parameter.

Let

Au := u −
∫

D

b(x, y, k)u(y)dy := [I − B(k)]u = f(k), (16.6.11)

where D ⊂ Rn is a bounded domain, b(x, y, k) is a function on D×D×Δ0,
Δ0 := {|k − k0| < r}, k0 > 0, r > 0 is a sufficiently small number.
Assume that A(k0) is an isomorphism of H := L2(D) onto H, for example,
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∫
D

∫
D
|b(x, y, k0)|2dxdy < ∞ and N (I − B(k0)) = {0}, where N (A) is

the null-space of A. Then, A(k0) is an isomprohism of H onto H by the
Fredholm alternative, and Assumptions 1 hold if f(k) is continuous with
respect to k ∈ Δ0 and

lim
h→0

∫
D

∫
D

|b(x, y, k + h) − b(x, y, k)|2dx dy = 0 k ∈ Δ0. (16.6.12)

Condition (16.6.12) implies that if A(k0) is an isomorphism of H onto H,
then so is A(k) for all k ∈ Δ0 if |k − k0| is sufficiently small.

Remark 16.6.3 applies to (16.6.11) if ḟ is continuous with respect to
k ∈ Δ0, and ḃ := ∂b

∂k is continuous with respect to k ∈ Δ0 as an element of
L2(D × D). Indeed, under these assumptions one has

u̇ = [I − B(k)]−1(ḟ − Ḃ(k)u),

and the right-hand side of this formula is continuous in Δ0.

16.7 Monotone operators in Banach spaces

Suppose that F : X → X∗ is a map from a real Banach space X into its
adjoint.

Definition 16.7.1. X is uniformly convex if ||u|| = ||v|| = 1 and ||u−v|| ≥
ε imply ||u+v

2 || ≤ 1 − δ, ∀ε(0, 2] and δ = δ(ε) > 0.
X is locally uniformly convex if ||u|| = ||v|| = 1 and ||u − v|| ≥ ε imply

||u+v
2 || ≤ 1 − δ, ∀ε(0, 2] and δ = δ(u, ε) > 0.
X is strictly convex if ||u|| = ||v|| = 1 and u 	= v implies

||su + (1 − s)v|| < 1 ∀s ∈ (0, 1).

Theorem 16.7.1. a) If X is uniformly convex , then X is reflexive and
locally uniformly convex.

b) If X is locally uniformly convex, then X is strictly convex and

{un ⇀ u, ||un|| → ||u||} implies un → u.

c) X is strictly convex if and only if ||u+v|| = ||u||+ ||v|| implies v = 0
or u = λv, λ = const ≥ 0.

d) X is strictly convex if and only if every u ∈ X, u 	= 0, con-
sidered as an element of X∗∗, attains its norm at exactly one element
u∗ ∈ X∗, ||u|| = sup||u∗||=1 |u∗(u)|.

e) X is reflexive if and only if every x∗ ∈ X∗ attains it norm on an
element u, ||u|| = 1.
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f) X∗ is uniformly convex if and only if the norm || · ||X is uniformly
differentiable on the set ∂B1 := {u : ||u|| = 1, u ∈ X}.

g) || · ||X is Gâteaux-differentiable on X\{0} if and only if X∗ is strictly
convex.

Proofs of Theorem 16.7.1 and of many other results in this Section are
omitted. One can find them in [De].

Definition 16.7.2. The map

j : X → 2X∗
, ju = {u∗ ∈ X∗ : ||u∗|| = ||u||, u∗(u) = ||u||2} (16.7.1)

is called the duality map .

Theorem 16.7.2. a) The set {ju} is convex, j(λu) = λj(u) ∀λR.
b) The set {ju} consists of one element if and only if X∗ is strictly

convex; j = I, the identity operator, if X = H, the Hilbert space.

