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Preface

In this monograph a general method for solving operator equations, es-
pecially nonlinear and ill-posed, is developed. The method is called the
dynamical systems method (DSM). Suppose one wants to solve an opera-
tor equation:

F(u) =0, (1)

where F' is a nonlinear or linear map in a Hilbert or Banach space. We
assume that equation (1) is solvable, possibly non-uniquely. The DSM for
solving equation (1) consists of finding a map ® such that the Cauchy
problem

u=®(t,u), u(0)=ug; u:%, (2)

has a unique global solution, i.e., solution u(t) defined for all ¢ > 0, there
exists
u(o0) = tlim u(t), and F'(u(oc0)) = 0:

Ju VE>0; Fu(oo); F(u(oo))=0. 3)

If (3) holds, we say that DSM is justified for equation (1). Thus the
dynamical system in this book is a synonym to an evolution problem (2).
This explains the name DSM. The choice of the initial data «(0) will be
discussed for various classes of equations (1). It turns out that for many
classes of equations (1) the initial approximation ug can be chosen arbi-
trarily, and, nevertheless, (3) holds, while for some problems the choice of
ug, for which (3) can be established, is restricted to some neighborhood of
a solution to equation (1).

We describe various choices of @ in (2) for which it is possible to justify
(3). It turns out that the scope of DSM is very wide. To describe it, let us
introduce some notions. Let us call problem (1) well-posed if

sup |[[F(w)] 7| < m(R), (4)
uw€B(uo,R)
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where B(ug,R) = {u : ||[u — upl| < R}, F'(u) is the Fréchet derivative
(F-derivative) of the operator-function F' at the point u, and the constant
m(R) > 0 may grow arbitrarily as R grows. If (4) fails, we call problem
(1) dll-posed . If problem (1) is ill-posed, we write it often as F'(u) = f and
assume that noisy data fs are given in place of f, ||fs — f]| < J. Although
the equation F'(u) = f is solvable, the equation F'(u) = fs may have no
solutions.
The problem is:

Given {6, fs, F'}, find a stable approximation us to a solution u of the

equation F(u) = f, i.e., find us such that

li — =0.
tim [fus — ul] = 0 (5)

Unless otherwise stated, we assume that

sup [|F9(u)|| < Mj(R), 0<j<2, (6)
uw€B(uo,R)

where M;(R) are some constants. In other words, we assume that the
nonlinearity is C? , but the rate of its growth, as R grows, is not restricted.
Let us now describe briefly the scope of the DSM.

Any well-posed problem (1) can be solved by a DSM which converges at

an exponential rate, i.e.,
[[u(c0) —u(®)[| < re™, [[F(u(®)|| < ||Folle™, (7)

where r > 0 and ¢; > 0 are some constants, and Fy := F(ug).

For ill-posed problems, in general, it is not possible to estimate the rate
of convergence; depending on the data f this rate can be arbitrarily slow.
To estimate the rate of convergence in an ill-posed problem one has to make
some additional assumptions about the data f. Remember that by ”any”
we mean throughout any solvable problem (1).

Any solvable linear equation

F(u)=Au— f =0, (8)

where A is a closed, linear, densely defined operator in a Hilbert space H,
can be solved stably by a DSM. If noisy data fs are given, ||fs — f|| <9,
then DSM yields a stable solution us for which (5) holds.

We derive stopping rules, i.e., rules for choosing t(§) := ts, the time at
which wus(ts) = us should be calculated, using f5 in place of f, in order for
(5) to hold.

For linear problems (8) the convergence of a suitable DSM is global with
respect to ug, i.e., DSM converges to the unique minimal-norm solution of
y of (8) for any choice of ug.
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Similar results we prove for equations (1) with monotone operators
F : H— H. Recall that F is called monotone if

(F(u) — F(v),u—v) >0 VYu,veH, (9)

where H is a Hilbert space. For hemicontinuous monotone operators
the set NV = {u : F(u) = 0} is closed and convex, and such sets in
a Hilbert space have unique minimal-norm element. A map F' is called
hemicontinuous if the function (F(u + Av),w) is continuous with respect
to A € [0, Ag) for any u,v,w € H, where A\g > 0 is a number.

DSM is justified for any solvable equation (1) with monotone operators
satisfying conditions (6). Note that no restrictions on the growth of M;(R)
as R grows are imposed, so the nonlinearity is CZ . but may grow arbitrarily
fast. For monotone operators we will drop assumption (6) and construct a
convergent DSM.

We justify DSM for arbitrary solvable equation (1) in a Hilbert space

with C2 . nonlinearity under a very weak assumption:

F'(y) # 0, (10)

where y is a solution to equation (1).
We justify DSM for operators satisfying the following spectral assump-
tion:

I(F'(w) +e) <2, 0<e<e, VueH, (11)

where €9 > 0 is an arbitrary small fixed number. Assumption (11) is
satisfied, for example, for operators F’(u) whose regular points, i.e., points
z € C such that (F’(u) — z)~! is a bounded linear operator, fill in the set

2| <o, |argz — 7| < o, (12)

where ¢¢ > 0 is an arbitrary small fixed number. We also prove the
existence of a solution to the equation:

F(u)+eu=0, (13)

provided that (6) and (11) hold.

We discuss DSM for equations (1) in Banach spaces. In particular,
we discuss some singular perturbation problems for equations of the type
(13): under what conditions a solution u. to equation (13) converges to a
solution of equation (1) as € — 0.

In Newton-type methods, e.g.,

= —[F'(u)] ' F(u), u(0)=uo, (14)
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the most difficult and time-consuming part is the inversion of the derivative
F'(u).
We propose a DSM method which avoids the inversion of the derivative.
For example, for well-posed problem (1) such a method is

i = —QF(u), u(0)=up,

Q = -TQ+A*, Q0)=Q, (15)
where

A:=F'(u), T=A"A, (16)

A* is the adjoint to A operator, and ug and () are suitable initial approx-
imations.

We also give a similar DSM scheme for solving ill-posed problem (1).

We justify DSM for some classes of operator equations (1) with un-
bounded operators, for example, for operators F(u) = Au + g(u) where A
is a linear, densely defined, closed operator in a Hilbert space H and g is a
nonlinear CZ_ map.

We justify DSM for equations (1) with some nonsmooth operators, e.g.,
with monotone, hemicontinuous, defined on all of H operators.

We show that the DSM can be used as a theoretical tool for proving
conditions sufficient for the surjectivity of a nonlinear map or for this map
to be a global homeomorphism.

One of our motivations is to develop a general method for solving opera-
tor equations, especially nonlinear and ill-posed. The other motivation is to
develop a general approach to constructing convergent iterative processes
for solving these equations.

The idea of this approach is straightforward: if the DSM is justified for
solving equation (1), i.e., (3) holds, then one considers a discretization of
(2), for example:

Un+1 :un+hn@(tnaun)a Up = ug, tn-i—l :tn+hn7 (17)

and if one can prove convergence of (17) to the solution of (2), then (17)
is a convergent iterative process for solving equation (1).

We prove that any solvable linear equation (8) (with bounded or un-
bounded operator A) can be solved by a convergent iterative process which
converges to the unique minimal-norm solution of (8) for any initial ap-
proximation wug.

A similar result we prove for solvable equation (1) with monotone op-
erators.
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For general nonlinear equations (1), under suitable assumptions, a con-
vergent iterative process is constructed. The initial approximation in this
process does not have to be in a suitable neighborhood of a solution to (1).

We give some numerical examples of applications of the DSM. A detailed
discussion of the problem of stable differentiation of noisy functions is given.

New technical tools, that we often usein this book, are some novel
differential inequalities.

The first of these deals with the functions satisfying the following in-
equality:

g < —y(t)g(t) + alt)g?(t) + B(t), t>1to >0, (18)

where g,7, a, § are nonnegative functions, and v, « and 3 are continuous
on [tg,00). We assume that there exists a positive function u € C[tg, 00),
such that

) (g — D) L~ M)
o<al <" (- 20) . s < gl (w0 - ) 0
H(to)glto) <1, (20)

and prove that under the above assumptions, any nonnegative solution g(t)
to (18) is defined on [tg, 00) and satisfies the following inequality:

1—w(t) 1
0<g(t) < 0N < W)’ (21)
where

u(t) = !

1 1t f1(s) '
T—(io)glte) T 2 fto (7(8) - M(S)) ds

The other inequality, which we use, is an operator version of the Gron-
wall inequality. Namely, assume that:

Q=-THQ) +G(t), Q0)=Qu, (23)

where T'(t) and G(t) are linear bounded operators on a Hilbert space de-
pending continuously on a parameter ¢ € [0, 00). If there exists a continuous
positive function £(¢) on [0, 00) such that

(22)

(T(t)h,h) > e)l|Rl* Vh e H, (24)

then the solution to (23) satisfies the inequality:

t
Q)] < e ot {IIQ@I +/ IG(s)l|elo “vds| . (25)
0
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This inequality shows that Q(t) is a bounded linear operator whose
norm is bounded uniformly with respect to ¢ if

t
sup / IG(s)| e~ @z g < oo (26)
0

t>0

The DSM is shown to be useful as a tool for proving theoretical results,
see Chapter 13.

The DSM is used in Chapter 14 for construction of convergent iterative
processes for solving operator equation.

In Chapter 15 some numerical problems are discussed, in particular, the
problem of stable differentiation of noisy data.

In Chapter 16 various auxiliary material is presented. Together with
some known results, available in the literature, some less known results are
included: a necessary and sufficient condition for compactness of embed-
ding operators and conditions for the continuity of the solutions to operator
equations with respect to a parameter.

The table of contents gives a detailed list of topics discussed in this
book.
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Chapter 1

Introduction

1.1 What this book is about
This book is about a general method for solving operator equations
F(u) = 0. (1.1.1)

Here F' is a nonlinear map in a Hilbert space H. Later on we consider maps
F' in Banach spaces as well. The general method, that we develop in this
book and call the dynamical systems method (DSM), consists of finding a
nonlinear map ®(¢,u) such that the Cauchy problem

= ®(t,u), u(0)=uo, (1.1.2)

has a unique global solution u(t), that is, the solution defined for all ¢t > 0,
this solution has a limit u(c0):

lim ||u(co) — u(t)|| =0, (1.1.3)

t—o0

and this limit solves equation (1.1.1):

F(u(c0)) = 0. (1.1.4)
Let us write these three conditions as

Au(t) VE>0; FJu(oco); F(u(oo))=0. (1.1.5)

If (1.1.5) holds for the solution to (1.1.2) then we say that a DSM is
justified for solving equation (1.1.1). There may be many choices of ® (¢, u)
for which DSM can be justified. A number of such choices will be given in

1



2 1. INTRODUCTION

Chapter 3 and in other Chapters. It should be emphasized that we do not
assume that equation (1.1.1) has a unique solution. Therefore the solution
u(0o) depends on the initial approximation ug in (1.1.2). The choice of ug
in some cases is not arbitrary and in many cases this choice is arbitrary, for
example, for problems with linear operators, nonlinear monotone operators,
and for a wide class of general nonlinear problems (see Chapters 4, 6, 7-9,
11-12, 14).

The existence and uniqueness of the local solution to problem (1.1.2) is
guaranteed, for example, by a Lipschitz condition imposed on &:

[|®(t,u) — ®(¢,v)|| < L|jlu—wl||, u,v € B(ug, R), (1.1.6)
where the constant L does not depend on ¢ € [0, 00) and
B(ug, R) ={u: |[lu—wuoll <R}

is a ball, centered at the element ug € H and of radius R > 0.

1.2 What the DSM (Dynamical Systems Method) is

The DSM for solving equation (1.1.1) consists of finding a map ®(¢,u) and
an initial element uy such that conditions (1.1.5) hold for the solution to
the evolution problem (1.1.2).

If conditions (1.1.5) hold, then one solves Cauchy problem (1.1.2) and
calculates the element u(oco). This element is a solution to equation (1.1.1).
The important question one faces after finding a nonlinearity ®, for which
(1.1.5) hold, is the following one: how does one solve Cauchy problem
(1.1.2) numerically? This question has been studied much in the literature.
If one uses a projection method, i.e., looks for the solution of the form:

J
u(t) = Zug'(t)fj, (1.2.1)

where {f;} is an orthonormal basis of H, and J > 1 is an integer, then
problem (1.1.2) reduces to a Cauchy problem for a system of J nonlinear
ordinary differential equations for the scalar functions u;(t), 1<j < J,if
the right-hand side of (1.1.2) is projected onto the J-dimensional subspace
spanned by {f;}i<j<s. This system is:

J
Uy = (‘P(Z um(t)fm,t),fj> , 1<ji< (1.2.2)

UJ(O) = (UO’fj)v 1<j<J (1.2.3)
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Numerical solution of the Cauchy problem for systems of ordinary differ-
ential equations has been much studied in the literature.

In this book the main emphasis is on the possible choices of ® which
imply properties (1.1.5).

1.3 The scope of the DSM

One of our aims is to show that DSM is applicable to a very wide variety
of problems.

Specifically, we prove in this book that the DSM is applicable to the
following classes of problems:

1. Any well-posed solvable problem (1.1.1) can be solved by DSM.

By a well-posed problem (1.1.1) we mean the problem with the oper-
ator F' satisfying the following assumptions:

sup ||[F'(w)] 7] < m(R), (1.3.1)
u€B(u0,R)
and
sup [|[FY(u)]| < M;(R), 0<j<2, (13.2)
u€B(uo,R)

where F'U)(u) is the j-th Fréchet derivative of F.

If assumption (1.3.1) does not hold, but (1.3.2) holds, we call prob-
lem (1.1.1) #ll-posed. This terminology is not quite standard. The
standard notion of an ill-posed problem is given in Section 2.1.

We prove that for any solvable well-posed problem not only the DSM
can be justified, i.e., ® can be found such that for problem (1.1.2)
conclusions (1.1.5) hold, but, in addition, the convergence of u(t) to
u(00) is exponentially fast:

[|u(t) — u(oo)|| < re=ct, (1.3.3)
where r > 0 and ¢; > 0 are constants, and
1F(u(t)]] < [|[Folle™",  Fp = F(uo). (1.3.4)
2. Any solvable linear ill-posed problem can be solved by DSM.
A linear problem (1.1.1) is a problem

Au = f, (1.3.5)
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where A is a linear operator. This operator we always assume closed
and densely defined. Its null space is denoted

N(A) :={u: Au = 0},

and its domain is denoted D(A), and its range is denoted R(A).

For a linear ill-posed problems a DSM can be justified and ® can
be found such that convergence (1.1.3) holds for any initial approxi-
mation ug in (1.1.2) and u(oo) is the unique minimal-norm solutions
y to (1.1.5). However, in general, one cannot estimate the rate of
convergence: it can be as slow as one wishes if f is chosen suitably.
To obtain a rate of convergence for an ill-posed problem one has to
make additional assumptions on f. One can give a stable approxima-
tion to the minimal-norm solution y to problem (1.1.5) using DSM.
This stable approximation us should be found from the noisy data
{fs5,0}, where fs, the noisy data, is an arbitrary element satisfying
the inequality

IIfs = fll <6, (1.3.6)

and 6 > 0 is a small number. The stable approximation is the ap-
proximation for which one has

lim flus -yl = 0. (1.3.7)

When one uses a DSM for stable solution of an ill-posed problem
(1.1.5), or, more generally, of a nonlinear problem

F(u) = f, (1.3.8)

then one solves the Cauchy problem (1.1.2), where ® depends on the
noisy data f5, and one stops the calculation of the corresponding
solution wus(t) at a time ts, which is called the stopping time. The
stopping time should be chosen so that

tim [us(15) — (o) =0, (1.3.9)

where u(oco) is the limiting value of the solution wu(t) to problem
(1.1.2) corresponding to the exact data f. In Chapters 4, 6, and 7
we give some methods for choosing the stopping times for solving
ill-posed problems.
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3. Any solvable ill-posed problem (1.3.8) with a monotone operator F,
satisfying (1.3.2), can be solved stably by a DSM.

If the operator F' in problem (1.3.8) is monotone, i.e.,
(F(u) — F(v),u —v) >0, (1.3.10)

and assumption (1.3.2) holds, then one can find such ® that (1.1.5)
holds.

Moreover, convergence (1.1.3) holds for any initial approzimation
ug in (1.1.2), and u(oo) is the unique minimal-norm solution y to
(1.3.8).

If noisy data fs, ||fs — f|| < J, are given in place of the exact data f,
then one integrates the Cauchy problem (1.1.2) with ® corresponding
to fs and calculates the corresponding solution us(t) at a suitably
chosen stopping time 5.

If us := us(ts) then
gl_r)r(l) [lus —y|| = 0. (1.3.11)

Some methods for finding the stopping time are discussed in Chapter
6.

4. Any solvable ill-posed problem (1.8.8), such that

Fly)=f, F'(y) #0,
and (1.3.2) holds, can be solved stably by a DSM.

5. Any solvable ill-posed problem (1.3.8) with a monotone, hemicontin-
uwous, defined on all of H operator F' can be solved stably by a DSM.

For such operators assumption (1.3.2) is dropped. One can choose
such @ that convergence (1.1.3) holds for any initial approximation
uo in (1.1.2) and u(oco) = y, where y is the unique minimal-norm
solution to (1.3.8).

6. If F = L+ g, where L is a linear, closed, densely defined operator,
g is a nonlinear operator satisfying (1.3.2), and equation (1.3.8) is
solvable, then it can be solved by a DSM provided that L' exists, is
bounded, and

sup [|(1+L7"g ()| < m(R). (1.3.12)
UGB(UQ,R)

Thus DSM can be used for some equations (1.1.1) with unbounded
operators F.
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7. DSM can be used for proving theoretical results.
For example:
A map F : H — H is surjective if (1.3.1)-(1.3.2) hold and

R
sup ——— = o0. 1.3.13
r>0 M(R) ( )
A map F : H— H is a global homeomorphism of H onto H if (1.3.2)
holds and

E" ()] ] < A]lull), (1.3.14)

where h(s) > 0 is a continuous function on [0, 00) such that
/ h™1(s)ds = 0. (1.3.15)
0

8. DSM can be used for solving nonlinear well-posed and ill-posed prob-
lems (1.1.1) without inverting the derivative F'(u).