Semi-inner products in a Banach space are defined by the formulas:

||v|| lim
t→0,t>0

t−1(||v + tu|| − ||v||) := (u, v)+. (16.7.2)

||v|| lim
t→0,t>0

t−1(||v|| − ||v − tu||) := (u, v)−. (16.7.3)

The existence of the limit in (16.7.2) follows from the properties of the
norm:

||v + su|| − ||v|| = ||s
t
v +

s

t
tu +

(
1 − s

t

)
v|| − ||v||

≤ s

t
(||v + tu|| − ||v||), 0 < s < t. (16.7.4)

Thus the function

||v + su|| − ||v||
s

(16.7.5)

is nondecreasing. This function is bounded from below as s → 0, s > 0:

||v + su|| − ||v||
s

≥ −||u||. (16.7.6)

This inequality follows from the triangle inequality:

||v + su|| ≥ |||v|| − s||u||| ≥ ||v|| − s||u||. (16.7.7)

Therefore the limits in (16.7.2) and (16.7.3) exist.
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Theorem 16.7.3. One has

(u, v)+ = (u, v)− (16.7.8)

if and only if X∗ is strictly convex.

If u(t) ∈ C1(a, b; X) then ||u(t)|| := g(t) satisfies the equations:

g(t)D+g = (u̇(t), u(t))+, g(t)D−g = (u̇(t), u(t))−, (16.7.9)

where

D+g = lim
h→0, h>0

g(t + h) − g(t)
h

; D−g = lim
h→0, h>0

g(t) − g(t − h)
h

.

(16.7.10)

Definition 16.7.3. An operator F : D ⊂ X → X is called accretive if

(F (u) − F (v), u − v)+ ≥ 0 ∀u, v ∈ D, (16.7.11)

strictly accretive if

(F (u) − F (v), u − v)+ > 0 ∀u, v ∈ D, u 	= v, (16.7.12)

strongly accretive if

(F (u) − F (v), u − v)+ ≥ c||u − v||2 ∀u, v ∈ D, (16.7.13)

maximal accretive (or m-accretive) if

(F (u) − f, u − v)+ ≥ 0 ∀u ∈ D (16.7.14)

implies v ∈ D and F (v) = f ,
and hyperaccretive if (16.7.11) holds and

R(F + λI) = X, (16.7.15)

for some λ = const > 0.

Theorem 16.7.4. Assume that F : D → X is hyperaccretive. Then Rλ :=
(I + λF )−1, λ > 0, is nonexpansive, limλ→0 Rλ(u) = u, ||Rλ(u)|| ≤
||F (u)||. If X and X∗ are uniformly convex then limλ→0 ||FRλ(u) −
F (u)|| = 0 and the problem

u̇ = −F (u), u(0) = u0, u0 ∈ D, (16.7.16)

has a unique solution on [0,∞). The solution u(t) is continuous, weakly
differentiable, and ||u̇(t)|| is decreasing.
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Consider the operator

U(t)u0 = u(t; u0), (16.7.17)

where u(t; u0) solves (16.7.16). We have

U(0) = I, lim
t→0, t>0

||U(t)u0 − u0|| = 0, (16.7.18)

U(t + s) = U(t)U(s). (16.7.19)

The family {U(t)} forms a semigroup. In [Mi] one finds a presentation of
the nonlinear semigroup theory, and in [P] the linear semigroup theory is
presented.

16.8 Existence of solutions to operator equations

In this Section we mention briefly the methods for proving the existence
results for solutions to operator equations. Much more the reader finds in
[Br, GG, KA, Kr, KZ, KV, Z].

For linear equations

u = Au + f (16.8.1)

in a Banach space X, assuming that A is a linear operator, one has the
existence of a unique solution for any f provided that ||A|| < 1. This follows
from the contraction mapping principle. The solution can be calculated by
the iterative method

un+1 = Aun + f, u0 = u0, (16.8.2)

where u0 ∈ X is arbitrary. The method converges at the rate of geometrical
series with the denominator q = ||A|| < 1.