For example, if assumptions (1.3.1)-(1.3.2) hold and problem (1.1.1)
is solvable, then the DSM

i = —QF(u)
U(O) = Uo, Q(O) = QO?

converges to a solution of problem (1.1.1) as t — oo, and (1.1.5)
holds. Here @ is an operator,

A:=F'(u), T:=A"A, (1.3.17)
and A* is the adjoint to A operator.

Note that a Newton-type method for solving equation (1.1.1) by a
DSM is of the form:

u=—[F'(uw)] ' F(u), u(0)=uo. (1.3.18)

This method is applicable to the well-posed problems only, because
it requires F’(u) to be boundedly invertible. Its regularized versions
are applicable to many ill-posed problems also, as we demonstrate in
this book. In practice the numerical inversion of F/(u) is the most
difficult and time-consuming part of the solution of equation (1.1.1)
by the Newton-type methods. The DSM (1.3.16) avoids completely
the inversion of the derivative F’(u). Convergence of this method is
proved in Chapter 10, where a DSM scheme, similar to (1.3.16), is
constructed for solving ill-posed problems (1.1.1).



1.4. A DISCUSSION OF DSM 7

9. DSM can be used for solving equations (1.1.1) in Banach spaces.

In particular, if F': X — X is an operator in a Banach space X and
the following spectral assumption holds:

1411 < 2, 0<e<en, (1.3.19)

where ¢ > 0 is a constant,
A.:=A+el, &= const>0, (1.3.20)

and g9 > 0 is an arbitrary small fixed number, then the DSM can be
used for solving the equation

F(u) 4+ eu = 0. (1.3.21)

10. DSM can be used for construction of convergent iterative schemes for
solving equation (1.1.1).

The general idea is simple. Suppose that a DSM is justified for equa-
tion (1.1.1). Consider a discretization of (1.1.2)

Unt1 = Up + My @(tn, un), o =ug, tnt1 =1ty + hy, (1.3.22)

or some other discretization scheme. Assume that the scheme (1.3.22)
converges:

lim w, = u(c0). (1.3.23)
Then (1.3.22) is a convergent iterative scheme for solving equation
(1.1.1) because F'(u(oc0)) = 0.

It is clear now that the DSM has a very wide range of applicability.
The author hopes that some numerical schemes for solving operator
equations (1.1.1), which are based on the DSM, will be more efficient
than some of the currently used numerical methods.

1.4 A discussion of DSM

The reader may ask the following question:

Why would one like to solve problem (1.1.2) in order to solve a simpler
looking problem (1.1.1)?

The answer is:
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First, one may think that problem (1.1.1) is simpler than problem
(1.1.2), but, in fact, this thinking may not be justified. Indeed, if prob-
lem (1.1.1) is ill-posed and nonlinear, then there is no general method for
solving this problem, while one may try to solve problem (1.1.2) by using
a projection method and solving the Cauchy problem (1.2.2)-(1.2.3).

Secondly, there is no clearly defined measure of the notion of the sim-
plicity of problem (1.1.1) as compared with problem (1.1.2). As we have
mentioned in Section 1.2, the numerical methods for solving (1.2.2)-(1.2.3)
have been studied in the literature extensively (see e.g. [HW]).

The attractive features of the DSM are: its wide applicability; its flex-
ibility: there are many choices of ® for which one can justify DSM, i.e.,
prove (1.1.5), and many methods for solving the Cauchy problem (1.1.2); its
numerical efficiency: we show some evidences of this efficiency in Chapter
15. In particular, one can solve such classical problems as stable numerical
differentiation of noisy data, solving ill-conditioned linear algebraic sys-
tems, and other problems, more accurately and efficiently by a DSM than
by more traditional methods.

1.5 Motivations

The motivations for the development of the DSM in this book are the
following ones.

First, we want to develop a general method for solving linear and, espe-
cially, nonlinear operator equations. This method is developed especially,
but not exclusively, for solving nonlinear ill-posed problems.

Secondly, we want to develop a general method for constructing con-
vergent iterative methods for solving nonlinear ill-posed problems.



Chapter 2

Ill-posed problems

In this Chapter we discuss various methods for solving ill-posed problems.

2.1 Basic definitions. Examples

Consider an operator equation
F(u) = f, (2.1.1)

where F' : X — Y is an operator from a Banach space X into a Banach
space Y.

Definition 2.1.1. Problem (2.1.1) is called well-posed (in the sense of J.
Hadamard) if F is injective, surjective and has continuous inverse. If the
problem is not well-posed, then it is called ill-posed.

Ill-posed problems are of great interest in applications. Let us give some
examples of ill-posed problems which are of interest in applications.

Ezample 2.1.1. Solving linear algebraic systems with ill-conditioned matri-
ces.
Let

Au = |, (2.1.2)

be a linear algebraic system in R”, u, f € R, A = (aij)1<ij<n is an ill-
conditioned matrix, i.e., the condition number k(A) = ||A]|| |[|[A7|| is large.
This definition of the condition number preassumes that A is nonsingular,
that is, N(A) = {0}. If A is singular, i.e., N(A) # {0}, then formally

k(A) = co because ||A7!|| = co. Indeed,
At 1 1
At =sup AT g e =00, (2.1.3)
5 17 G /0P T R gy

9
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because Au = 0 for some u # 0 if N(A) # {0}.

Problem (2.1.2) is practically ill-posed if N'(A) # {0} but x(A) > 1,
i.e., k(A) is very large. Indeed, in this case small variations Af of f may
cause large variations Awu of the solution u. One has

lAu| _ [ATAS] _ JARIIATN _ AT
Tl = A < AT - AT

where we have used the inequality |[A=Lf|| > ||f]|||A||~!. If the equality

sign is achieved in (2.1.4) then a relative error Hlﬁflp‘ causes H(A)%
[ Au]|

T Of the solution. If k(A) = 105 then the relative error of
the solution is quite large.

An example of an ill-conditioned matrix is Hilbert’s matrix .

1
1+i+j’

(2.1.4)

relative error

hij = 0<i,j<n. (2.1.5)

Its condition number is of order 10'3 for n = 9. A 2 x 2 matrix
4.1 2.8
A‘(97 66)’ (2.1.6)
has condition number 2,249.5. Equation (2.1.2) with A defined by (2.1.6)

1 . . . 4.1 4.11
and u = (O ) is satisfied if f = (9_7 ) If fs = ( 9.70 ) then

the corresponding solution us = 83;1 . One can see that a small
perturbation of f produces a large perturbation of the solution.
The Hilbert matrix for all n > 0 is positive-definite, because it is a

Gramian of a system of linearly independent functions:

1
hij :/ $Z+]d$.
0

Ezxample 2.1.2. Stable summation of the Fourier series and integrals with
randomly perturbed coefficients.
Suppose that

f= chhj($)7 (2.1.7)

where (h“h]) = 52']', where 57;]‘ = { (1)’ ;f? and Cj = (f, ]'Lj), where

(f,h) is the inner product in a Hilbert space H = L?(D).
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Let us assume that {c;s}1<j<c0 are given, and sup; lejs —c;j| < 6. The
problem is to estimate f given the set {9, ¢js}1<j<oco-

If fs5 is an estimate of f and lims_.o || f5 — f|| = 0, then the estimate is
called stable. Here ||f|| = (f, f)'/2.

Methods for calculating a stable estimate of f given noisy data will be
discussed later.

Ezxample 2.1.3. Stable numerical differentiation of noisy data.

Suppose that f € C2([0,1]) is not known, but the noisy data f5; €
L*(]0,1]) are given and it is assumed that ||f — fs|| < J , where the norm
is L*°-norm.

The problem is:

Given the noisy data {0, f5}, estimate stably f'.

We prove that this problem, as stated, does not have a solution. In
order to solve this problem one has to have additional information, namely
one has to assume an a priori bound

D) <M, a>1, (2.1.8)

where f(@) is the derivative of order a. If a is not an integer one defines
M, as follows. Let a = m + b, where m is an integer and 0 < b < 1.
Then

£ = £+ sup |f(m)($)—f(m)(5)|.

(2.1.9)
z,s€[0,1] |"L' - S|b

One can prove that the data {9, f5, M,} with any fixed a > 1 allow one
to construct a stable approximation of f and to estimate the error of this
approximation. For example, this error is 0(5%) if a =2, and O((Sl%b) if
a=14+0b, 0<b<1.

Usually in the literature the stable approximation of f is understood as
an estimate Rsfs such that

lim || Rsfs — ]| = 0. (2.1.10)
The author had introduced ([R35]) a new definition of the stable approxi-

mation of f namely, the following one:
Let us call the estimate Rsfs of f’ stable if:

lim sup ||Rsfs — f'|| =0, (2.1.11)
6=0 feK(8,a)

where

K(8,a) = {f: [ < Ma, |If — fsl| <6} (2.1.12)
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The new definition (2.1.11) - (2.1.12) has an advantage over the stan-
dard definition because in the new definition there is no dependence on f
(and remember that f is unknown), in contrast with the standard defini-
tion, which uses the unknown f.

The estimate Rsfs has to be constructed on the basis of the known data
{6, fs, M.} only. These data may correspond to any f in the set K(4,a).
Since f is not known, and can be any element from the set (2.1.12), it is
more natural to define the stable approximation of f by formula (2.1.11)
rather than by formula (2.1.10).

A detailed study of the practically important problem of stable numer-
ical differentiation will be given in Section 15.2.

Ezample 2.1.4. Stable solution of Fredholm integral equations of the first
kind.
Consider the equation:

Au = f, Au:/DA(:I:,y)u(y)dy, (2.1.13)

where D C R" is a bounded domain and the function A(z,y) € L?(D x D)
or

Sup/ |A(z,y)|dy < M. (2.1.14)
xeD JD

If A € L?(D x D) then the operator A in (2.1.13) is compact in H =
L(D). If (2.1.14) holds, and

lim sup / |A(z,y) — A(s,y)|dy = 0, (2.1.15)
h=0|p—s|<nJD

then the operator A in (2.1.13) is compact in X = C(D).
Indeed, if A € L*(D x D), then

//IA(w,y)Idedy<oo- (2.1.16)
D JD

In this case the operator A in (2.1.13) is a Hilbert-Schmidt (HS) operator,
which is known to be compact in H = L?(D).

For convenience of the reader let us prove the following known [KA]
result:

Theorem 2.1.1. Integral operator (2.1.13) is compact as an operator from
L?(D) into LY(D) if

// |A(z,y)|" dedy < M™', = min(p, q), (2.1.17)
D JD
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where M = const >0, ¢ = q%l, =15, pq>1, and

g—r(g—1)

A|lLp—ra :==||A]| < M|D|" e« , |D|:=meas D. (2.1.18)

Remark 2.1.1. If p = ¢ = r = 7' = 2, then (2.1.18) yields ||A|| < M, so
measD can be infinite in this case, but ||A|| < M.
Proof. If p > r then one has

1
e

(Au) ()] < ( / |A<a:,y>|’"’dy)’ I

1
e

< < / |A<z,y>|’“’dy) |z,
D

where L® = L*(D).
Using Holder’s inequality, one gets

( /D |<Au><ac>|qdac)é < Ilullzs ( /D dm)

Thus, estimate (2.1.18) is proved.
To prove the compactness of A, note that estimate (2.1.17) implies that
A(z,y) € L*(D x D). Therefore there is a finite - rank kernel A,,(z,y) =

m

Z a;()by(y), which approximates A(z,y) in the L (D x D) with arbi-
Jik=1
trary accuracy, provided that m is sufficiently large. Therefore

g—r(g—1) 1
qr

(/Ddx/D|A(x,y)”'dy>r/.

(2.1.19)

lim ||A - Am|‘Lp_>Lq = 0, (2120)

by estimate (2.1.18). Since A, (z,y) is a finite-rank kernel, the correspond-
ing operator A with this kernel is compact. Thus the operator A is compact
being the limit of a sequence of compact operators A in the operator norm.

Theorem 2.1.1 is proved. a

It is well known that a linear compact operator in an infinite-dimensional
Banach space X cannot have a bounded inverse. Indeed if A is a linear
compact operator in X and B is its bounded inverse, then BA = I, where
I is the identity operator, and I = BA is compact as a product of a com-
pact and bounded operator. But the identity operator is compact only in
a finite-dimensional Banach space. Therefore B cannot be bounded if it
exists. Consequently, problem (2.1.13) is ill-posed.

Some methods for stable solution of equation (2.1.13), given the noisy
data, are developed in this chapter.
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Ezxample 2.1.5. Analytic continuation.

Let f be an analytic function in a domain D on a complex plane. As-
sume that f is known on a set £ C C, which has a limit point inside D.
Then, by the well-known uniqueness theorem, the function f is uniquely
determined everywhere in D. The problem of analytical continuation of
f from the set E to D is ill-posed. Indeed, if the noisy data f are given
on the set E, such that sup|fs(z) — f(2)| < 0, then f5(z) may not be an

z€E

analytic function in D, and in this case it may be not defined in D, or, if
f5(2) is analytic in D, its values in D can differ very much from the values
of f. Consider a simple example:

fxy=¢€*, D={z:]z| <1}, E={z:|2] <a}.

Let a =107°, fs5(z) = ;=. Then one has

1 > 1 a? ad
z = "=—-1) <= =9

max|e | = S (1) < S
If @ < 107° then § < 10~ 1%, However at zo = 1 — 10~° one has

le* — | < 10°.

— 2
Example 2.1.6. The Cauchy problem for elliptic equations.
Suppose that
Au=0in D CR", wuls=f, un|s=nh, (2.1.21)

where D is a domain, S is its boundary, and N is the unit outer normal to
S.

Finding v from the data {f,h} is an ill-posed problem: small pertur-
bation of the data {f,h} may lead to the pair {fs,hs} which does not
correspond to any harmonic function in D. The function h in the data
(2.1.21) cannot be chosen arbitrarily. One knows that f alone determines
w in (2.1.21) uniquely. Therefore f determines h uniquely as well. The
map

A:f—h

is called the Dirichlet-to-Neumann map.  This map is injective and its
properties are known.
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Ezxample 2.1.7. Minimization problems.
Let

flu)>m > —oc0

be a continuous functional in a Banach space X. Consider the problem of
finding its global minimum

m = inf f(u)
and its global minimizer y,

fly) =m.

We assume that the global minimizer exists and is unique, and that m >
—oo. While the problem of finding global minimum is well-posed, the
problem of finding global minimizer is ill-posed. Let us explain these claims.
Consider f5(u) = f(u) + gs(u), where sup,cx |gs(w)| < J . One has

inf[f(u) + g5(w)] < inf f(u) + sup gs(u) < m+34,
and

m —§ < inf f(u) — sup|gs| < inf[f(u) + gs(w)).
Thus

m— 6 < inf[f(u) + g5(w)] < m+3, (2.1.22)
provided that

sup |gs(u)] < 4.

This proves that small perturbations of f lead to small perturbations of
the global minimum.

The situation with global minimizer is much worse: small perturbation
of f can lead to large perturbations of the global minimizer. For instance,
consider the function

flx) = —cosz + ex2e™, zeR.
This function has a unique global minimizer z = 0, and the global minimum
m = —1 for any fixed value of £ > 0. If g5(x) is a continuous function, such
that

sup lgs(z)| <9, g5(0) >0,
TE

then one can choose gs(x) so that the global minimizer will be as far from
x = 0 as one wishes.
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Ezample 2.1.8. Inverse scattering problem in quantum mechanics [R44]
Let

[V2+k?—q(x)u=0 inR, k=const>D0, (2.1.23)
u=e**T oy acS? (2.1.24)
lim O iol2ds = 0, (2.1.25)

|7
T Jiz|=r 8|$|

where S? is the unit sphere in R | « is a given unit vector, the direction
of the incident plane wave, ¢ is a real-valued function, which is called
potential, and which we assume compactly supported,

q€Qa:={q:q(x)=0if [z| >a, q(z)€ LZ(BU.)’ q=q}, (2.1.26)

where B, = {z : |z| < a}. One can prove that the scattered field v is of
the form

ikr 1
v= A, a,k) +o () , 1=z — o0, T _o. (2.1.27)
r T T

The coefficient A = A(d/, «, k) is called the scattering amplitude. The
scattering problem (2.1.23)-(2.1.25) is uniquely solvable under the above
assumptions (and even under less restrictive assumptions on the rate of
decay of ¢ at infinity, see e.g. [R44]). Therefore, the scattering amplitude
A = A, is uniquely determined by the potential q. The inverse scattering
problem of quantum mechanics consists of finding the potential from the
knowledge of the scattering amplitude A on some subset of S? x S? x R, .

A detailed discussion of this problem in the case when the above subset
is S? x 82 x ko, ko = const > 0, and S? and S2 are arbitrary small open
subsets of S2, that is, in the case of fixed-energy data, is given in [R44].
The inverse scattering problem, formulated above, is ill-posed: a small
perturbation of the scattering amplitude may be a function A(d/, «, ko)
which is not a scattering amplitude corresponding to a potential from the
class @, or even from a larger class of potentials.

The author [R16, R17] has established the uniqueness of the solution to
inverse scattering problem with fixed energy data, gave a characterization
of the class of functions which are the scattering amplitudes at a fixed
energy of a potential ¢ € @Q,, and gave an algorithm for recovery of a ¢
from A(a/,a) := A(d/,a, ko) known for all a € S? and all o’ € S? at a
fixed k = ko > 0 (see also [R44]).
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The error of this algorithm is also given in [R44], see also [R31]. Also
a stable estimate of a ¢ € @, is obtained in [R44] when the noisy data
As(o, @) are given,

sup |As(a/,a) — A(d/,a)] < 4. (2.1.28)
a,a’ €S2

Recently ([R65]) the author has formulated and solved the following
inverse scattering-type problem with fixed k = kg > 0 and fixed a = ay
data A(B) := A(B,ao, ko), known for all 3 € S?2. The problem consists
in finding a potential ¢ € L?(D), such that the corresponding scattering
amplitude A, (8, a0, ko) = A(B) would approximate an arbitrary given

function f(3) € L?(S?) with arbitrary accuracy:

I[f(8) — A(B)|L2(s2) < e,

where € > 0 is an a priori given, arbitrarily small, fixed number. In [R65]
it is proved that this problem has a (non-unique) solution, and an analytic
formula is found for one of the potentials, which solve this problem. The
domain D € R? in the above problem is an arbitrary bounded domain.