If A is compact, then the Fredholm-Riesz theory applies, (see e.g., [Y]).
This theory yields the existence of a unique solution to (16.8.1) for any
f ∈ X provided that N (I −A) = {0}, where N (I −A) is the null-space of
the operator I −A. If N (I −A) 	= {0}, then equation (16.8.1) is solvable if
and only if < u∗, f > > 0 for all u∗ ∈ N (I−A∗), where A∗ is the adjoint
to A operator. This is the well known Fredholm alternative .

If A is nonlinear, then the existence of a solution to the equation

u = A(u) (16.8.3)

is often proved by applying topological methods, such as degree theory.
Typical examples are Schauder’s principle , Rothe’s theorem, and Leray-
Schauder’s principle.
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Theorem 16.8.1. (Schauder) If a continuous in X operator A maps a
convex closed set D into its compact subset, then equation (16.8.3) has a
solution in D.

Theorem 16.8.2. (Rothe ) If A is compact on D̄, where D ⊂ X is a
bounded convex domain, and A(∂D) ⊂ D̄, where ∂D is the boundary of D,
then equation (16.8.2) has a solution in D̄.

Let A(·, λ) be a parametric family of compact operators, 0 ≤ λ ≤
1, A(u, 1) = A(u), and equation u = A(u, 0) has a solution,

||A(u, 0)|| ≤ b ∀u ∈ {u : ||u|| = b}. (16.8.4)

Theorem 16.8.3. (Leray-Schauder ). Under the above assumptions equa-
tion (16.8.3) has a solution provided that

||u(λ)|| ≤ a < b ∀λ ∈ [0, 1], (16.8.5)

where {u(λ)} is the set of all solutions to the equation

u = A(u, λ), λ ∈ [0, 1]. (16.8.6)

Theorem 16.8.3 is often used in the following form:
If all the solutions u(λ) to the equation

u = λA(u), λ ∈ [0, 1] (16.8.7)

satisfy the a priori estimate

||u(λ)|| ≤ a, (16.8.8)

then equation (16.8.3) has a solution in the ball {u : ||u|| ≤ a}.
Definition 16.8.1. A map A in a Banach space X is called a generalized
contraction mapping if

||A(u) − A(v)|| ≤ q(a, b)||u − v||, 0 < a ≤ ||u − v|| ≤ b, (16.8.9)

where q(a, b) < 1.

For example, A is a generalized contraction mapping if

||A(u) − A(v)|| ≤ ||u − v|| − g(||u − v||), (16.8.10)

where g(s) > 0 if s > 0, g(0) = 0, and g is a continuous function on [0,∞).

16.8. EXISTENCE OF SOLUTIONS TO OPERATOR EQUATIONS
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Theorem 16.8.4. (Krasnoselsky ) If A is a generalized contraction map-
ping on a closed set D and AD ⊂ D, then equation (16.8.3) has a solution
in D.

Proof of Theorem 16.8.4. The proof follows [KV]. Consider the sequence

un+1 = A(un), u0 ∈ D. (16.8.11)

We have

||un+2 − un+1|| = ||A(un+1 − A(un)||
≤ q(a, b)||un+1 − un|| < ||un+1 − un||. (16.8.12)

Therefore there exists

lim
n→∞ ||un+1 − un|| = s < ∞. (16.8.13)

We claim that s = 0. Indeed, if s > 0 then

s ≤ ||un+1 − un|| ≤ s + ε, ∀n > n(ε), (16.8.14)

and

s ≤ ||un+m − un+m−1|| ≤ qm(s, s + ε)(s + ε), ∀n > n(ε). (16.8.15)

If m is sufficiently large, then qm(s, s + ε) is as small as one wishes, so
(16.8.15) yields a contradiction which proves that s = 0.

Let us prove that

AB(up, ε) ⊂ B(up, ε), (16.8.16)

where ε > 0 is an arbitrary small fixed number, and up is chosen so that

dp := ||up+1 − up|| ≤ ε

2

[
1 − q

( ε

2
, ε
)]

. (16.8.17)

Such a number p exists because

lim
n→∞ dn := lim

n→∞ ||un+1 − un|| = 0, (16.8.18)

as we have proved.
If (16.8.16) is verified then the sequence {un} is a Cauchy sequence, so

it has a limit

lim
n→∞un = u. (16.8.19)
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The limit u solves equation (16.8.3) as one can see by passing to the limit
n → ∞ in equation (16.8.11). Uniqueness of the solution (16.8.3) follows
from (16.8.9). Thus, the proof is completed if (16.8.16) is verified.

Let us verify (16.8.16) . Let ||u − up|| ≤ ε
2 . Then

||A(u) − up|| ≤ ||A(u) − A(up)|| + ||A(up) − up||
≤ ||u − up|| + dp ≤ ε

2
+

ε

2
= ε. (16.8.20)

Let ε
2 < ||u − up|| ≤ ε. Then, using (16.8.17), one gets

||A(u) − up|| ≤ ||u − up|| + dp ≤ q
( ε

2
, ε
)

ε + dp

≤ q
( ε

2
, ε
)

ε +
ε

2
− ε

2
q
( ε

2
, ε
)
≤ ε (16.8.21)

Thus, (16.8.16) is verified, and Theorem 16.8.4 is proved. �

Theorem 16.8.4 generalizes Theorem 16.1.1, because if condition (16.1.1)
holds, then condition (16.8.9) holds.

Theorem 16.8.5. (Krasnoselsky ). Let A : D → D where D is a convex
bounded, closed subset of a Banach space X. Assume that A = B + T ,
where B is a generalized contraction map and T is compact. Then equation
(16.8.3) has a solution u ∈ D.

Definition 16.8.2. A map A : X → X is called nonexpansive if

||A(u) − A(v)|| ≤ ||u − v||. (16.8.22)

Let H denote a Hilbert space.

Theorem 16.8.6. If A : D → D is nonexpansive, D ⊂ H is a bounded,
convex, and closed set, then equation (16.8.3) has a solution u ∈ D.

Definition 16.8.3. A closed convex set K ⊂ X is called a cone if u ∈ K
and u 	= 0 imply that λu ∈ K ∀λ ≥ 0 and λu /∈ K ∀λ ∈ R.

We write u ≥ v if u−v ∈ K. Elements of K are called positive elements.
A cone is called solid if there is an element u ∈ K such that B(u, r) ⊂ K
for some r > 0, where B(u, r) := {v : ||u − v|| ≤ r}. A cone is called
reproducing if every element w ∈ X can be represented as w = u − v,
where u, v ∈ K. A cone is called normal iff 0 ≤ u ≤ v implies ||u|| ≤ N ||v||,
where the constant N does not depend on u and v.

Definition 16.8.4. An operator A : X → X in a Banach space X with a
cone K is called K-monotone if u ≤ v implies A(u) ≤ A(v).
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If A is K-monotone and u ≤ v, A(u) ≥ u, A(v) ≤ v, then u ≤ w ≤ v
implies u ≤ A(w) ≤ v.

A cone is called strongly minihedral if for any bounded set U = {u} ∈ K
has a supremum, that is an element which is the minimal element in the
set W = {w} ∈ K of the elements such that u ≤ w, ∀u ∈ U .

Let [u1, u2] := {u : u1 ≤ u ≤ u2, u ∈ K}.
Theorem 16.8.7. If K is strongly minihedral, and A[u1, u2] ⊂ [u1, u2].
Then equation (16.8.3) has a solution u ∈ [u1, u2].