Ezxample 2.1.9. Inverse obstacle scattering.
Consider the scattering problem:

(V24 Ek)u=0in D' :=R3\ D, (2.1.29)

ulsg =0 (2.1.30)

) ikr 1
u = etk —l—A(o/,oz)e +o () , ri=|z] > 00, o= f, (2.1.31)
T r T

where D is a bounded domain with boundary S, k = const > 0 is fixed, a €
S? is given, and the coefficient A(a’, «) is called the scattering amplitude.

Existence and uniqueness of the solution to problem (2.1.29)-(2.1.31),
where D is an arbitrary bounded domain is proved in [R44], where some
references concerning the history of this problem can be found. In [R44]
one also finds proofs of the existence and uniqueness of the solution to
similar problems with boundary conditions of Neumann type

un|s =0, (2.1.32)

where NN is the unit exterior normal to the surface S,
and of Robin type

(uny + hu)|s =0, (2.1.33)
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under minimal assumptions on the smoothness of the boundary S. In
(2.1.33) h > 0 is an L*°(S) function. If the Neumann conditions holds,
then S is assumed to be such that the imbedding operator

i1 : HY(Dy) — L*(Dg)

is compact. Here D] is an open subset of D', D] = D' N Bg, where By, is
some ball containing D.

If the Robin condition holds, then we assume that i; and i are compact,
where i1 has been defined above and

iy H'(Dg) — L?(S).

Here L?(S) is the L? space with the Hausdorff (n — 1)-measure on it. The
Hausdorff d-measure (d-dimensional measure) is defined as follows. If S is
a set in R™ | consider various coverings of this set by countably many balls
of radii r; < r. Let

h(r) := B(d) ianr;-l,

where B(d) is the volume of a unit ball in R? and the infimum is taken
over all the coverings of S . Clearly h(r) is a non-increasing function, so
that it is nondecreasing as r — 0. Therefore there exists the limit (finite
or infinite)
Tlig(l) h(r) := A(S).

This limit A(S) is called d-dimensional Hausdorff measure of S. The re-
striction on the smoothness of S, which are implied by the compactness of
the imbedding operators ¢; and s, are rather weak: any Lipschitz bound-
ary S satisfies these restrictions, but Lipschitz boundaries form a small
subset of the boundaries for which 4 and iz are compact. (see [GR1, GR]).

The existence and uniqueness of the solution to the obstacle scattering
problem imply that the scattering amplitude A(¢/, ) is uniquely defined
by the boundary S and by the boundary condition on S (the Dirichlet con-
dition (2.1.30), the Neumann condition (2.1.32), or the Robin one (2.1.33)).

The inverse obstacle scattering problem consists of finding S and the
boundary condition (the Dirichlet, Neumann, or Robin) on S given the
scattering amplitude on a subset of $2x.S? xR, . The first basic uniqueness
theorem for this inverse problem has been obtained by M. Schiffer in 1964
(see [R13, R44], M.Schiffer did not publish his beautiful proof). He assumed
that the Dirichlet condition (2.1.30) holds and that A(a/, a, k) is known for
afixeda=ag,alla’ € S andall k> 0.
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The second basic uniqueness theorem has been obtained in 1985 ([R13])
by the author, who did not preassume the boundary condition on .S and
proved the following uniqueness theorem:

The scattering data A(d/, @), given at an arbitrary fized k = ko > 0 for
all o/ € S? and o € S2, determine uniquely the surface S and the boundary
condition on S of Dirichlet, Neumann, or Robin type.

Here S? and S3 are arbitrarily small fixed open subsets of S? (solid
angles), and the boundary condition is either Dirichlet, or Neumann, or
Robin type. It is still an open problem to prove the uniqueness theorem
for inverse obstacle scattering problem if A(«’) := A(a/, ap, ko) is known
for all o/ € S?, a fixed & = ag € S? and a fixed k = ko > 0.

A recent result ([R51] in this direction is a uniqueness theorem under
additional assumptions on the geometry of S (convexity of S and nonana-
lyticity of S ).

The inverse obstacle scattering problem is ill-posed by the same reason
as the inverse potential scattering problem in example 2.1.8: small pertur-
bation of the scattering amplitude may throw it out of the set of scattering
amplitudes. A characterization of the class of scattering amplitudes is given
in ([R15], see also [R14, R19]).

The absolute majority of the practically interesting inverse problems
are ill-posed.

Let us mention some of these problems in addition to the two inverse
scattering problems mentioned above.

Ezample 2.1.10. Inverse problem of geophysics.
Let

V2 + k2 + k2v(2)ju = —6(z — y) in R®, (2.1.34)

where k = const > 0, v(z) is a compactly supported function, v € L?(D),
D = supp v C R3 | where supp v is the support of v, and R? := {z : x3 <
0}. We assume that u satisfies the radiation condition

ou . 1

o] itku=o (ac) , x| — oo, (2.1.35)
uniformly in directions . One may think that P = {z : 3 = 0} is the
surface of the earth, v(x) is the inhomogeneity in the velocity profile, u
is the acoustic pressure, and y is the position of the point source of this
pressure.

The simplest model inverse problem of geophysics consists of finding
v(x) from the knowledge of u(x,y, k) for all z € Py, all y € P, and a fixed
k > 0, (or for all k € (0, ko), where ko > 0 is arbitrarily small fixed number;
in this case the data u(z,y, k), k € (0, ko), are called low-frequency data).
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Here P; and P» are open sets in P . A more realistic model allows one
to replace equation (2.1.31) with

V2 + E?n(x) + k*v(x)ju = §(z — y) in R, (2.1.36)

where the non-constant background refraction coefficient n(x) is known. It
can be fairly arbitrary function ([R19]).

In geophysical modeling one often assumes that ng(z) = 1 for z3 > 0
(in hot air) and n(z) = ng = const for z3 < 0 (homogeneous earth).

The inverse geophysical problem is ill-posed: a small perturbation of
the data u(z,y,k), x,y € P, X P, may lead to a function which is not
the value of the solution to problem (2.1.34)-(2.1.35) for a v € L*(D).

Ezxample 2.1.11. Finding small subsurface inhomogeneities from surface
scattering data.

The inverse problem can be formulated as the inverse problem of geo-
physics in Example 2.1.10, with the additional assumptions

D= U;’Zle, diamD; := aj, mjaxaj =a;, ka1, kd>1,
(2.1.37)
where

d = mindist(D;, D;).
i#]

The inverse problem is:

Given u(x,y, k) for x € P,y € Py, where Py and Py are the same as
in Evample 2.1.10, and k = ko > 0 fized, find the positions of Dj;, their
number J, and their intensities V; := ij v(x)dx.

This problem is ill-posed by the same reasons as the inverse geophysical
problem. a method for solving this problem is given in [R47].

Ezample 2.1.12. Antenna synthesis problem.
Let an electric current be flowing in a region D. This current creates
an electromagnetic field according to the Maxwell’s equations

V x E=iwuH, V xH = —iweFE + j, (2.1.38)

where w is the frequency, € and u are dielectric and magnetic parameters,
and j is the current. If ¢ and p are constants, then one can derive the
following formula ([R44], p.11).

ikr

FE=—iwp
r

[, [, J]] + o <71n> , r=lz], o= %, (2.1.39)
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where k = w,/eq, [a,b] is the cross product, and

1

= — [ ek yi0)a 2.1.4
el I J(y)dy, (2.1.40)

J
where the integral is taken over the support D of the current j(y). We
assume that D is bounded.

The inverse problem, which is called the antenna synthesis problem,
consists of finding j(z) from the knowledge of the radiation pattern

[0, [, J]]

for all o € S2.

This problem is ill-posed and, in general, it may have many solutions.
One has to restrict the admissible currents to obtain an inverse problem
which has at most one solution. For example, let us assume that

j(@) = j(x3)d(z1)d(z2)es, z3:=2, —a<z<a,

where §(x;) is the delta-function and es is the unit vector along the z-axis.
Thus, we deal with the linear antenna. The radiation pattern in this case
is

1 a
4—[@’, [, e3]] / e U5 ()dz,  u=cosh =es -,
7r

—a

and the problem of linear antenna synthesis consists of finding j(z) from
the knowledge of the desired diagram f(u):

/ e"Fi(2)dz = f(u), —1<u<l. (2.1.41)
Equation (2.1.41) has at most one solution. Indeed, if f(u) = 0, then the
left-hand side of (2.1.41) vanishes on the set —1 < u < 1 and is an entire
function of u.

By the uniqueness theorem for analytic functions, one concludes that

a
/ e j(2)dz =0 for all u € C,
—a

and, in particular, for all w € R . This and the injectivity of the Fourier
transform imply j(z) = 0. So, the uniqueness of the solution to (2.1.41)
is proved. Solving equation (2.1.41) is an ill-posed problem because small
perturbations of f may be non-analytic, and equation (2.1.41) with any

analytic right-hand side f has no solution. There is an extensive literature
on antenna synthesis problems ([AV, MY, R2, R3, R5, R6]).
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Ezxample 2.1.13. Inverse problem of potential theory.
Consider the gravitational potential generated by a mass with density
p distributed in a domain D:

/;ﬁgﬁ@f:u@y (2.1.42)

p 4|z —y|

The inverse problem of potential theory consists of finding p(y) from the
measurements of the potential u(x) outside D. This problem is not uniquely
solvable, in general. For example, a point mass distribution, p(y) = Md(zx)
generates the potential 4W‘I| in the region |z| > 0, which is the same as
the mass the uniformly distributed in a ball B, = {x : |z| < a} with the
density

3M
4dmad’

so that the total mass of the ball is equal to M.

However, if one assumes a priori that the mass density p = 1, then the
domain D, which is star-shaped with respect to a point x € D, is uniquely
determined by the knowledge of the potential u(z) in the region |z| > R,
where the ball B contains D

p(y) =

FEzample 2.1.14. Tomography and integral geometry problems.

Suppose there is a family of curves, and the integrals of a function
over every curve from this family are known. The problem consists of
recovery of f from the knowledge of these integrals. An important example
is tomography. If the family of straight lines l,, where

lop={r:a-z=p}, acS!,

where S! is the unit sphere in R?, € R? , p > 0 is a number, then the
knowledge of the family of integrals

flan) = [ faas (2.1.43)

allows one to recover f uniquely. Analytical inversion formulas are known
([R25]). The function f(e,p) is called the Radon transform of f. In ap-
plications f (a p) is called a tomogram. Finding f from f is an ill-posed
problem: if f is the Radon transform of a compactly supported continuous
function f (or L? function f), and if f is perturbed a little in the sup-norm
(or L?-norm) then the resulting function f + h, ||h|| < § , may be not the
Radon transform of any compactly supported L2-function.
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In practice a dominant role is played by the local tomography.
In local tomography one has only the local tomographic data, i.e., the
values f(a,p) for a, p which satisfy the inequality:

la-x—p| <e, (2.1.44)

where xy € R? is a given fixed point in a region of interest, for example, in
a region of human body around which one thinks a tumor is possible, and
e > 0 is a small number. One of the basic motivations for the theory of
local tomography, originated in [R24, R23], and developed in [R25], was the
desire to minimize the X-ray radiation of patients. From the knowledge
of local tomographic data one cannot find the function f, because the
inversion formula in R? is nonlocal (e.g., see [R25], p.31):

f(x) ! /s1 da h M. (2.1.45)

T n a-xr—p

—0o0

Here

flo,p) = f(—a,—p) VpeR,

S1 is the unit sphere in R? | i.e. the set || =1, o € R? , and fp = %'
Formula (2.1.45) is proved in [R25] for smooth rapidly decaying functions
f, but it remains valid for f € HE(R?), where Hg(R?) is the set of functions
in the Sobolev space H'(R) with compact support.

Nonlocal nature of the inversion formula (2.1.45) means that one has
to know f(a,p) for all @ € S' and all p € R in order to recover f(z) at the
point x. The author has posed the following question:

If one cannot recover f(z) from local tomographic data, what practically
useful information can one recover from these data?

The answer, given in ([R23, R24, R25]), is:

One can recover the discontinuity curves of f and the sizes of the jumps
of f across the discontinuity curves.

Example 2.1.15. Inverse spectral problem.
Consider the problem

lu:=—u"+q@)u+ I, 0<x<l, (2.1.46)

w(0) = u(1) = 0. (2.1.47)

Assume that

q=4q, gqeL'(0,1). (2.1.48)
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Then problem (2.1.46)-(2.1.47) has a discrete spectrum

A< A< ..., limA, =o0. (2.1.49)

A natural question is:
Does the set of eigenvalues {\;}j=1,2,.. determine q(x) uniquely?

The answer is:

It does not, in general.

The set of {\; }v; determines roughly speaking half of the potential g(z)
in the following sense ( see, e.g., [R44]): if ¢(z) is unknown on the half of
the interval 0 < z < 3, then the knowledge of all {)\;}v; determines g(z)
on the remaining half of the interval % < x < 1 uniquely.

There is an exceptional result, however, due to Ambarzumian (1929),
which says that if «/(0) = w/(1) = 0, then the set of the correspond-
ing eigenvalues {y;}v; determines ¢ uniquely ([R44]). A multidimensional
generalization of this old result is given in [R44].

Let us define the spectral function of the selfadjoint Dirichlet operator
l = fj—; +¢(z) in L(Ry), Ry = [0,00). This operator can be defined
as the closure of the symmetric operator [y defined on twice continuously
differentiable functions w vanishing at x = 0 and near infinity and such
that lu € L(Ry).

It is not trivial to prove that [y is densely defined in H = L2(R ) if one
assumes that ¢ € L (Ry) or if

g€ Lin:={q:q=14, / z|g(x)|dx < co}.
0

The idea of the proof is as follows (cf. [N]): the operator

2

d
l0+a2=@+q(m)+a

2

is symmetric on its domain of definition D(ly) C H, as one can check easily
by integration by parts; the equation

lu+ a*u = —u" + q(x)u+a*u = f, wu(0) =0, (2.1.50)

is uniquely solvable for any sufficiently large a > 0 and for any f € H,
and its solution u € H'(Ry); if h € H and h L D(lp), then h = lv
and (v,low + a?w) = 0 Yw € D(ly), where (u,w) is the inner product
in L?(0,00); consequently v € H solves homogeneous (f = 0) problem
(2.1.50); if @ > 0 is sufficiently large this problem has only the initial the
trivial solution v = 0; thus A = 0, and the claim is proved: D(ly) is dense
in H.
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With the selfadjoint Dirichlet operator [ one associates the spectral
function dp(A). This is the function for which

— 00

o0 J o0
| @R+ oo = [ 1F0Pda) (2.151)

for any f € L2(R;).
Here

ﬂMzAwﬂ@M%wm o=, @0, =0, ¢0.N) =1,

and

loj =X, #;(0) =0, llgjlla =1, (2.1.52)

i.e. ¢; are the normalized eigenfunctions of I, corresponding to possibly
existing negative spectrum of [. If ¢ € Ly ; this spectrum is known to be
finite (e.g. see [G]).

If g € L1 then there is a unique spectral function corresponding to the
selfadjoint operator [.

The inverse spectral problem consists of finding g(z) from the knowledge
of p(A). This problem is ill-posed: small perturbations of p(A) may lead to
a function which is not a spectral function.

Ezxample 2.1.16. Inverse problems for wave equation.
Consider the wave equation

1
()
uli=0 = 0,  wlt=0 = 0. (2.1.54)

The function c¢(x) is the wave velocity. Assume that
(@) = ¢g (@)1 +v()],

where co(x) is the wave velocity in the background medium and v(z) is
the inhomogeneity in the wave velocity. Assume that v(z) is unknown,
compactly supported in R3 := {z:23 <0}.

The inverse problem is:

Given the measurements of u(zx,y,t), the solution to (2.1.58)-(2.1.54)
for all values of x € Py, y € Py andt € [0,T], where T > 0 is some number,
find v(x), provided that co(x) is known. Here Py and P are open sets on
the plane x3 = 0, which is the surface of the Earth in the geophysical model.

This inverse problem is ill-posed: small perturbations of u(z,y,t) may
lead to a function which is not a restriction of the solution to problem
(2.1.53)-(2.1.54) to the plane 3 = 0.

Uy = Au + 6(x — y) in R3, (2.1.53)
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Example 2.1.17. Inverse problems for the heat equation.
Consider the problem

ug = Au—q(x)u, t>0, xz€D, (2.1.55)
uli=o = 0, (2.1.56)
uls =f, S:=09D. (2.1.57)
This problem has a unique solution u(x,t).
Let the flux
un|s = h(s, 1), (2.1.58)

be measured for any f € H2(S), where H™(S) is the Sobolev space and
N is the exterior unit normal to S.

The inverse problem is:

Given the set of pairs { f,h} for allt € [0,T], where T > 0 is a number,
find find q(x).

This problem is ill-posed: small perturbations of & may lead to a func-
tion which is not a normal derivative of a solution to problem of the type
(2.1.55)-(2.1.57).

Ezample 2.1.18. Inverse conductivity problem.
This problem is also called impedance tomography problem. Consider
the stationary problem

V- (a(x)Vu) =0in D, wulg=f, (2.1.59)
where
0<ap<a(r)<ay <oo, ac H?*D), (2.1.60)

and assume that S = 0D is sufficiently smooth. Problem (2.1.59) has a
unique solution, so the function

unls = h, (2.1.61)

where N is the unit exterior normal to S, is uniquely defined if a(x) and f
are known.
The inverse problem is:
Given the set {f,h}, find a(x).
This problem has at most one solution but it is ill-posed (see e.g. [R19]
and [R44)).
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Ezample 2.1.19. Deconvolution and other imaging problems.
Consider, for instance, the problem

/0 E(t,s)u(s)ds = f(t). (2.1.62)

The deconvolution problem consists of finding u(s) from the knowledge
of f and k(t,s). This problem is ill-posed as was explained in Example
2.1.4, where a more general Fredholm-type equation of the first kind was
discussed.