Proof. The set W of elements w ∈ [1, u2] such that A(w) ≥ w is non-
void: it contains u1. Also, AW ⊂ W . Let s = supW . Then w ∈ W
implies w ≤ A(w) ≤ A(s), so s ≤ A(s) and s ∈ W . Therefore A(s) ∈ W .
Consequently A(s) ≤ s. Thus, A(s) = s.

Theorem 16.8.7 is proved. �

Example 16.8.1. Consider the problem

u̇ = f(t, u), u(0) = u0 (16.8.23)

in a Banach space X. Assume that

f(t, u) = g(t, u) + h(t, u) (16.8.24)

where

||g(t, u1) − g(t, u2)|| ≤ L||u1 − u2||, L = const > 0, (16.8.25)

and h(t, ·) is a compact operator. Problem (16.8.23) can be written as

u(t) = u0 +
∫ t

0

f(s, u(s))ds = Bu + Tu, (16.8.26)

where

Bu := u0 +
∫ t

0

g(s, u(s))ds,

Tu :=
∫ t

0

h(s, u(s))ds. (16.8.27)

Consider equation (16.8.26) in the space C([0, δ], X) of continuous on
[0, δ] functions u(t) with values in X. Then the operator B is a contraction
mapping in this space if δ > 0 is sufficiently small, and T is compact in this
space. By Theorem 16.8.5 problem (16.8.26) has a solution in C([0, δ], X)
for sufficiently small δ > 0.
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16.9 Compactness of embeddings

The basic result of this Section is:

Theorem 16.9.1. Let X1 ⊂ X2 ⊂ X3 be Banach spaces,

||u||1 ≥ ||u||2 ≥ ||u||3,

that is, the norms are comparable, and if ||un||3 → 0 as n → ∞ and
un is fundamental in X2, then ||un||2 → 0, (i.e., the norms in X2 and
X3 are compatible). Under the above assumptions the embedding operator
i : X1 → X2 is compact if and only if the following two conditions are valid:

a) The embedding operator j : X1 → X3 is compact,
and

b) The following inequality holds:

||u||2 ≤ s||u||1 + c(s)||u||3, ∀u ∈ X1, ∀s ∈ (0, 1),

where c(s) > 0 is a constant.

This result is an improvement of the author’s old result [R1]. We follow
[R61]. We construct a counterexample to a theorem in [B], p.35, where
the validity of the inequality b) in Theorem 16.9.1 is claimed without the
assumption of the compatibility of the norms of X2 and X3, see Remark
16.9.1 at the end of this Section.

Proof of Theorem 16.9.1.
1. The sufficiency of conditions a) and b) for compactness of i : X1 →

X2.
Assume that a) and b) hold, and let us prove the compactness of i. Let

S = {u : u ∈ X1, ||u||1 = 1} be the unit sphere in X1. Using assumption a),
select a sequence un which converges in X3. We claim that this sequence
converges also in X2. Indeed, since ||un||1 = 1, one uses assumption b) to
get

||un −um||2 ≤ s||un −um||1 + c(s)||un −um||3 ≤ 2s + c(s)||un −um||3.

Let η > 0 be an arbitrary small given number. Choose s > 0 such that

2s <
1
2
η,

and for a fixed s choose n and m so large that

c(s)||un − um||3 <
1
2
η.
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This is possible because the sequence un converges in X3. Consequently,

||un − um||2 ≤ η

if n and m are sufficiently large. This means that the sequence un converges
in X2. Thus, the embedding i : X1 → X2 is compact. In the above
argument, i.e., in the proof of the sufficiency, the compatibility of the norms
was not used.

2. The necessity of the compactness of i : X1 → X2 for conditions a)
and b) to hold.

Assume now that i is compact. Let us prove that conditions a) and b)
hold. In the proof of the necessity of these conditions the assumption about
the compatibility of the norms of X2 and X3 is used essentially. Without
this assumption one cannot prove that conditions a) and b) hold. This is
demonstrated in Remark 16.9.1 after the end of the proof of the Theorem.

If i is compact, then assumption a) holds because ||u||2 ≥ ||u||3. Sup-
pose that assumption b) fails. Then there is a sequence un and a number
s0 > 0 such that ||un||1 = 1 and

||un||2 ≥ s0 + n||un||3. (16.9.1)

If the embedding operator i is compact and ||un||1 = 1, then one may
assume that the sequence un converges in X2. Its limit cannot be equal to
zero, because, by (1),

||un||2 ≥ s0 > 0.

The sequence un converges in X3 because of the inequality

||un − um||2 ≥ ||un − um||3
and because the sequence un converges in X2.

Its limit in X3 is not zero, because the norms in X3 and in X2 are
compatible.

Thus,

lim
n→∞ ||un||3 > 0.

Consequently, inequality (1) implies

||un||3 = O(
1
n

) → 0 as n → ∞,

while

lim
n→∞ ||un||3 > 0.
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This is a contradiction, which proves that b) holds.
Theorem 16.9.1 is proved. �

Remark 16.9.1. In [B], p. 35, the following claim is stated:

Claim. Let X1 ⊂ X2 ⊂ X3 be three Banach spaces. Suppose the embedding
X1 → X2 is compact. Then given any ε > 0, there is a K(ε) > 0, such that

||u||2 ≤ ε||u||1 + K(ε)||u||3
for all u ∈ X1.

This claim is not correct because there is no assumption about the
compatibility of the norms of X2 and X3.

For example, let L2(0, 1) be the usual Lebesgue space of square inte-
grable functions, X3 = L2(0, 1), and X2 be a Banach space of L2(0, 1)
functions with a finite value at a fixed point y ∈ [0, 1] and with the norm

||u||2 := ||u||L2(0,1) + |u(y)| = ||u||3 + |u(y)|.
The space X2 is complete because X3 is complete and the one-dimensional
space, consisting of numbers u(y) with the usual norm |u(y)|, is complete.
A function u0(x) = 0 for x 	= 0 and u0(y) = 1 has the properties

||u0||3 = 0, ||u0||2 = 1.

One has X2 ⊂ X3. The norms in X2 and X3 are comparable, i.e., ||u||3 ≤
||u||2. However, these norms are not compatible: there is a convergent to
zero sequence limn→∞ un = 0 in X3 such that it does not converge to zero
in X2, for example, limn→∞ ||un||2 = 1 in X2. For instance, one may take
un(x) = u0(x) for all n = 1, 2, . . . , and an arbitrary fixed y ∈ [0, 1]. Then
||un||2 = 1 and ||un||3 = 0, limn→∞ ||un||2 = 1 and limn→∞ ||un||3 = 0.
The sequence un converges to zero in X3 and to a non-zero element u0 in
X2. In this case inequality (16.9.1) holds for any fixed s0 ∈ (0, 1) and any
n, but the contradiction, which was used in the proof of the necessity in
Theorem 16.9.1, can not be obtained because ||un||3 = 0 for all n.

Let us construct a counterexample which shows that the Claim, men-
tioned above, is not correct. Fix a y ∈ [0, 1]. Choose the one-dimensional
space of functions {u : u = λu0(x)} as X1, where λ = const and u0(x) was
defined above, and define the norm in X1 by the formula ||u||1 = |λ|. Let
X3 = L2(0, 1). The space X1 is a one-dimensional Banach space. Therefore
bounded sets in X1 are precompact. Note that |λ| = ||λu0||1 = ||λu0||2 ≥
||λu0||3 = 0 because ||u0||3 = 0. Here the Banach space X2 is defined
as above with the norm ||u||2 := ||u||L2(0,1) + |u(y)|, and the equalities
||u0||2 = 1 and ||u0||3 = 0 are used.
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Consequently,

X1 ⊂ X2 ⊂ X3, ||u||1 ≥ ||u||2 ≥ ||u||3,

and the embedding i : X1 → X2 is compact because bounded sets in finite-
dimensional spaces are precompact and X1 is a one-dimensional space.
Thus, all the assumptions of the Claim are satisfied. However the inequality
of the Claim:

||u||2 ≤ ε||u||1 + K(ε)||u||3 ∀u ∈ X1

does not hold for any fixed ε ∈ (0, 1). In our counterexample

u = λu0, ||u0||3 = 0,

and the above inequality takes the form:

|λ| ≤ ε|λ|.