Ezample 2.1.20. Heat equation with reversed time.
Consider the problem:
U =gz, t20, 0<z<xy; u(0t)=ulxt)=0, u(z0)=f(z)

This problem has a unique solution:

oo

u(z,t) = Ze_)\]tfj@j(x)§ I=ei)z0m = (fie5),
=1

2 . .
wj(w)=\/;81n(3x); Aj=5% (05, 0m) = 8jm-

Consider the following problem:

Given the function g(x) and a number T > 0, can one find f(x) =
u(z,0) such that u(z,T) = g(z)?

In general, the answer is no: not every g(z) can be the value of the
solution u(z, t) of the heat equation at t =T > 0. for example, g(x) has to
be infinitely differentiable. However, given an arbitrary g € L?(0,7) and
an arbitrary small € > 0, one can find f, such that ||u(z,T) — g(x)|| < ¢,
where u(z,t) is the solution to the heat equation with u(x,0) = f(x). This
is easy to see from the formula

o0

uw(x,T) = Z e NT fi0i(x).
j=1
The inequality
lu(z,T) —gll <€

holds if

oo
Z|67>\ijj 7gj|2 < g2,
Jj=1
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I35 lg;% < %, then one may take
fi=0 for j=>j(e),

and
fi =gt for G < j(e),

and get
llu(z,T) —gll <e.

Note that if T > 0 and j(e) are large, then the coefficients f; are
extremely large.

Thus, the above problem is highly ill-posed: small perturbations of
g may lead to arbitrary large perturbations of f, or throw g out of the
set of functions, which are the values of u(z,T). Similar results hold in
multidimensional problems for the heat equation.

The number of examples of ill-posed problems, which are of interest in
applications, can be easily increased.

The number of examples of ill-posed problems, which are of interest in
applications, can be easily increased.
Let us define the notion of regularizer.

Definition 2.1.2. An operator Rs is called a reqularizer for the problem

Au=f

}% [|Rsfs — ul| =0, (2.1.63)

where Rs is a bounded operator defined on the whole space, the relation
(2.1.63) should hold for any f € R(A) and some solution u of equation
(2.1.63).

In the literature it is often assumed that A is injective, and then the
solution to equation (2.1.63) is unique. However, one may also consider
the case when A is not injective. Usually the operator R is constructed as
a two-parameter family Rj,, where parameter a is called a regularization
parameter , and for a suitable choice of a = a(§) the operator Rs sy := Rs
satisfies Definition 2.1.2 methods for constructing of Rs, and for choosing
a = a(9) are discussed in many papers and books (e.g. see [I], [R44] [VA],
and references therein).
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Sometimes the requirement (2.1.63) is replaced by

lim sup |[|Rsfs —ul|| =0, (2.1.64)
00 f5€B(1.9)

where B(f,8) = {g:[lg - fI| < d}.
The author has proposed a different definition of the regularizer Rs (see

[R44)]):

Definition 2.1.3. An operator Rs is a reqularizer for the problem Au = f
if

lim sup [|Rsfs —ul| =0, (2.1.65)
0=0 feB(£5,5), f=Au

where B(fs,6) ={g: llg — fs|| <4}

The motivation for this new definition is natural: the given data are
{fs,6} and f is unknown. This unknown f may be any element of the set
B(fs5,0)NR(A). Therefore the regularizer must recover u corresponding to
any such f. There is a considerable practical difference between the two
definitions (2.1.64) and (2.1.65). For instance, one may be able to find a
regularizer in the sense (2.1.64) but this regularizer will not be a regularizer
in the sense (2.1.65). Consider a particular example. Let

fs(x + h(5)) — fs(z — h(5))'

Rafs = 2h(5)

(2.1.66)

This is a regularizer for the problem of stable numerical differentiation.
It was first proposed in [R4] and then used extensively (see [R44]). The
choice of h(d) depends on the a priori information about the unknown
function f whose derivative we want to estimate stably given the data
{fs,6, M.}, where || fs — f||oo <9, the norm is L>°(a, b)-norm, the interval
(a,b) is arbitrary. Without loss of generality one may take a = 0, b = 1,
which we will do below. The number M, is the a priori known upper bound
for the derivative of f of order @ > 0. If a = j + b, where j is an integer,

j>0,and b € (0,1), then

_ 0)(z) — £0)
My = swp {f9@) +1f@)}+ swp L@ fb] Wl 2167
z€[0,1] z,y€[0,1] |z — yl

It is proved in [R44] that no regularizer (linear or nonlinear) can be found
for the problem of stable numerical differentiation of noisy data if the reg-
ularizer is understood in the sense (2.1.65) and ¢ < 1, and that such a
regularizer can be found in the form (2.1.66) with a suitable h(J) provided
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that a > 1. A regularizer in the sense (2.1.64) can be found for the prob-
lem of stable numerical differentiation with a = 1, however practically this
regularizer is of no use. A detailed discussion of this problem is given in
Section 15.2.

2.2 Variational regularization
Consider a linear ill-posed problem
Au = f, (2.2.1)

where A is a closed, densely defined linear operator in a Hilbert space H.
We assume that problem (2.2.1) is ill-posed, that Ay = f, where

yL N, N=NA) ={u: Au=0},
and that f5 is given in place of f,

fs = fll <6, |lfs]l >cd, c=const, ce(l,2).

F(u) == ||Au — fs||* + a||u||* = min, (2.2.2)

where a > 0 is regularization parameter.

The method of variational regularization for stable solution of equation
(2.2.1), that is, for finding the regularizer Rs such that (2.1.63) holds,
consists of finding the functional (2.2.2) and then choosing a = a(d) such
that

gli%a((S) =0, (2.2.3)

and (2.1.63) holds with Rsfs = us := uq(s),s-

Let us show that the global minimizer of (2.2.2) exists and is unique.
Indeed, functional (2.2.2) is quadratic, so a necessary condition for its min-
imizer is a linear equation, the Euler equation. Assume first that A is
bounded. Then the Euler equation for the functional (2.2.2) is

A*Au+ au = A" fs. (2.2.4)
Let us denote

A*A =T, T,:T+al. (2.2.5)
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Since T = T* > 0, the operator T has a bounded inverse, ||T; '] < 1, so
equation (2.2.4) has a solution u, s = T,, 1 A* f5 and this solution is unique.
One has

F(tas) < F(u). (2.2.6)
Indeed, one can check that
Flugs) < F(uq,s +v) Vv e H,

and the equation sign is attained if and only if v = 0.
Let us choose a = a(d) so that us := u,(s),s would satisfy the relation:

li —yll=0. 2.2.7
Lim fjus — 9l (2.2.7)

To do so, we estimate:

T A" fs =yl <1 T7MA™(fs = DT AT f =yl = T+ Ja. (2.2.8)

Note that
T, A 2.2.9
174 < 5 (229)
To prove (2.2.9) one uses the commutation formula
T, A" = A*Q, ", Q = AA™. (2.2.10)

This formula is easy to check: multiply (2.2.10) by @, from the right and
by T, from the left and get an obvious relation:

A*(AA* +al) = (A" A+ al) A,

Reversing the above derivation, one gets (2.2.10). Using the polar decom-
position

A* = U(AA*)3, (2.2.11)

where U is a partial isometry, one gets, using the spectral theorem,

1 52 1
1T A% = [[A" QM < 1Q= Q4| = oo =g (2212
so formula (2.2.9) is verified. Thus
Ji < %. (2.2.13)



32 2. ILL-POSED PROBLEMS

To estimate J2 in (2.2.8) one uses the spectral theorem again and gets:

T a2d(Byy. y)

Js = |IT, " Ty—y||* = a®||T, 'yl =/ = 3%(a). (2.2.14)
0

(a+s)?
One has

lim 6 (a) = || Pyl =0, (2.2.15)
because y | N by the assumption, and

N = (Ey — E_o)H.
From (2.2.8), (2.2.13)-(2.2.15) one gets:

)

|[ta,s =yl < N B(a). (2.2.16)
Taking any a(d) such that

lim a(6) = 0, lim —°— —0, (2.2.17)

§—0 §—0 a((s)

and setting uq(s),5 := us, one obtains (2.2.7).
Let us summarize our result.

Theorem 2.2.1. Assume that a = a(d) and (2.2.17) holds. Then the
element us = Ta_(é)A*fg satisfies (2.2.7).

Remark 2.2.1. Without additional assumptions on y it is impossible to
estimate the rate of decay of 8(a) as a — 0. Therefore it is impossible to
get a rate of convergence in (2.2.7): the convergence can be as slow as one
wishes for some y. The usual assumption which would guarantee some rate
of decay of 8 and, therefore, of ||us — y|| is the following one:

y=T2, 0<b<1. (2.2.18)

If (2.2.18) holds, then

ITIl (2520 q(E
2 a”s*’d(Esz, z) 2b 2-2b72b 2
= — < 1-b b . 2.2.19
ﬂ (CL) /0 (a 8)2 >a ( ) HZH ( )

If ||T|| < oo, then one can give a rate for b > 1 as well, but the rate will be
O(a) as a — 0, so that for b > 1 there is a saturation. The case ||T|| = oo
is discussed below separately.
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Thus,
Bla) < cllz|la®, 0<b<1, (2.2.20)

where ¢ = (1 — b)!1 =20,
If one minimizes for a small fixed § > 0 the function
1)

a + ¢||2||a® = min (2.2.21)

in the region a > 0, then one gets

=a(d) =10 : = 71 e 2.2.22
251 . 2.
A=A A <4bc||z|> (2222

Thus, under the condition (2.2.20), one gets
llus —yll = O(7+7), 6 — 0. (2.2.23)

Let us now generalize the above theory to include unbounded, closed,
densely defined operators A. The main difficulty is the following one: the
element fs; in (2.2.4) may not belong to the domain D(A*) of A*. Our
result is stated in the following theorem.

Theorem 2.2.2. The operator T, A*, defined originally on D(A*), is
closable. Its closure denoted again T, *A* is defined on all of H and is a

bounded linear operator with the norm bounded as in (2.2.9) for any a > 0.
The relation (2.2.10) holds.

Proof of Theorem 2.2.2. Let us first check that the operator T, ' A* with
the domain D(A*) is closable. Recall that a densely defined linear operator
B in a Hilbert space is closable if it has a closed extension. This happens if
and only if the closure of the graph of B is again a graph. In other words,
if up, — 0 and Bu,, — f, then f =0.

The operator B is called closed if u, — w and Bu, — f implies
u, € D(B) and Bu = f. The operator B is closed if and only if its graph
is a closed subset in H x H, that is, the set {u, Bu} is a closed linear
subspace in H x H.

Let us check that the operator T, ! A* with domain D(A*) is closable.
Let u,, € D(A*) and u,, — 0, and assume that T, ' A*u,, — g, as n — oco.
We wish to prove that g = 0. For any v € H one gets:

(g,u) = lim (T, ' A*up,u) = lim (uy, AT ') =0, (2.2.24)

n—oo

where we have used the closedness of A.
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Since u is arbitrary, equation (2.2.24) implies ¢ = 0. So the operator
T, ' A* with the domain D(A*) is closable.

Estimate (2.2.9) and formula (2.2.10) remain valid and their proofs are
essentially the same.

Theorem 2.2.2 is proved. O

Theorem 2.2.3. The conclusion of Theorem 2.2.1 remains valid for un-
bounded, closed, densely defined operator A under the same assumptions as
in Theorem 2.2.1.

Proof of Theorem 2.2.3 is the same as that of Theorem 2.2.1 after
Theorem 2.2.2 is established.

Let us now discuss an a posteriori choice of a(d), the discrepancy prin-
ciple . Let u, 5 =T, ' A* f5. For a fixed § > 0, consider the equation

| Auas — fsll = [JAT; P A" f5 — foll = ¢, ce (1,2), (2.2.25)

as an equation for a = a(d). Here ¢ is a constant and we assume that
[Ifs]| > ¢d . We prove the following result.

Theorem 2.2.4. Equation (2.2.25) has a unique solution a = a(d) for
every sufficiently small & > 0, provided that || fs— f|| <6, || fs]| > ¢d, and
f = Ay. One has lim,_,ga(d) =0 and (2.2.7) holds with us := T;(;)A*f(;.

Proof of Theorem 2.2.4. Using formula (2.2.10) and the spectral theorem
for the selfadjoint operator ), one gets

> a*d(Es s, [5)

(0t 9) = h(d, a).

AT A fs— foll? = 1110Q: " — 11 fs P =/
0
(2.2.26)

The function h(d,a) is continuos with respect to @ on the interval (0, c0)
for any fixed 9 > 0. One has

h(8,00) = /OOO d(Esfs, f5) = |l fs|I > 6%, (2.2.27)
and

h(8,+0) = || Py fs]|* < 62, (2.2.28)
where

NT=N(A") = N(Q),



2.2. VARIATIONAL REGULARIZATION 35

P is the orthogonal projector onto N' = N(A), and we have used the
following formulas:

. ooan(gsf(Safé)
hm‘/0 _—

@ts2 (€0 — E-0)f5lI* = I[P~ f5] %, (2.2.29)

a—0

where &; is the resolution of the identity corresponding to @, and

1P fsl| < [ Par< fI| + (1P (fs = DI < 6, (2.2.30)

because Py«R(A) =0 and f € R(A).
From (2.2.27), (2.2.28) and the continuity of h(d, a) it follows that equa-
tion (2.2.25) has a solution. This solution is unique because h(d,a) is a

monotonically growing function of a for a fixed § > 0.
Also,

(%EI%) a(d) =0,

because lims_,q h(d,a(d)) = 0, and h(d,a(d)) > ¢; > 0 if lims_ga(d) >
co > 0, where ¢ and ¢y are some constants.
Let us now check that (2.2.7) holds with us = T, 1 A* f5. We have

Flus) = 6% + a(8)[|us||* < F(y) = 6% + a(8)||yl|*. (2.2.31)
Since ¢ > 1, one gets

s < lyll- (2.2.32)
Thus

T sup s | < lyl] (2.2.33)

It follows from (2.2.32) that there exists a weakly convergent subsequence
us — u as § — 0, where we have denoted this subsequence also us. Thus

[lul] < lim inf [Jus]] (2.2.34)

From (2.2.33) and (2.2.34) it follows that ||u|| < ||y||- Let us prove
that Au = f. Since |Ju|| < ||y|| and the minimal-norm solution to equation
(2.2.1) is unique, we conclude that u = y. To verify the equation Au =y
we argue as follows: from (2.2.25) it follows that lims_,o ||Aus — f|| = 0,
so, for any g € D(A*), one gets
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Since A** = A = A, where the overbar denotes the closure of A, this
implies
(f —Au,g) =0 Vg e D(AY).

Since D(A*) is dense, it follows that Au = f, as claimed. The density of
D(A*) follows from the assumption that A is closed and densely defined.

Let us now prove (2.2.7). We have already proved that us — y and
[lus]| < ||yl]- This implies (2.2.7). Indeed

[lus = ylI* = llus||* + [yl — 2Re(us, y) — 0 as & — 0.
Theorem 2.2.4 is proved. O

We have assumed in Theorem 2.2.4 that u, s := Ta’lA*f(; is the exact
minimizer of the functional (2.2.2). Suppose that w, s is an approximate
minimizer of (2.2.2) in the following sense

F(was) <m+ (2 =1-0)3% ¢ >1+b, (2.2.36)

where ¢ € (1,2) is a constant, b > 0 is a constant, and m := inf,, F(u).
The problem is:
Will the equation

[Awa,s — f5| = ¢4, (2.2.37)

be solvable for a for any § > 0 sufficiently small?
Will the element ws := wy(sy,s converge to y?
Our result is stated in the following new discrepancy principle.

Theorem 2.2.5. Assume that (2.2.36) holds,
Hf5|‘>067 ¢ = const 6(132)a ||f6_fHS65 f:Aya yJ-N

Then, for any wqs, satisfying (2.2.36) and depending continuously on a,
equation (2.2.87) has a solution a = a(0), such that ws = wq(s),s converges
toy:

}ir% [|lws —y|| = 0. (2.2.38)
Proof of Theorem 2.2.5. Let H(d,a) := ||Awq,s — fs||. Then H(J,a) is

continuous with respect to a because w, s is continuous with respect to a.
Let us verify that

H(0,+0) < ¢d, H(J,00) > cd. (2.2.39)
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Then there exists a = a(d) which solves (2.2.37).
As a — oo, we have

al|lwas||? < Fwas) <m+(c—1-b)5% < F(0)+(c* —1—b)§?. (2.2.40)

Since F(0) = || f5]|%, one gets from (2.2.40):

llwa.sl| < % a — oco. (2.2.41)
Therefore

Tim_ [l gf| = 0,
SO

H(5,00) = [|A0 — f5l| = || fs]| > co. (2.2.42)

Let a — 0. Then

H?(6,a) < F(was) <m+(* —1—0)0% < F(y) + (2 — 1 —b)s>
One has

Fly) = 0%+ allyll*.
So

H?(8,a) < (¢* = b)d* + ally|*.
Thus

H(5,40) < (2 = b)76 < cb. (2.2.43)

From (2.2.43) and (2.2.42) one gets (2.2.39). So, the existence of the
solution a = a(d) of equation (2.2.37) is proved.
Let us prove (2.2.38). One has

F(ws) = || Aws— f5][*+a(d)|lws]|* = 26> +a(6)Jwa,sl|* < m+(c*~1-b)s%.
Thus, using the inequality m < 62 + a(8)||y||?, one gets

6% + a(d)[Jws|* < a(d)|lyl* + (¢* — b)s*.
Therefore

llws] < [lyl]- (2.2.44)
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As in the proof of Theorem 2.2.4, inequality (2.2.44) and equation (2.2.37)
imply ws — w, Aws — f as § — 0, and Aw = f. Since ||w|| < [|y||, as
follows from (2.2.44), it follows that w = y, because y is the unique minimal-
norm solution to equation (2.2.1). Thus, ws — y and ||ws|| < |Jy||. This
implies (2.2.38), as was shown in the proof of Theorem 2.2.4. Theorem
2.2.5 is proved. O

Let us discuss variational regularization for nonlinear equations. Let A
be a possibly nonlinear, injective, closed map from a Banach space X into
a Banach space Y. Let

F(u) := |[A(u) = f5][ + dg(w),

where g(u) > 0 is a functional. Assume that the set {u : g(u) < ¢} is
precompact in X. Assume that

Aly)=f, |lfs—fll<d, and D(A)C D(g),
so that y € D(g).