Clearly, this inequality does not hold for a fixed ε ∈ (0, 1) unless λ = 0.



Bibliographical notes

The contents of this book is based on the author’s papers cited in the
bibliography. The most important of the preceding papers was the paper by
M. Gavurin [Ga], who deals with a continous analog of Newton’s method.
There is a large literature on solving ill-posed problems (see e.g. [BG, I,
M, R44, VV, VA, TLY], to mention a few). The DSM as a tool for solving
operator equations, especially ill-posed and possibly nonlinear, is developed
in this book systematically.

The examples of inverse and ill-posed problems, mentioned in Sec-
tion 2.1, are partly taken from [R19] and [R44]. Some of these exam-
ples are discussed in more detail in many books and papers. We mention
the books [AV, MY] and the papers [R2, R3, R5, R6] on antenna syn-
thesis. Variational regularization (Section 2.2) is discussed in the books
[BG, I, M, R44, TLY, VV, VA], to mention a few. Our presentation contains
several new points. We deal with unbounded, densely defined, closed linear
operators and define the operator (A∗AaI)−1A∗ for a = const > 0 on the
whole Hilbert space in the case when the domain D(A∗) is dense in H, but
is not the whole space. This allows us to extend to the case of unbounded
operators the usual theory of variational regularization without requiring
compactness properties from the stabilizing functional [R58, R59, R62]. We
give a new discrepancy principle which does not require to solve theoret-
ically exactly the usual discrepancy principle equation, but rather to find
an approximate minimizer of the functional which is used in the standard
theory of variational regularization. (Theorem 2.2.5) (see [R44, R48]). We
formulate a new notion of regularizer ([R35]).

Section 2.3, Quasisolutions, contains some well-known material (see,
e.g., [I]).

Section 2.4, Iterative regularization, contains a proof of the following
general result: every solvable linear equation in a Hilbert space is solvable
by a convergent iterative process (Theorem 2.4.1). There are many papers
and books on iterative methods (see, e.g., [BG, VA, VV]).

Section 2.5, Quasiinversion, presents very briefly the idea of the quasi-
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inversion method for solving ill-posed problems. A simple example of the
application of this method is given in Section 2.5. More material on the
quasiinversion methods one finds in the book [LL].

In Section 2.6 the idea of the dynamical systems method (DSM) is
discussed.

In Section 2.7 variational regularization for nonlinear operator equations
is discussed (cf [R33, R48]). Nonlinear ill-posed problems are discussed in
[TLY].

Section 3.1 follows [R40]. The results presented in this Section gen-
eralize some results from [AR]. Example 3.1.1 was not published earlier.
Sections 3.2 - 3.7 contain applications of the results obtained in Section
3.1. Various versions of the DSM are constructed in these Sections for
continuous analogs of classical methods, including Newton’s method, mod-
ified Newton’s method, Gauss-Newton’s method, gradient method, simple
iteration method, and a minimization method.

The results of Chapter 4 are based on the papers [R29, R60, R62].
Section 4.4 uses some ideas from [R10].

In Section 4.5 a new approach is fiven to stable calculation of values of
unbounded operators. This problem has been ealier treated by the varia-
tional regularization method in [I, M].

In Chapter 5 some auxiliary inequalities are presented. Theorems 5.1.1
and 5.2.1 are used in the following Chapters. The first version of Theorem
5.1.1 appeared first in [ARS] and its refinement was given in [AR], [R37,
R44].