Theorem 2.2.6. Under the above assumptions let us be any sequence such
that F(us) < ¢d , ¢c:=24 g(y). Then lims_q|lus — y|| = 0.

Proof of Theorem 2.2.6. Let

1
m:= inf F(u), F(u,) <m+—,
uweD(A) n

where n = n(9) is the smallest positive integer satisfying the inequality
% < ¢ . One has

m < F(y) = 6[1+ g(y)],
and
F(u,) <cd, c=2+g(y).

Thus, g(u,) < c¢. Consequently, one can select a convergent subsequence
ug, ||us —ul| — 0 as & — 0. One has

0= lim F(ug) = im{[|A(us) - fsl + dg(us)} = lim [|A(us) - fl]-

Thus us — v and A(us) — f. Since A is closed, this implies A(u) = f.
Since A is injective and A(y) = f, one gets u = y. Thus

li —y|| = 0.
tim [fus — /| = 0

Theorem 2.2.6 is proved.
Let us prove
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Theorem 2.2.7. Functional (2.2.2) has a unique global minimizer
Ugs = A(Q+a) ' fs

for any f € H, where Q := AA*, a = const > 0.

Proof of Theorem 2.2.7. Consider the equation
(Q+ a)wq,s = (AA* + a)we s = [5.

It is uniquely solvable:
Wa s = (Q +a) fs.

Define w45 := A*wq,5. Then

Aug s — f5 = —awq 5.
One has:
Flu+v) = [[Au— f5]]> +allu]|® + || Av[|* + al[v]|?

+ 2Re[(Au — f5, Av) + a(u,v)], Yv € D(A).

Let w = uq,5. Then

(Aua,s — f5, Av) + a(ua,s,v) = —a(wa,s, Av) + a(uq,s,v) =0,
because

(Wq,5, Av) = (A% wq,5,v) = (Uq,5, V).
Consequently,

F(uq,s +v) = Fuas) + al[v]]* + [|Av]]* > F(ua,),
and F(uq,s +v) = F(ug,s) if and only if v = 0. Therefore

Ugs = A (Q+a)" ' fs

is the unique global minimizer of F'(u).
Theorem 2.2.7 is proved.

39

|

Let us show how the results can be extended to the case when not only
f is known with an error §, but the bounded operator A is also known with

an error 9, i.e., As is known, ||4s — A|| < 4, and A is unknown.
Consider, for instance, an analog of Theorem 2.2.1. Let us define

us =T, 5 45 5. (2.2.45)
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where

Tos:=A5As +al. (2.2.46)
The element

Uas =T, ; A5 s (2.2.47)
solves the equation

(Ts + al)uq,s = As fs. (2.2.48)
We have

|1T5 =T < [[(A5 — A") As| + || A" (As — A)|| < 26(| Al +0). (2.2.49)
Equation (2.2.48) can be written as

Uas = Ty LAY T (A5 = AY) fs + T AT (fs = )+ T (AT A= A5 As)ua s

(2.2.50)
We have
26(||A|| + 9
1T (A" A — A3 A5)|| < W (2.2.51)
Assume that a(d) satisfies the conditions
) .
m—— =0, lima(d)=0. (2.2.52)

I
520 a(d) 50

Then (2.2.51) implies that equation (2.2.50) is uniquely solvable for u,s),5 :=
ug, and

[lus = Ta((s)A*fH <c < A1+ (2.2.53)

i) ¢

where ¢ is an upper bound of the norm of the operator [I—(A*A—A}As)]~*
Thus ¢ = ¢(d), lims_gc(d) = 1.
We have proved the following result.

Theorem 2.2.8. Assume that fs and As are given,
Ifs—fll<e, [[As—All<o, Ay=f yLN(4),

ug is defined in (2.2.45), and (2.2.52) holds. Then lims_q |jus — y|| = 0.
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The discrepancy principle can also be generalized to the case when Ag
is given in place of A. This principle for choosing a(d) can be formulated
as the equation

|AsT, 5 A5 f5 — f5ll = ¢6, ce (R, R+1), (2.2.54)
where R > 1+ ||y|| is a constant, and we assume that
| fs]] > co. (2.2.55)

Equation (2.2.54) is uniquely solvable for a = a(d), and lims_,o = 0. This
is proved as in the proof of Theorem 2.2.4. Condition (2.2.54) allows one to
get the estimate for us := u4(s),5, where a(d) solves (2.2.54). This estimate

[lusl] < Iyl (2.2.56)

is similar to the estimate (2.2.32). It allows one to derive the relation
(2.2.7). The constant 1 + ||y|| is a lowere bound for R in (2.2.54) because
the inequality

| 4sua,s — fs|* + alluasll < llAsy — f5II* + allyll? (2.2.57)
and the relation (2.2.54) imply inequality (2.2.56), provided that
c> ||yl + 1. (2.2.58)

This follows from the estimate:

|45y — fsll 1(As = Ayl + Ay — fs]]
Sllyll + 0 = o(llyll + 1). (2.2.59)

IAIA

Thus, we have proved the following result similar to Theorem 2.2.4.

Theorem 2.2.9. FEquation (2.2.54) is uniquely solvable for a = a(d) pro-
vided that (2.2.25)holds. The relation lims_.oa(0) = 0 holds. The element
Us = Uq(s),s satisfies the relation (2.2.7) provided that (2.2.58) holds.

Although the solution y is unknown, an upper bound on y is often
known a priori as a part of a priori information about the unkown solution.

2.3 Quasisolutions

Let us assume that A : X — Y is a continuous operator from a Banach
space X into a Banach space Y, K C X is a compact set.
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Definition 2.3.1. An element z € K is called a quasisolution of the
equation Au = f if

142 = fIl = in || 4u— 7]

If A is continuous, then the functional ||Au — f|| is continuous. Every
continuous functional achieves on a compact set its infimum. Therefore
quasisolutions are well defined for any f € Y.

Under suitable assumptions one can prove that the quasisolution not
only exists, but is unique and depends continuously on f. To formulate
these assumptions, let us recall some geometrical notions.

Definition 2.3.2. A Banach space is called strictly convezr if ||u+ v|| =
[lu|| + ||v]| implies u= v, A= const €R .

Definition 2.3.3. Let M C X be a convex set, i.e. u,v € M implies
A+ (1—=Nv e M forall A € (0,1). Then metric projection of an element
w € X onto M is an element Pw =v € M, such that

[lw—v|| = inf |Jw— z||.
z€M

Lemma 2.3.1. In a strictly convex Banach space X the metric projection
onto a convex set M 1is unique.

Proof of Lemma 2.3.1 Suppose that v; and vy are metric projections of
u ¢ M onto M, so that

_ — — = inf — = .
= w1l = Jfu = val] = inf [fu— 2] s=m >0

Then, since M is convex, % € M, and we get:

R %(||u—vl||+||u_vz||):m.
Thus
=l = [l vl = |22
Denote u — v1 = p, u — vy = ¢q. Then ||p|| = ||¢|| = %Hp+q\| - 0, so
llp + ql| = |Ipl| + ||¢l|- Since X is strictly convex, it follows that p = Aq ,

[Al =1, s0 A =1or A = —1, because A is real-valued. If A = —1 then
[lp + ¢|| = 0, a contradiction. So A = 1. Thus p = ¢, so v; = vy. Lemma
2.3.1 is proved. O
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Remark 2.3.1. Hilbert space is strictly convex, Lebesgue’s spaces LP(D),
1 < p < oo, are strictly convex, but C(D) and L'(D) are not strictly
convex.

Lemma 2.3.2. The operator P of metric projection onto a convex compact
set M of a strictly convexr Banach space is continuous.

Proof of Lemma 2.3.2. We claim that the distance
a(f, M) = inf |If ]|

is a continuous function of f for any set M, not necessarily convex or
compact.
Indeed,

d(f1, M) < d(f1,2) < d(f1, f2) + d(f2 2),
50

d(f1, M) — d(f2, M) < d(f1, f2).
By symmetry,

d(f2, M) = d(fr, M) < d(f1, f2).
Thus

|d(f1, M) = d(f2, M)| < d(f1, f2),

as claimed.

Let us prove the continuity of P = Pys. Let lim, . ||fn — f]| =0, and
assume that ||g, — q|| > ¢ > 0, where ¢, = Pafn, and ¢ = Py f. Since
M is compact and ¢ is bounded (by the above claim), one may select a
convergent subsequence, which we denote again by ¢,

gn—vEM, |lv—g||>e>0.
One has [|f — gl < |If — || and

F =l <IIf = Fall + 1 fn = gnll + [lgn = ©l].
Note that

tim [ = full =0, Tim [lg, — o] =0,



44 2. ILL-POSED PROBLEMS

and, by the claim,

i ([ = gall = T d(fa, M) = d(f, M) = ||f — g

Therefore
L =dall =IIf = vll.
Lemma 2.3.2 is proved. a

From Lemmas 2.3.1 and 2.3.2 the following result follows.

Theorem 2.3.1. Assume that A is a linear continuous injection, M C X
18 conver and compact, and X 1is strictly convex. Then the quasisolution to
equation A(u) = f exists, is unique, and depends continuously on f.

Proof of Theorem 2.3.1. Existence of the quasisolution follows from com-
pactness of M and continuity of A, as was explained below Definition 2.3.1.
Uniqueness of the quasisolution follows from the injectivity of A. The qua-
sisolution depends continuously on f by Lemma 2.3.2 because the set AM
is convex and compact, so the map f — Pspf is continuous, and the
quasisolution v = A~' P4, f is continuous on the set AM if M is compact.

The continuity of A=! on AM is a consequence of the following lemma.

Lemma 2.3.3. Assume that A : M — X is a possibly nonlinear, injective,
closed map from a compact set M of a complete metric space X into X.
Then the inverse map A~' is continuous on AM.

Proof of Lemma 2.3.3. Let A(uy) = fn, fn — f asn — oo, u, € M. Since
M is compact, one can select a convergent subsequence, which we denote w,,
again, u, — u € M. Since A is closed, the convergence u,, — u, A(u,) — f
implies A(u) = f. Since A is injective, the equation A(u) = f defines
uniquely v = uy = A7'(f). Thus A7(f,) — A7'(f). Since the limit
of every subsequence u,, is the same, A7!(f), the sequence u,, = A7(f,)
converges to A~1(f). Lemma 2.3.3 is proved. ]

Remark 2.3.2. Lemma 2.3.3 differs from the well-known result [[DS], Lemma
1.5.8] because the continuity of A is replaced by the closedness of A.

Let us now consider quasisolutions for nonlinear equations. Let A :
X — Y be an injective, possibly nonlinear, closed map from a Banach
space X into a Banach space Y. Let K C D(A) C X be a compact set.
Assume that

Aly) =f and |[|fs = fll <0
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Let
:= inf ||A — .
m:= inf ||A(u) ~ fsl|
Choose a minimizing sequence u,, such that
1
[Aun) = f=dll Sm+ —, n=1,2.

Let n = n(d) be the smallest positive integer such that % < 4, so that
| A(un) = foll <m +6.
Since
m < |[A(y) = fsll =0,
one has
| Aun) — fol| < 24.
Thus
|A(un) — f|l =0 as & —0.

Since u € K and K is compact, one can select a convergent subsequence
us; = v, v; — vasj — oo, v € K. Thus A(v;) — f, v; — v, so
A(v) = f, because A is closed. Since A is injective, the element v is
uniquely determined by f. Therefore v = y, and

li —y]| =0.
tim [fus ]
We have proved the following theorem.

Theorem 2.3.2. Let A: X — Y be an injective, closed, possibly nonlinear,
map from a Banach space X into a Banach space Y. Let K C D(A) be a
compact set. Assume that A(y) = f, and ||fs — f|| < 6 . Let us € K be
any sequence such that ||A(us) — fs|| < 26. Then lims_q |Jus — y|| = 0.

2.4 Iterative regularization

The main result in this Section is the following theorem.

Theorem 2.4.1. FEvery solvable linear equation Au = f with a closed
densely defined operator A in a Hilbert space H can be solved by a convergent
iterative process.
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Proof of Theorem 2.4.1. Let T = A*A, u, @ = AA* be nonnegative
selfadjoint operators, a = const, T, = T+al, I is the identity operator, B =
aT; ! we have proved (see Section 2.2, proof of Theorem 2.2.2) that T}, * A*
is a bounded operator defined on all of H, ||T,1A*|| < ﬁ Consider an

iterative process

Upy1 = Bup, + T, YA f, wy LN, B=aT,}, (2.4.1)
where N' = N (4) = N(T). Denote

Wy = Up — Y,

where Ay = f, y L N. One has

y=By+T,'A*f. (2.4.2)
Thus

Wpy1 = Bw,, wi=u;—yLN. (2.4.3)
Therefore,

Wpy1 = B"wy, wi LN. (2.4.4)

Let Es be the resolution of the identity corresponding to the selfadjoint
operator T'. Then

o] a2n
li netl? =i —d(Eu,
Jim flwpg1| A | e (Eswy,w)
= ||(Eo — E—o)w1|]* = ||Pyw1]|* =0, (2.4.5)

where Py is the orthoprojector onto .

Remark 2.4.1. If A is a bounded operator, then the operator T, ! can be
easily computed if a > [|T|| = ||A]|?. Indeed

T, =(T+al) ™t =a(l +a 'T)7,

and ||T)ja™t < 1if a > ||T], so that

(I+a 7)™t = i(q)ja*jw,

J=0

and the series converges at the rate of geometrical series.
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Remark 2.4.2. One cannot give a rate of convergence in (2.4.5) without
extra assumptions on wy. If, for example, w; = T, then the integral in
(2.4.5) can be written as

o0 2n 2
/ &d(Esz,z).
o (

a+s)n

One can check that

2n$2 a2
<

max ———— < c—
520 (a+s)2" = n2’
where ¢ = const > 0 does not depend on a and n,

n? 1 <4
(=12 (L e =

n—1

¢ = max
Thus, if the extra assumption on w; is wi; = Tz, then the rate of decay in
(2.4.5) is

2
a
sl < e 121

A similar calculation can be made if w; = sz, where b > 0 is a
constant.

Remark 2.4.3. An idea, similar to the one used in the proof of Theorem
2.4.1, can be applied to the equation

Au = f, (2.4.6)

where A = A* is selfadjoint not necessarily bounded operator, and we
assume that

Ay=f, yLN.
Let a > 0 be a constant. Equation (2.2.6) is equivalent to

u=iaA u+ AL, A= Adial (2.4.7)
Consider the iterative process

Untr = iaA; uy, + AN, up LN (2.4.8)

Theorem 2.4.2. If A = A* and a > 0, then lim,_oo|lun — y|| = 0,
provided that u; 1L N .
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Proof of Theorem 2.4.2. Let v, := u,, — y. Since
y =iaA; 'y + Al f,
one gets
Ung1 = iaA vy, v1=up—y LN (2.4.9)

Thus vy 1 = (ia)”Ai_alvl, S0

271d vy 'Ul))
li - 1 Esv, =P 2-0, (24.10
i ol = tim [ B p P~ o, (2410

where E is the resolution of the identity, corresponding to A, and N =
N(A).
Theorem 2.4.2 is proved. O

Let us discuss another iterative process for solving equation Au = f.
We assume that this equation is solvable, and y L A is its minimal-norm
solution. Let us also assume that A is bounded. Let T'= A*A. If Au = f,
then Tu = A*f. Conversely, if equation Au = f is solvable, then every
solution to the equation Tu = A*f solves equation Au = f. Indeed,
write f = Ay. Then Tu = Ty. Multiply this equation by v — y and get
A(u—y) =0. Thus Au = Ay = f.

The iterative process for solving linear solvable equation Au = f can
be written as follows:

Unt1 = Up — (Tup, — A*f), w1 =0, (2.4.11)
provided that
1T < 1. (2.4.12)

Note that (2.4.12) is not really a restriction because one can always divide
the equation Tu = A* f by ||T'|| > 0 and denote by T1. Then ||T]| = 1,
so T satisfies the restriction (2.4.12).

IITH

Theorem 2.4.3. One has lim, . ||u, — y|| =0, where Ay = f, y L N,
(2.4.12) is assumed, and u,, is defined by (2.4.11).
Proof of Theorem 2.4.3. Let u,, —y := z,. One has
y=y—(Ty—A"f).
Thus

Zna1 =2n — T2z = (I —=T)"21. (2.4.13)
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Let E; be the resolution of the identity corresponding to T'. Then

1
lim ||z,41]]* = lim / (1—38)*"d(Esz1,21) = ||Pya1]|> =0, (2.4.14)
n—oo n—0oo 0

because 21 =u; —y=—y L N.
Theorem 2.4.3 is proved. a

2.5 Quasiinversion

The quasiinversion method (see [LL]) was applied to the ill-posed problem
for the heat equation considered in Example 2.1.20. Following [LL], we
consider a more general setting. Let

w—Au=0, u(0)=f, (2.5.1)

where A = A* > ¢ > 0 is a selfadjoint operator in a Hilbert space H. The
problem is:

Given g € H, a number T' > 0, and an arbitrary small € > 0, find f
such that ||u(T) — g]| < e.

The solution u(t) = u(t; f) to (2.5.1) exists and is unique. It can be
written as

o0
U= etAf = / e dE,f,

where F; is the resolution of the identity for A.

Note that if there is an f such that u(T; f) = g, then such an f is
unique. Indeed, if there are two such f, fi and fo, then 0 = [~ e T*dE, f,
where f:= f1 — fo, so

0= / T e T B ), e>o.

Since (Esf, f) is a monotonically nondecreasing function, it follows that
f=0.
It is also easy to check that, for any fixed g € H, one has

inf [[u(T: £) gl = 0. (25.2)

Indeed, otherwise one would have a nonzero element g; orthogonal to the
span of u(T; f) for all f € H, ie. (u(T;f),q1) =0 Vf € H. Taking
f = g1, one gets

/ eiTSd(Esgl,gl) =0.
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This implies g1 = 0. Thus, (2.5.2) is proved.
The problem

t+Au =0, u(T)=y,
can be reduced to the problem

d
— A Au=0, u(0)=g, T=T-t

Consider the set
M= {u: [[u(T)|| < c},
where u solves (2.5.4).

Lemma 2.5.1. Ifu e M and ||g|| <e, then

T—7

l[u(T)|| < cTe™T 0<7<T.

)

Proof of Lemma 2.5.1. Let h := ||u(7)||. Then
. dh

h:=— =2Re(u,u), h=2|u||®+ 2Re(ii, u).

Cdr
One has
(i, u) = (Au, Au) = [[a]|?,
S0
h = 4l 2
Define p(7) :=Inh. Then

. hh—h%  4)|a)2h — 4| Re(i, u)|?
p = h2 = h2 =

Therefore p(7) is a convex function. Thus

p(r) <

This implies

T—7

h(r) < [MO)] T [W(T)]7,

> 0.

(2.5.3)

(2.5.4)

(2.5.5)
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or

Lemma 2.5.1 is proved. o

Estimate (2.5.5) gives a continuous dependence of the solution to (2.5.4)
or (2.5.3) on g under a priori assumption u € M.
Given g, the quasiinversion method for finding f in the sense

llg —e T4l <, (2.5.6)

where n > 0 is an arbitrary small given number, consists of solving the
problem

g + Aug —eA%u. =0, w(T)=g, t>T, (2.5.7)

and then finding f = f,, = u.(0). Here ¢ = const > 0. If ¢ > 0 is sufficiently
small, then

llg — e " uc(0)]| <.
Let us justify the above claim. The unique solution to (2.5.7) is:
ue(t) = e ("D g (2.5.8)

where the element u.(t),
U,E(t) — e—(t—T)(A—aAZ)g — /oo 6_(t_T)(S_632)dEsg,

is well defined for any g € H and for ¢ € [0,T) provided that e > 0. Let
f=fi=u(0) = TA—=A g, (2.5.9)

Then

oo

_ _ 2 T2
lg=e T =llg—e Tl = [ L e T Rd(Bg. ). (25.10)

(&

Thus, for any fixed g € H, one can pass to the limit ¢ — 0 in (2.5.10) and
get

tim [[g — e T4 £2]| = 0. (2.5.11)
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Therefore, for any g € H and any n > 0, however small, one can find f.
such that

llg —e ALl <.

If g = e T4h for some h € H, i.e., g is the value of a solution to
equation (2.5.1) at t = T with «(0) = h, then

llg — e TALA < Mle AR = fell < [k = fel]-
Therefore, if g = e"T4h, h € H, then taking any f satisfying the inequality
|[fe = h|| <n, implies ||g — e_TAfeH <.
Remark 2.5.1. In [LL] the case when A = A(¢) is treated under suitable
assumptions.

Remark 2.5.2. There are infinitely many elements f satisfying (2.5.6). For-
mula (2.5.9) gives one concrete such an element.

Remark 2.5.3. The quasiinversion method yields stable solution of the
above problem: if gs is given, ||gs — g|| < J, then

[e74=4% (g5 — g)I| < [[eTA==4D]|5 = N(e, T)3, (2.5.12)
where
N(e,T) = sup eTloes) = ee (2.5.13)
s>c

Remark 2.5.4. In [LL] the quasiinversion method is applied to solving
Cauchy problems for elliptic equations and to other ill-posed problems.

2.6 Dynamical systems method (DSM)

The idea of a DSM has been described in Section 1.1.
We want to solve an operator equation

F(u)—f=0 (2.6.1)

in a Hilbert space H. We assume that this equation has a solution y, that

sup [|FV(u)]| < M;(R), j=0,1,2, (2.6.2)
u€B(uo,R)

where FU)(u) are Fréchet derivatives of F, ug € H is some element,
B(ug,R) ={u:|lu—w|| <R, uweH}

and M;(R) are some positive constants. We do not restrict the growth of
these constants as R — oo. This means that the nonlinearity F' can grow
arbitrarily fast as ||u|| grows, but is locally twice Fréchet differentiable.
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Definition 2.6.1. We will call problem (2.6.1) well-posed (WP) if

sup ||[F'(w)] 7] < m(R), (2.6.3)
uw€B(uo,R)

and ill-posed (IP) otherwise.

Condition (2.6.3) implies that F' is a local homeomorphism in a neigh-
borhood of the point u.

If F(u) = Au, where A is a bounded linear operator, then F'(u) = A
for any u € H, and condition (2.6.3) implies that A is an isomorphism.

If F(u) = Au so that F'(u) = A, and A is not boundedly invertible,
ie. (2.6.3) fails, then either A is not injective, or A is not surjective, or
A=l is not bounded. If A is not injective, i.e. N = N(A) # {0}, then
one can consider A as a mapping from the factor space H/N into H, and
then this mapping is injective, or one can consider A as a mapping from
H; = Ho N, and this mapping is injective.

If A is not surjective but its range R(A) is closed, then A as a mapping
from Hj into R(A) is injective, surjective, and has a bounded inverse, so
in this case the problem of solving equation Au — f = 0 may be reduced to
a well-posed problem:

If ||fs — fl| <0, but f ¢ R(A), then one projects fs onto R(A), and
the solution A_IPR( 4)fs depends continuously on f;.

However, if the range R(A) is not closed, R(A) # R(A), then small
perturbations f5, ||fs — f|| < 9, of f may lead to large perturbations of the
solution, or fs may be out of R(A), in which case the equation Au = f5 is
not solvable. Thus, if R(A) # R(A), then the problem of solving equation
Au = f is ill-posed.

Calculating the null space A of a linear operator A is an ill-posed
problem: a small perturbation of A may transform A into an injective
operator.

If F is a nonlinear mapping, then condition (2.6.3), in general, does not
imply injectivity or surjectivity globally. For example, if F(u) = €* is a
mapping of R into R, then

F'(u)=e", |[F'(w)]™'[=le™"] <m(R), [ul <R,

however equation e¢* = 0 has no solution. An example of noninjectivity:
Let

F:R? - R?, F(u):<6 €08ty )

e sin uo
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Then
oF  OF w1 Ul o
/ Jur O el cosug —e¥sinusg
F (u) = 5 o = )
OFy  OFy Ul g uy
0 Bu e sin uo e'1l cosuy
coSUy  sinus
[Fl(u)]_l =e )
—sinus cosus
SO

F' (W] <e ™ <eff, Jui]?+ |uof® < R

Condition (2.6.3) holds with any R > 0, but F is not injective:

if equation F(u) = f has a solution Zl >7 then it has solutions
2
U1 o
< v + 2 > n=+1,+2 ..

The DSM method for solving equation (2.6.1), which consists of finding
a nonlinear mapping ®(¢,u) such that the Cauchy problem

U =®(t,u), u(0)=uo, (2.6.4)

has a unique global solution, there exists u(0o), and u(co) solves equation
(2.6.1):

Alu(t) VE>0; Fu(oo); F(u(oo))—f=0. (2.6.5)

If F is nonlinear, then the global existence of a solution to (2.6.4) is a
difficult problem by itself. To guarantee the local existence and uniqueness
of the solution to (2.6.4), we assume that ® satisfies a Lipschitz condition

19 (t, u) — ®(t, )] < Kllu—oll, v e Bluo, R), (2.6.6)

where K = constant > 0 does not depend on ¢, u, v but may depend on R.
We also assume that

sup [|@(¢,u)|| < Ko(R) := Ko, (2.6.7)
t€(to,to+b) u€B(uo,R)

where Ky > 0 and b > 0 are a constants. Such an assumption on ® will be
satisfied in most of our applications. Assumption (2.6.6) does not restrict
the growth of nonlinearity of ® because K may grow rapidly as R grows.
Problem (2.6.4), in general, may have no global solution: the solution
may blow up in a finite time. The maximal interval [0,t) of the existence
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of the solution may be finite, T < oo . In all the problems we deal with
in this monograph, the global existence of the solution to (2.6.4) will be
proved by establishing an a priori bound for the norm of the solution:

sup [lu(t)]| < c, (2.6.8)
t>0

where ¢ = const > 0 does not depend on t and the supremum is taken over
allt € [0,T).

Lemma 2.6.1. If (2.6.6) and (2.6.8) hold, then T = cc.

Proof of Lemma 2.6.1. From the classical local existence and uniqueness
theorem for the solution to (2.6.4) under the assumptions (2.6.6), (2.6.7)
one obtains that the solution to (2.6.4) with the initial condition u(tg) = ug
exists and is unique on the interval |t — to| < 7, where

. (1 R
7 = min <K’ g b) . (2.6.9)

This result is well-known, but we prove it for the convenience of the
reader (see also Section 16.2). Using this result, we complete the proof of
Lemma 2.6.1.

Assume that (2.6.8) holds but T' < oco. Let u € B(ug,R) for t €
[0, — Z]. Take to = T'— Z. Then the solution wu(t) to (2.6.4) with the
initial condition wu(tg) = u(T — %) exists on the interval (T'— 7,7 + %),
so T is not the maximal interval of existence. Condition (2.6.8)guarantees
that the Lipschitz constant K in (2.6.6) remains bounded, K = K(c), the
constant K in (2.6.7) remains bounded, Ky = Ky(c), and the radius of the
ball B(ug, R), within which the solution stays, remains bounded, R = R(c).
Thus, 7 = 7(c) does not decrease as the initial point gets close to T. This
and the local existence and uniqueness theorem for the solution to (2.6.4)
imply T'= oo. Lemma 2.6.1 is proved. o

In the following Theorem 2.6.1 we assume that ®(t,u) is continuous
operator function of .

Theorem 2.6.1. (local existence and uniqueness theorem).

Assume (2.6.6)-(2.6.7). Then problem (2.6.4) with u(ty) = ug, to >0
has a unique solution u(t) € B(ug, R) on the interval t € (t,t + T), where
7 1s defined in (2.6.9).

Proof of theorem 2.6.1. Problem (2.6.4) with u(t9) = g, is equivalent
to the equation:

u = ug +/ D(s,u(s))ds := B(u), (2.6.10)

to
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because we have assumed that ® is continuous with respect to t. Let us
check that operator B maps the ball B(ug, R) into itself and is a contraction
mapping on this ball if (2.6.9) holds. This, and the contraction mapping
principle yield the conclusion of Theorem 2.6.1.

We have
sup [[ult) —uol| < sup 19 (s, u(s))]| < TEKo < R.
te(to,to+7) s€(to,to+7), u€B(uo,R)
(2.6.11)
Furthermore,
sup  [[B(u) — B(v)]|
te(to,to+7)
<7 sup [[@(s, u(s)) — (s, v(s))]|
s€(to,to+7), u€EB(uo,R)
<7K sup |u(s) —v(s)l- (2.6.12)

s€(to,to+T7)

Since 7K > 1, the operator B is a contraction on the set B(ug, R).
Theorem 2.6.1 is proved. O

2.7 Variational regularization for nonlinear equations

Consider the equation
F(u)=f, (2.7.1)

where F' is a nonlinear map in a Hilbert space H.
Assume that there is a solution y to equation (2.7.1), F(y) = f.
We also assume that F' is a weakly continuous (wc) map, i.e.

Uy, =~ u = Flu,) = F(u). (2.7.2)
Let ||fs — f]| < ¢ and
g(u) = ||F(u) — fs|] +bdp(u), b= const > 0, (2.7.3)

where ¢ : H; — Ry :=[0,00) is a functional, H; C H is a Hilbert space,
[lu|lx > ||u||, the embedding i : Hy — H is compact, i.e. the set {u :
[lulli < ¢} contains a convergent in H subsequence, ¢ is weakly lower
semicontinuous (wlsc), i.e.

up, = u = lim o(u,) > o(u), (2.7.4)

n—oo

and y € Hy. From (2.7.2) and (2.7.4) it follows that g is wlsc.
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Lemma 2.7.1. If (2.7.2) and (2.7.4) hold, then the problem
g(u) = min (2.7.5)
has a solution.

Proof. Since g(u) > 0, there exists m := inf,, g(u). Let g(u,) — m. Then
0 < g(un) <m+ 0 for all n > n(d), so

bop(un) < m+ 0. (2.7.6)
We have
m < g(y) < 6(1+ bp(y)). (2.7.7)

From (2.7.6) and (2.7.7) we get

o(un) < %M =c. (2.7.8)

Thus, there exists a convergent subsequence of u,, which is denoted u,,
again:

lim u, =wu. (2.7.9)

n—oo

Since g is weakly lower semicontinuous, we obtain:

m= lim g(u,) < g(u) < m. (2.7.10)
Thus, the lemma is proved. O

Remark 2.7.1. The proof remains valid if we assume that the set {u :
o(u) < ¢} is weakly precompact, i.e. contains a weakly convergent sub-
sequence u, — u, rather than the strongly convergent one. However, the
assumption about compactness of the embedding i : H; — H will be used
later.

Theorem 2.7.1. Assume that F is injective, the embedding i : Hy — H is
compact, [ = F(y), (2.7.2) holds, ||fs — f|| < 0 and g(us) = inf,em g(u).
Then

lus —yl| <n(0) =0 as & —0. (2.7.11)
Proof. Using the equation F'(y) = f, (2.7.7) and (2.7.8), we obtain:

1F(us) = F)Il < |1F(us) = foll +[1fs = FIl < 02+ be(y)), (2.7.12)



58 2. ILL-POSED PROBLEMS

and
o(us) < e (2.7.13)

Therefore (2.7.11) follows. Indeed, assuming that ||us —y|| > € > 0, choose
a subsequence

Up :=uUs, —u asd, — 0.
This is possible because ¢ is compact and (2.7.13) holds. Then we get

e < lim [jup —yl| = [ju—yll- (2.7.14)
Let us prove that

F(u) =y. (2.7.15)
It follows from (2.7.12) that

lim [|F () — 1| = 0.

n—oo
Assumption (2.7.2) and weak lower semicontinuity of the norm in H imply

0= lim [[F(un) = fI| = [|F(u) = f]]. (2.7.16)
Thus (2.7.15) is verified.

Since F is injective, it follows from (2.7.15) that v = y. This contradicts

to the inequality (2.7.14).
Theorem 2.7.1 is proved. o

Let us discuss now a new discrepancy principle.

Earlier the discrepancy principle for finding the regularization parame-
ter a = a(d) was proposed and justified for linear equations in the following
form. One finds a minimizer u, s to the functional

G(u) = [|F(u) = fsl[* + al [u]|*.

Then a = a(0) is found as the solution (unique if F' is a linear operator) of
the equation

|F (uas) = fsll = ¢d, |[fsll > b, c=const, ce€(1,2). (2.7.17)

The justification of the discrepancy principle consisted of the proof of the
unique solvability of equation (2.7.17) for a = a(d) and of the proof of the
relation

Lim llus =yl =0,  us := uq(s),s- (2.7.18)
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Equation (2.7.17) is a nonlinear equation for a even in the case when F'(u) =
Auw is a linear operator.

To avoid solving this equation, we propose to take a(d) = bd, b =
const > 0.

We have proved that for any fixed b = const > 0 problem (2.7.5) has
a solution us and (2.7.11) holds, provided that F' is injective, (2.7.2) holds
and ¢ is compact.

Therefore one may use the following relaxed version of the discrepancy
principle. The usual discrepancy principle requires to solve the variational
problem

[1F(u) = fsl|* + ap(u) = min, (2.7.19)

to find a minimizer u, s, then to find the regularization parameter a = a(0)
by solving the nonlinear equation for a:

[|F(uqgs) — f5]l =¢d, c€(1,2), c=const, (2.7.20)
and then to prove that
Ugs 1= Uq(5),5

satisfies (2.7.18).
The relaxed version of the discrepancy principle does not require solving
nonlinear equation (2.7.20) for a, but allows one to take

a(d) = bd
with an arbitrary fixed b = const > 0.
One can also choose some b such that
d <||F(ups,5) — fs5l] < 16, ¢1 = const > 0, (2.7.21)

where ¢; > 1 is an arbitrary fixed constant. It is easier numerically to find
b such that (2.7.21) holds than to solve equation (2.7.20) for a = a(9).
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Chapter 3

DSM for well-posed problems

In this Chapter it is shown that every well-posed problem can be solved by
a DSM which converges exponentially fast.

3.1 Every solvable well-posed problem can be solved
by DSM

In this chapter we prove that every solvable equation
F(u) =0, (3.1.1)

where F satisfies assumptions (2.6.2) and (2.6.3), can be solved by a DSM
(1.1.2) so that the three conditions (1.1.5) hold, and, in addition, the con-
vergence of this DSM is exponentially fast:

[lu(t) — u(oo)|| < re™',  [[F(u(®))|| < ||Folle™, (3.1.2)

where ¢; = const >0, r =const >0, Fy=F(u(0)). We will specify ¢;
and r later.

First, let us establish a general framework for a study of well-posed
problems.

Assume that

(F/(u)®(t,u), F(u)) < —gi(D|F@)|?  Yue H, (3.1.3)
and
@@, )|l < g2(O[|F(w)]|, VueH, (3.1.4)

where ¢1(t) and g2(t) are positive functions, defined on R4 = [0, 00), g2 is
continuous and ¢g; € L*(R4).

61
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The assumption (3.1.3) can be generalized
[|[@(t,u)|] < g2(t)||F(u)||’, b= const > 0. (3.1.5)

Define the following function:

G(t) == go(t)e™ Jo 9r()ds, (3.1.6)
Assume:
/ gids =00, G € L'Ry), (3.1.7)
0
and
11 ()| / Glt)dt < R. (3.1.8)
0

Let us formulate our first result.