An erroneous version of Theorem 5.3.1 appeared in [Al]. A counterex-
ample to the claim in [Al] was given in [R44], where a corrected version
of the theorem has been proved and the basic idea of the proof from[Al]
was used (see also [ARS]). Theorem 5.3.2 appeared in [ZS]. Our proof is
shorter. The results in Section 5.4 can be found, for example, in [Te].

The results of Section 6.1, Chapter 6, are known, but our presentation
is self-contained. The main results of Chapter 6 are given in Sections 6.2
and 6.3. Theorem 6.2.1 is taken from [R37]. Its earlier versions appeared
in [ARS] and [AR], see also [R44].

The results of Section 6.3 are taken from [R44].
Sections 7.1 and 7.2 of Chapter 7 are based on the results from [R44,

R63], and Section 7.3, Theorem 7.3.1, is taken from [R63, R43].
Chapter 8 is based on the papers [R49, R56].
Chapter 9 is based on papers [R52, R54], see also [R44, R49].
Chapter 10 is based on the results from [R44] in the case of well-posed

problems, and on [R32] in the case of ill-posed problems.
Chapter 11 is based on [R55].
Chapter 12 is based on [R38, R44].
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Chapter 13 is based on [R39, R42, R53].
There is a long history of the results preceding Theorem 13.2.2 which

gives a sufficient condition for a local homeomorphism to be a global one.
It starts with the Hadamard’s paper of 1906 [Ha], and its further develop-
ments are described in [OR]. Our approach is purely analytical. There are
also approaches based on algebraic topology ([Sp]).

Sections 14.2 of Chapter 14 is based on [R44]. Originally these results
appeared in [AR]. Our presentation is slightly different. Section 14.3 is
based on [R43] and Section 14.4 is based on [R63].

Section 15.1 is based on [R4], where for the first time the idea of using
the stepsize as a regularizing parameter was proposed and implemented in
a solution of the stable numerical differentiation of noisy data. This idea
has been used in many papers of various authors and in many applications
(see also [R7, R10, R11, R12], Appendix 4 in [R13], [R28], Section 7.3 in
[R50], [R30, R34].

Section 15.2 is based on [R45, R57]. It follows closely [R57].
Section 15.3 follows closely [R8].
Section 15.4 was not published earlier in this form, but it is based on

the known ideas. Section 15.5 is based on [R30] and [ARU].
Section 15.6 follows closely [R18].
Chapter 16 contains auxiliary material. The material from Sections

16.1-16.5 is well known and can be found, for example, in [De].
The material from Sections 16.7 and 16.8 can be found in the books

[De], [Kr], [KZ], and in other books, cited in these Sections.
Section 16.6 is based on [R41].
Section 16.9 is based on [R1] and follows closely [R61].
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Lösungen, Akad. Verlag., Leipzig, 1959.

[KA] L. Kantorovich, G. Akilov, Functional analysis, Pergamon press,
New York, 1982.

[K] T. Kato, Perturbation theory for linear operators, Springer Verlag,
New York, 1984.

[KR1] A. I. Katsevich, A. G. Ramm, Multidimensional algorithm for find-
ing discontinuities of functions from noisy data. Math. Comp. Mod-
elling, 18, N1, (1993), 89-108.

[KR2] A. I. Katsevich, A. G. Ramm, Nonparametric estimation of the
singularities of a signal from noisy measurements, Proc. AMS, 120,
N8, (1994), 1121-1134.

[Kr] M. Krasnoselsky, Positive solutions of operator equations, Gronin-
gen, Noordhoff, 1964.

[KZ] M. Krasnoselsky, P. Zabreiko, Geometrical methods of nonlinear
analysis, Springer, New York, 1984.

[KV] M. Krasnoselsky et al, Approximate solutions of operator equations,
Groningen, Noordhoff, 1972.
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