Theorem 3.1.1. Assume that (3.1.3), (3.1.4), (3.1.7) and (3.1.8) hold.
Also assume that (2.6.2) holds for j <1 and (2.6.6) holds. Then problem
(2.6.4) has a unique global solution u(t), there exists u(co), F(u(o0)) =0,
and the following estimates hold:

[lu(t) = u(o0)]| < ||F(UO)||/ G(s)ds, (3.1.9)
t

and

I u()]] < [1F(uo)lje™ Jo o). (3.1.10)
Proof. From the assumption (2.6.6) it follows that there exists a unique
local solution to problem (2.6.4). To prove that this solution is global
we use Lemma 2.6.1 and establish estimate (2.6.8) for this solution. Let
g(t) := ||F(u(t))]|, and g = %. Then, using (2.6.2) with j = 1, we get:

99 = (F'(u)i, F) = (F (w)®(t, u), F) < —g:(t)g". (3.1.11)

Since g > 0, we obtain

t
g(t) < goe™ Jo 91 gy — [|F (uo)], (3.1.12)
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which is the inequality (3.1.10). From equation (2.6.4), inequality (3.1.4)
and estimate (3.1.10) we derive the estimate:

[u(s) = u(®)]] < |IF(uo)l| /t G(p)dp- (3.1.13)

Since G € L*(R4), it follows from (3.1.13) that estimate (2.6.8) holds, the
limit

u(o0) = tlirgo u(t)

exists, and estimate (3.1.9) holds. Taking ¢ — oo in (3.1.10), using the
first assumption (3.1.7) and the continuity of F', one obtains the relation
F(u(o0)) = 0. Theorem 3.1.1 is proved. O

Let us replace assumption (3.1.3) by a more general one:
(F'®,F) < —i(O]|F@)[*, a e (0,2). (3.1.14)
Arguing as in the proof of Theorem 3.1.1 one gets the inequality:
97 < =g (1),
SO
t a
0<g(t) < [92_“(0) —(2- a)/o gl(s)ds] : (3.1.15)

If the first assumption (3.1.7) holds then (3.1.15) implies that g(¢) = 0 for
all t > T, where T is defined by the equation

T 2—a
/ as)ds= O o oo (3.1.16)
0 2—a
Thus
IF(u@®)l|=0, t>T. (3.1.17)

Therefore u(t) solves the equation F(u) =0, and

T T
[|u(T) = u(0)]| < I\F(uo)H/O G(p)dp < ||G(Uo)||/0 ga(s)ds. (3.1.18)

From (3.1.18) and (3.1.8) it follows that u(t) € B(ug, R) for all ¢t > 0.
Let us formulate the results we have proved:
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Theorem 3.1.2. Assume (3.1.14), (3.1.8), (3.1.7), (2.6.6), (2.6.2) with
j <1, and let T be defined by equation (3.1.16). Then equation F(u) =0
has a solution u € B(ug, R), problem (2.6.4) has a unique global solution
u(t) € B(ug, R), and F(u(t)) =0 fort > T.

Assume now that the inequality (3.1.14) holds with @ > 2 and the first
assumption (3.1.7) holds. Then, arguing as in the proof of Theorem 3.1.1,
one gets

_1_

0<g(t) < [ +(a—2) /Otg1(s)ds} o hw, (31.19)

9°7%(0)
where lim;_, o h(t) = 0 because of (3.1.7).
Assume that

/000 g2(s)h(s)ds < R. (3.1.20)

Then (2.6.4) and (3.1.4) imply

u(t) = w(O)]| < R, Ju(t) - u(oo)|| < /toom(s)h(s)ds, (3.1.21)

lim ||u(t) — u(o0)|| = 0. (3.1.22)

t—o0
Thus, the following result is obtained.

Theorem 3.1.3. Assume that (3.1.14) holds with a > 2, (3.1.4), (2.6.6),
(8.1.7) and (3.1.20) hold. Then there exists a unique global solution wu(t)
to (2.6.4), u(t) € B(ug, R), there exists u(oco) and F(u(oo)) = 0.

In the remaining Sections of this Chapter we will use the above results
in a number of problems of interest in applications.

In particular, we will use the following consequence of Theorem 3.1.1.

Assume that g1 () = ¢; = const > 0, go(t) = ¢o = const > 0, so that
(3.1.3) and (3.1.4) take the form

(F'(w)®(t,u), F(u)) < —c1||F(u)||?>, Yu € H, (3.1.23)
and

B (t,u)|| < eol [F(u)|], Vu e H. (3.1.24)
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Then conditions (3.1.7) are trivially satisfied, (3.1.8) takes the form

1P (uo)|| 2 =7 < R, (3.1.25)
1
(3.1.13) implies

[lu(oo) —u(t)]] < re”, (3.1.26)
and

l[u(t) = u(0)]| <, (3.1.27)
and (3.1.12) yields:

IF@) < || F(uo)lle™ . (3.1.28)

Note that (3.1.2) follows from (3.1.26) and (3.1.28).
Let us formulate what we have just demonstrated.

Theorem 3.1.4. Assume (3.1.23)-(3.1.25), (2.6.2) and (2.6.3). Then
problem (2.6.4) has a unique global solution u(t), this solution satisfies
inequalities (3.1.26)-(3.1.28), so that there exists limy_,oo u(t) = u(00),
and F(u(o0)) = 0. Thus, under the above assumptions equation F(u) =0
has a solution u(oco) = u(oo;ug), possibly nonunique.

By a global solution to (2.6.4) we mean the solution which exists for
all t > 0.

Note that if u(oo;ug) is taken as the initial data, then wu(oco;u(oco;ug))
does not have to be equal to u(oco;ug).
Ezample 3.1.1. Let

i =c(l+u?)e ™, w(0)=uy=1.
Then
arctan u(t) — arctan u(0) = ¢(1 — e,
u(t) = tan(arctan ug + ¢ — ce™").
Thus
u(oo;ug) = tan(arctan 1 + ¢) = tan (% + c) ,
and
u(00; u(oo; up)) = tan(arctan tan (% + c) +c) = tan (% + 20) = u(o0;ug)
provided that 7 +c # 7 + 2c + nr.
In order that u(oo;ug) = u(oco; u(0o;ug)) for the problem
= ®(t,u), u(0)=u,

it is sufficient that u(oo;ug) solves the equation ®(oco;u(oo;ug)) = 0.
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3.2 DSM and Newton-type methods
Consider the equation

F(u) =0, (3.2.1)
and the DSM for solving (3.2.1) of the form

i = —[F'(W)] "' F(u), u(0) = up. (3.2.2)

This is a particular case of (2.6.4) which makes sense if (2.6.3) holds, i.e. if
the problem is well-posed in our terminology. Assumption (2.6.6) follows
from (2.6.2) and (2.6.3) due to the differentiation formula:

([F"()™h) = =[F' ()] F" (u)[F'(w)] Y, (32.3)
which can be derived easily by differentiating the identity
F/ ()] F(u) = (3.2.4)

with respect to u. We assume throughout the rest of this chapter that
assumptions (2.6.2) - (2.6.3) hold. Let us apply Theorem 3.1.4 to problem
(3.2.2). We have

(F'®,F) = —[|F|]%, (3.2.5)

so that ¢; = 1 in condition (3.1.23). Furthermore, (3.1.24) holds with
¢a = m(R), where m(R) is the constant from (2.6.3). Finally, to ensure

the existence of a solution to equation (3.2.1) let us assume that (3.1.25)
holds:

|\F(u0)|\§ =r<R, ie, |[F(u)lm(R)<R. (3.2.6)

Then Theorem 3.1.4 implies the following result.

Theorem 3.2.1. Assume (2.6.2), (2.6.3) and (3.2.6). Then equation
(3.2.1) has a solution in B(ug, R), problem (3.2.2) has a unique global
solution u(t) € B(ug, R), there exists the limit

U(OO) = U(OO, UO) € B(UOa R)a
this limit solves the equation
F(u(o0)) =0,

and the DSM method (3.2.2) converges exponentially fast in the sense that
estimates (8.1.26) and (8.1.28) hold.
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Remark 3.2.1. Condition (3.2.6) is always satisfied for a suitable ug if one
knows a priori that equation (3.2.1) has a solution y, F(y) = 0. Indeed, in
this case one can choose ug sufficiently close to y and, by the continuity of F,
condition (3.2.6) will be satisfied because lim,, ., ||F(uo)|| = ||F(y)|| = 0.
Most of the classical theorems about convergence of the discrete Newton-
type methods contain the assumption that wug is sufficiently close to a so-
lution to equation (3.2.1).

Remark 3.2.2. If one formally discretizes equation (3.2.2), one gets an it-
erative scheme

Unt1 = Un — ho[F' (un)] 7 F(uy),  ug = ug, (3.2.7)

tng1 =t + hpny  Up = ulty). (3.2.8)
If h,, = 1, the process, (3.2.7) reduces to the classical Newton’s method.

U1 = Uy — [F'(un)] T F(un),  uo = uo. (3.2.9)

Various conditions sufficient for the convergence of this process are known
(see [KA], [De]).

For a comparison with Theorem 3.2.1 let us formulate a theorem (see
[De], p.157) about convergence of the classical Newton’s method.

Theorem 3.2.2. Assume
[F (uo)] " F(uo)l| < @, [|[F"(uo)] | < b,
|F'(u) = F'()|| < kllu=[l, u,v€ B(uo, R),
q :=2kab < 1 and 2a < R.

Then F has a unique zero y € B(ug, R), and

a n —
lun =yl < Go=ga® ™1, 0<g <1, (3.2.10)

A proof of Theorem 3.2.2 one can find in [De], p. 158. The proof is
considerably more complicated than the proof of Theorem 3.2.1. The basic
feature of the classical process (3.2.9) is its quadratic rate of convergence.
This means that

[ltns1 =yl < cllun —ylf?

for all sufficiently large n. This rate is achieved for the process (3.2.7) with
a constant step size h,, = h only if h = 1. For the continuous analog (3.2.2)
of the method (3.2.9) the rate of convergence is exponential, it is slower
than quadratic.
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3.3 DSM and the modified Newton’s method

Consider equation (3.2.1) and the following DSM method for solving this
equation:

0= —[F"(uo)] ' F(u), u(0)=up. (3.3.1)

Let us check conditions of Theorem 3.1.4. Condition (3.1.24) is satisfied

with ¢ = m(R), where m(R) is the constant from (2.6.3). Let us check
condition (3.1.23). We have

—(F" (w)[F" (uo)] =" F (), F (u))

— —([F" () — F'(wo)|[F (uo)] " F (), Fw)) — [[F@)|[%, (33.2)

and
[F" (u) = F (uo)| [ (1))~ F (), F(w))] < Mslu—no]Iml[F(w)|[?, (3.3.3)

where M, is the constant from (2.6.2).
Let us assume that |Ju —up|| < R, i.e. u € B(ug, R), and choose R such
that
1

Then (3.3.2) - (3.3.4) imply that ¢; = 1. Condition (3.1.25) takes the form

2||F <
1F (o) m < 5,

ie.
4m?® Ms||F (uo)|| < 1. (3.3.5)
Theorem 3.1.4 yields the following result.

Theorem 3.3.1. Assume (2.6.2),(2.6.3) and (3.3.5). Then equation (3.2.1)
has a solution in B(ug, R), problem (8.3.1) has a unique global solution
u(t) € B(ug, R), there exists u(oo) € B(ug, R), F(u(co)) =0, and the
DSM method (3.3.1) converges to the solution u(oco) exponentially fast in
the sense that estimates (3.1.26) and (3.1.28) hold.

3.4 DSM and Gauss-Newton-type methods

Consider equation (3.2.1) and the following DSM method for solving this
equation

= —T"rA*F(u), u(0)=uo, (3.4.1)
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where
A:=F'(u), T:=A"A, (3.4.2)

A* is the operator adjoint to A.
Let us apply Theorem 3.1.4. As always in this Chapter, we assume
(2.6.2) and (2.6.3). Condition (3.1.23) takes the form:

—(F'T7'A*F, F) = —||F||?, (3.4.3)
because A(A*A)"1A* = I, since F'(u) := A is a boundedly invertible
operator (see (2.6.3)). Thus, ¢; = 1.

Let us find ¢5. We have

|7 AF|| < |77 || M ||F]), (3.4.4)
where [|[A*|| = ||A]| < M; by (2.6.2). Finally

IT=H < AT Y] < m?, (3.4.5)

where m is the constant from (2.6.3). Thus co = M;m?2. Condition (3.1.25)
takes the form

||F(uo)||Mim? < R. (3.4.6)
Theorem 3.1.4 yields the following result.

Theorem 3.4.1. Assume (2.6.2), (2.6.3) and (3.4.6). Then equation
(8.2.1) has a solution in B(ug, R), problem (3.4.1) has a unique global so-
lution u(t), there exists u(c0), F(u(c0)) =0, and the DSM method (3.4.1)
converges to u(oco) exponentially fast in the sense that estimates (3.1.26)
and (3.1.28) hold.

3.5 DSM and the gradient method

Again we want to solve equation (3.2.1). The DSM method we use is the
following one:

w=—A"F(u), u(0)=up. (3.5.1)

As before, A = F'(u), A is the adjoint to A. Condition (3.1.23) takes the

form:

—(AA'F,F) = —[|A"F|]* < —c1|F|P%, (3.5.2)
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where ¢; = m?. Here we have used the following estimates:
A ul] > I(AD)TH T ull, (A7) = [[ATH] = m, (3.5.3)

where m is the constant from (2.6.3). Condition (3.1.24) holds with ¢ =
M, where M; is the constant from (2.6.2) and we have used the relation
[|A*|] = ||A]||. Condition (3.1.25) takes the form

|| F(uo)|[m*M; < R. (3.5.4)
Theorem 3.1.4 yields the following result.

Theorem 3.5.1. Assume (2.6.2), (2.6.3) and (3.5.4). Then equation
(8.2.1) has a solution in B(ug, R), problem (3.5.1) has a unique global so-
lution u(t) € B(ug, R), there exists u(oo), F(u(oo)) = 0, and the DSM
method (3.5.1) converges exponentially fast in the sense that estimates

(3.1.26) and (3.1.28) hold.

3.6 DSM and the simple iterations method
We want to solve equation (3.2.1) by the following DSM method:
U= —F(u), u(0)=uo. (3.6.1)
Let us assume that
F'(u) > c¢1(R) >0, u € B(ug, R). (3.6.2)
Condition (3.1.23) takes the form:
~(F'F,F) < —a1|F|2, (3.6.3)

50 ¢1 := c1(R) is the constant from (3.6.2). Condition (3.1.24) holds with
¢z = 1. Condition (3.1.25) takes the form:

|\F(uo)|% <R (3.6.4)

Theorem 3.1.4 yields the following result.

Theorem 3.6.1. Assume (2.6.2), (2.6.3) and (3.6.4). Then equation
(8.2.1) has a solution in B(ug, R), problem (3.6.1) has a unique global
solution u(t) € B(ug, R), there exists u(co), F(u(co)) = 0, and the DSM
method (3.6.1) converges to u(oo) exponentially fast, i.e., inequalities (3.1.26)
and (3.1.28) hold.
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3.7 DSM and minimization methods

Let f: H — Ry be twice Fréchet differentiable function, f € CZ_.. We
want to use DSM for global minimization of f. In many cases this gives a
method for solving operator equation F'(u) = 0. Indeed, if this equation
has a solution y, F'(y) = 0, then y is the global minimizer of the functional

fu) = [|F(u)]>.
Let us consider the following DSM scheme:
u—-*f(u) u(0) = u (3.7.1)
(f(w),n) " v

where h € H is some element for which |(f'(u(t)), k)| > 0 for t > 0, where
u(t) solves (3.7.1).
Condition (3.1.23) takes the form

(J,h)
(f.h)
so ¢; = 1. Condition (3.1.24) is:

[IA]
|(f"(u), 1)

where co depends on the choice of h and on f(u). Choose
h = f'(u(t)).
Then (3.7.1) becomes

)
U= Hf/(u(t))Hgf( (t))a (O) 0- (3.7.2)

Condition (3.1.24) is not satisfied, in general, and we assume that

f2:_f2a

fu) < c2f(u),

) <af®, (3.7.3)

1 (W)l

where a and b are positive constants.
Then (3.7.2) implies

f:f/(u)u:_fv
SO

flut)) = foe™,  fo = f(uo), (3.7.4)



72 3. DSM FOR WELL-POSED PROBLEMS

and

il < gy < oA = ese ™ (3.7.5)
One has

ul] < Jal| < eze™™, (3.7.6)
SO

lut) = uoll < 2, [[ult) — u(so)]| < Fe . (3.7.7)

Condition (3.1.25) takes the form:

b
B <R, ie % <R. (3.7.8)

We have proved the following result.

Theorem 3.7.1. Assume that f € C? ., (3.7.3) and (5.7.8) hold. Then
equation f(u) =0 has a solution in B(ug, R), problem (3.7.2) has a unique
global solution u(t), f(u(co)) =0, and estimates (3.7.7) hold.

Remark 3.7.1. If f(u) = |[|F(u)||> and H is the real Hilbert space, then
f(w) = 2[F"(uw)]*F(u). Assume (2.6.3). Denote A := F'(u). Then

N[A*] 7] < m(R).
One has
|A*F|| > AT HIF )| = m™ [ F(w)].

Thus, if
1 2
d=— = ||F
Tl f= IR
then
1 m m 1
o < < =Dy
1< 7’ = amE = 27

so that (3.7.2) holds with b = 1. Therefore assumption (2.6.3) ensures
convergence of the DSM (3.7.2) for global minimization of the functional
f(u) = ||F(u)||* with an operator satisfying assumption (2.6.3), and the
DSM converges exponentially fast.
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3.8 Ulm’s method

In [U] and [GW] the following method for solving equation F(u) = 0 is
discussed under some assumptions on F', of which one is the existence of a
bounded linear operator B in a Hilbert (or Banach) space such that

11— BF (uo)]] < 1, (3.8.1)

where ug € H is some element. The method consists of using the following
iterative process

Upy1 = Up — Bpy1F(un), Bpy1 =2B, — By F'(un)By. (3.8.2)

As the initial approximation one takes ug and By = B from the assumption
(3.8.1).

The aim of this short Section is to prove the convergence of a sim-
plified continuous analog of the above method using Theorem 3.1.1. The
continuous analog is of the form:

= —BF(u), u(0)=ug. (3.8.3)

We have simplified the method by not considering the updates for B and
assuming that

Il - BF'(w)|| <q<1, uc€ Bluy,R), (3.8.4)

where ¢ € (0, 1) is a number independent of u, and R > 0 is some number.
Thus, B is an approximation to the inverse operator [F'(u)]~! in some
sense. We wish to prove the convergence of the DSM (3.8.3). Our & from
DSM (1.1.2) is

® = —BF,

and we wish to verify conditions of Theorem 3.1.1.

The DSM (3.8.3) is similar to the Newton method. The main difference
between the two methods is in taking an approximate inverse B in the
sense (3.8.4) in place of the exact inverse [F’(u)]~! in the Newton method.

Let us verify the conditions of Theorem 3.1.1. Condition (3.1.3) is easy
to verify:

_(F'BF.F) < —(1— o)||F|"

where we have used the assumption (3.8.4). Thus,

a(t)=c1=1—q¢>0,
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and condition (3.1.3) holds.
Condition (3.1.4) obviously holds with

92(t) = [|B]| := ca.
Condition (3.1.8) takes the form (3.1.25), that is:

C
HF(uO)Ilﬁ <R. (3.8.5)

If condition (3.8.5) holds, then,by Theorem 3.1.1, the DSM (3.8.3) is
justified, i.e., the conclusions (1.1.5) are valid.

If equation (3.8.1) has a solution, then condition (3.8.5) is always satis-
fied if the initial approximation ug is taken sufficiently close to the solution.



Chapter 4

DSM and linear ill-posed
problems

In this chapter we prove that any solvable linear operator equation can be
solved by a DSM and by a convergent iterative process.

4.1 Equations with bounded operators

Consider the equation
Au = f, (4.1.1)

where A is a bounded linear operator in a Hilbert space H. Assume that
there exists a solution to (4.1.1), that A" = A(A) is the null-space of A, and
denote by y the unique minimal-norm solution, i.e. the solution y L N
Let T := A*A, T, :=T+ al, I is the identity operator. We assume
that problem (4.1.1) is ill-posed in the sense that the range R(A) of the
operator A is not closed.

If R(A) is closed, i.e. R(A) = R(A), but A is not injective, then one
may define an operator A, from H; := H & N onto R(A). This operator
will be continuous, injective and, by the closed graph theorem , the inverse
operator A7' is continuous from R(A) into H;. Thus, the ill-posedness
which is due to the lack of injectivity is not a problem if R(A) is closed.
Similarly, if A is not surjective but R(A) is closed then small perturbations
f5 of f which do not throw fs out of R(A4), i.e. fs € R(A) = R(A),
[Ifs — fl| <9, lead to a small perturbation of the minimal-norm solution
because A7' is continuous. However, if R(A) # R(A), then the inverse
operator A7 ' from R(A) into H; is unbounded. Indeed, if A;! is bounded

(0]



76 4. DSM AND LINEAR ILL-POSED PROBLEMS

then

l|lu]| = |[|[A"  Aul| < ¢||Au||, ¢=||A7Y|| = const < oo.
If

[|Aup, — Aup|| — 0, m,n — oo,

then the above inequality implies ||u, —uy,|| — 0, m,n — oo, s0 u, — u,
and, by continuity of A, Au, — Au. Therefore R(A) is closed, contrary to
our assumption.

The case when R(A) is not closed leads to difficulties in solving equation
(4.1.1) because small perturbations of f may lead to large perturbations of
u or may lead to an equation which has no solutions.

Let us assume that R(A) # R(A), fs5 is given, ||fs — f|] < J, and

Ay=f, yLN.

How does one calculate by a DSM a stable approximation us to y? That
is, how does one calculate us such that:

tim [fus ]| = 0. (4.1.2)

There are several versions of DSM for solving ill-posed equation (4.1.1).
One of these versions is

W= —u+T,pA"f, u(0)=uo, (4.1.3)
where

a(t) > 0; a(t) \,0ast— oo, (4.1.4)
and \, denotes monotone decay to zero.

Theorem 4.1.1. Problem (4.1.3) has a unique global solution u(t), there
erists u(0o), A(u(oo)) = f, u(cc)=y LN.

The case of noisy data fs will be discussed after the proof of Theorem
4.1.1.

Proof of Theorem 4.1.1. The unique solution of (4.1.3) is:

t
u(t) = uge ™" +/ ef(tfs)Ta_(i)A*Ay ds.

0
Clearly, lim;_ . ||uge™t|| = 0. We claim that
t
lim ef(tfs)Ta_(;)Ty ds =1y. (4.1.5)
t—o0 0

This claim follows from two lemmas.
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Lemma 4.1.1. If g is a continuous function on [0,00) with values in H
and g(o0) exists, then

t

lim [ e 9g(s) ds = g(c0). (4.1.6)

t—oo 0

Lemma 4.1.2. One has

hn%T;lTyzy, a>0, ylN. (4.1.7)
Proof of Lemma 4.1.1. For any fixed 7, however large, one has

lim e~ t=9g(s) ds = 0.

t—o0 0

If 7 is sufficiently large then |g(s) — g(c0)| <, Vs > 7, where n > 0 is
an arbitrary small number. The conclusion (4.1.6) follows now from the

relation lim; o f: e~ (1=9)g(00) ds = g(o0).
Lemma 4.1.1 is proved. O

Proof of Lemma 4.1.2. Using the spectral theorem for the selfadjoint op-
erator 1" and denoting by FE; the resolution of the identity, corresponding
to T, one gets:

d(Esy,y)

Tl 42
: —lg 012 — 1 a _ 2 _
lim || T3 Ty — yl| _ilﬂ%/o ats2 ~NBwllF =0, (418)

where
PN = EQ - E_O

is the orthoprojector onto the null space A of operator T'. Because N (T') =
N(A) we use the same letter A/ as for the null-space of A.
Lemma 4.1.2 is proved. o
Since limy_, o0 a(t) = 0, Theorem 4.1.1 is proved. O

Consider now the case of noisy data fs. Then we solve the problem
o= v+ T, ;A fs, 0(0) = uo, (4.1.9)

stop integration at a stopping time t5, denote v(ts) := us, and prove (4.1.2)
for a suitable choice of t5. Let u(t) — v(¢t) := w(t). Then

w=—w+ T, A*(f — f5), w(0)=0. (4.1.10)
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By (2.2.12) we have

T, A 4.1.11
1T AT < 5 (11.11)
Since
t
w(t) = [ TN - fo)ds
0
one has
t
1) §
Jw(t)|] < / e (t=9) ds < . (4.1.12)
0 2y/a(s) 24/a(t)
Therefore, if t5 is chosen so that
lim ———= =0, limts; = oo, (4.1.13)
5—0 9 a(t(;) 5—0

then (4.1.12) and Theorem 4.1.1 imply

Theorem 4.1.2. Assume that (4.1.13) holds and equation (4.1.1) is solv-
able. Then us := v(ts), where v(t) is the unique solution to (4.1.9), satisfies

(4.1.2).

Remark 4.1.1. There are many a priori choices of the stopping times s
satisfying (4.1.13). No optimization of the choice of ¢5 has been made. It
is an open problem to propose such an optimization.

Let us propose a posteriori choice of ts based on a discrepancy-type
principle. We choose ts from the equation

HATa(t)A* — f5]| = ¢d, ¢ =const € (1,2). (4.1.14)
Denote AA* := Q. We have
s (19 -
¢ L A(F.fs, f5) = 62, 411
20) [ B d) = ¢ (41.15)

where Fj is the resolution of the identity corresponding to the selfadjoint
operator Q. Equation (4.1.15) for a has a unique solution as and ¢; is found
uniquely from the equation

as = a(t). (4.1.16)

This equation has a unique solution ¢ = ¢5 because a(t) is monotone. Equa-
tion (4.1.15) considered as an equation for a has a unique solution a = as.
This was proved in Theorem 2.2.5. Since limg_,gas = 0, it follows that
limgs_,gts = 00

This allows us to prove the following result.
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Theorem 4.1.3. Equation (4.1.14) has a unique solution t = ts, and
lims_gts = co. The element us := v(ts), where v solves (4.1.9) and ts is
the solution of (4.1.14), satisfies (4.1.2), provided that

O
Jm ey =0 (4.1.17)

Proof of Theorem 4.1.3. By Theorem 2.2.5 we have

lim || T A* fs — =0. 4.1.1
Denote

ws(ts) := T(;slA*f(;.

‘We have

lo(ts) — yl| < [|v(ts) — ws(ts)]] + ||Jws(ts) — yll- (4.1.19)
By (4.1.18),

lim [[ws(#5) — yl| = 0. (4.1.20)

Let us check that

Lim [[o(ts) — ws(ts)l| = 0. (4.1.21)
We have
ts
v(ts) = uge ' +/ et~ Dws(s)ds, ws(s) == Ta_(;)A*f(;. (4.1.22)
0

Since

lim t5 = oo
§—0 ’

we have
. —ts _
gli% [luolle 0. (4.1.23)
Furthermore,
t ¢ t
/ e Dws(s)ds = e*(tfs)wg(s)‘o f/ e~ =5 (s)ds
0 0

= ws(t) — e tws(0) —/0 e~ t=)aps(s)ds.
(4.1.24)
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Therefore,
R
. _ _ . —(ts—s),:
lim llotts) = wslts)| = Jim|| [ e ()]
< hm/ ~=9)| a5 (s)||ds. (4.1.25)
If
Tim [Jess(8)]| = 0, (4.1.26)

then, by Lemma 4.1.1, the desired relation (4.1.20) follows from (4.1.25).
Let us verify (4.1.26). By the spectral theorem we have

[P dE\A*fs B
ws(t) = / T b=l (4.1.27)

where F) is the resolution of the identity corresponding to the selfadjoint
operator T. Thus

b * . b 2 *
ws(t) = —a(zt)/O [dEAA fo __a0) /0 2 [(t)dEAA J5 (41.28)

a(t) + A2 a?(t) a(t) + A]?
Consequently,
. . a *
Jim 0] < Jim N4 £l = (41.29)
where the assumption (4.1.17) was used.
Theorem 4.1.3 is proved. O

Remark 4.1.2. In the proof of Theorem 4.1.3 we have assumed that A is
bounded, so that A* fs makes sense for any fs € H. If A is unbounded,
then our argument can be modified so that the conclusion of Theorem 4.1.3
still be true. Namely, we have

TMA fs = A'Q. M fs =UQ2 Q. fs, Q= AA"=Q", (4.1.30)

where U is an isometry and a > 0.
Let F)\ be the resolution of the identity corresponding to Q. Then

s (1) = U/OOO W (4.1.31)
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> la(t )|2)\d(F)\f67f5)
lws(®)[* < / ()w
a3 |/ a3 ( F)\f]643 fs) < %(?)Hf‘s”? (4.1.32)
Assume that
im 2O _ (4.1.33)

Then (4.1.32) implies (4.1.26) and, therefore, the conclusion of Theorem
4.1.3 remains valid.

Remark 4.1.3. Condition (4.1.17) holds, for instance, if

— o
a’(t) - m7

and (4.1.33) holds if b € (0, 3).
Let us formulate another version of the discrepancy principle. Assume
that

cr,c0 >0, be(0,1), (4.1.34)

tim [e'a(t) || @z fo|] = 000 Qui=AA" +al. (4.1.35)

t—oo

Theorem 4.1.4. Assume (4.1.35), (4.1.4) and

o O] _
Jim "o = 0. (4.1.36)

Then equation

t
/ e als)||@ud ol [ds = 0, e e (1.2), [Ifsll > o8, (41.37)
0
has a unique solution ts and vs := vs(ts) converges to y, where vs(t) is the
solution to (4.1.9).
Remark 4.1.4. If f5 ¢ R(A), then assumption (4.1.35) is satisfied. Indeed

> a®d(Fxfs, fs)
12%/ (a+ \)2

where P is the orthoprojector onto the null space of the operator @),

N(Q) =N(4*), and
[Pfsll >0 if f5 & R(A). (4.1.39)
Indeed f € R(A) and R(A) = N(A)*.

lim [[aQ; " f5] | = 1 = |Pfs]* >0, (4.1.38)
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Proof of Theorem 4.1.4. Let

B() = alt) | @yl 15| == alhig(t).

(4.1.40)

If (4.1.35) holds, then, by the L’Hospital rule, we have

¢
lim — <0y
t=oo [ esh(s)ds

provided that

O
M =
Relation (4.1.42) holds if
wy
tlggo h2(t) o

Relation (4.1.43) holds if (4.1.36) holds. Indeed,

(R*y _ (a®)  (¢%)
2@ @ g

If (4.1.36) holds then

Moreover, (4.1.36) implies

lim (92 J

=0.
t—o0o g2 (t)

Indeed,

SO

2\ _ 7 dp
(9)“2“/0 [a(t) + AP

dp(\) = d(Fxfs, fs),

. o]
|
a Jo

Thus, (4.1.46) follows from (4.1.36).

a(t

[a(t)

)dp
N

3

(4.1.41)

(4.1.42)
(4.1.43)
(4.1.44)

(4.1.45)
(4.1.46)

(4.1.47)

< 2%92(15). (4.1.48)
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Relation (4.1.41) is equivalent to

i fot e~ (t=5)n(s)ds
im

Jim B = 1, (4.1.49)

which holds if (4.1.35), (4.1.36) and (4.1.4) hold. It follows from (4.1.49)
that equation (4.1.37) can be written as

a(t)]|Qqry foll = 16, (4.1.50)
where

cr=c[l+0(1)], t— oo. (4.1.51)
Thus

a€(1,2) as t — o0. (4.1.52)

Consider the equation

0@y £5° = || f5 — QQu 5| = [|f5 — AT, A" 5] = 362, (4.1.53)
This equation has a unique solution

a = as, %i_)néa(; =0, (4.1.54)

as was proved in Theorem 2.2.1, where it was also proved that relation
(2.2.7) holds with us := Ta_élA*f(;. Given ag, one finds a unique t5 from
the equation

a(t) = as. (4.1.55)

This equation is uniquely solvable for all sufficiently small § > 0 because
a(t) is monotone and (4.1.54) holds. The solution ¢5 of (4.1.55) has the

property
lim t5 = oo. 4.1.56
612((1) E) (6.9] ( )
By (4.1.49) equation (4.1.37) is asymptotically, as 6 — 0, equivalent to

equation (4.1.55). Therefore, its solution ts satisfies (4.1.56), and relation
(2.2.7) holds with us := v5(t5), because

. . —1 A%
lim v5(t5) = lim 7,1 A" f, (4.1.57)

due to (4.1.49) and (4.1.56).
Theorem 4.1.4 is proved. O
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4.2 Another approach

In this Section we develop another approach to solving ill-posed equation
(4.1.1). The operator A in Theorems 4.1.1 - 4.1.3 may be unbounded.

Let us first explain the main idea: under suitable assumptions the in-
verse of an operator can be calculated by solving a Cauchy problem. Let
B be a bounded linear operator which has a bounded inverse, and assume
that

Jim |[ePt| = 0. (4.2.1)

For example, a sufficient condition for (4.2.1) to hold is B = Bj + iBs,
By and By are selfadjoint operators and By < —cl, ¢ = const > 0. The
operator eB? is well defined not only for bounded operators B but for
generators of C-semigroups (see [P]). One has

t
/ eBsds = B71 (Bt — 1), (4.2.2)
0

and if (4.2.1) holds then

t
— lim [ eP%ds =B (4.2.3)

t—o0 0
The Cauchy problem:
W=BW+1, W(0)=0, (4.2.4)
has a unique solution
t
W(t) = / eBsds. (4.2.5)
0
Therefore the problem
= Bu+f, u(0)=0, (4.2.6)
has a unique solution
t t
u=W(t)f= / ePidsf = / eBU=9) s, (4.2.7)
0 0
SO

— lim u(t) = B f. (4.2.8)

t—o0
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Therefore, if A in (4.1.1) is boundedly invertible operator, such that
lim [|et]] =0,
t—oo

then one can solve equation (4.1.1) by solving the Cauchy problem

= Au—f, u(0)=0, (4.2.9)

which has a unique global solution

u(t) = — /Ot eAt=9)ds f, (4.2.10)

and then calculating the solution ¥y = A~!f by the formula:

hm ult)y= A" f=y. (4.2.11)

If A is not boundedly invertible, the above idea is also useful as we are
going to show.

Let us assume that A is a linear selfadjoint densely defined operator, N’
is its null-space, E its resolution of the identity, and consider the problem

U = 1Ajqug—1if, u(0) =0, a=const>0, A;:=A+ial. (4.2.12)

For any a > 0 the inverse Ai_a1 is a bounded operator,

1
145 < =
Moreover,
lim |[e*det|| = lim e~ =0, (4.2.13)
t—o0 t—o0

so that (4.2.1) holds with B = iA4;,. Problem (4.2.12) has a unique global
solution and, by (4.2.8), we have

lim g () = i(idia) "M f = i(idia) Ay, y L. (4.2.14)
Moreover,
lim [[i(iAia) " Ay — yl| = 0. (4.2.15)
Indeed,
T [ e
(4.2.16)

We have proved the following Theorem.
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Theorem 4.2.1. Assume that A is a linear, densely defined selfadjoint
operator, equation Au = [ is solvable (possibly nonuniquely) and y is its
minimal-norm solution, y L N = N(A). Then

y = lim lim u,(2), (4.2.17)

a—0t—o0
where ug(t) = uq(t; f) is the unique solution to (4.2.12).

Remark 4.2.1. Practically one integrates (4.2.12) on a finite interval [0, 7]
and, for a chosen 7 > 0 one takes a = a(7) > 0 such that

lim uger)(7) =y (4.2.18)

Relation (4.2.18) holds if the following conditions are valid:

—a(m)T
lim a(r) =0, lim < = 0. (4.2.19)

T—00 T—00 a(T)

For example, one may take a(7) =777, ~ € (0,1). To check that (4.2.19)
implies (4.2.18), we note that

efat

[[ta(t) — ua(o0)|| < , (4.2.20)

a

as follows from the proof of Theorem 4.2.1. Therefore

[[a(r) (T) =yl < [[ta(r) (T) = ta(r) (00)[] +|[ta(r) (00) —yl| — 0 as 7 — oo,
(4.2.21)

provided that conditions (4.2.19) hold.

Remark 4.2.2. We set u(0) = up in (4.2.12) but similarly one can treat the
case u(0) = ug with an arbitrary uo.

Let us consider the case of noisy data fs, ||fs — f|| < 0. We have

t
walt; £) — ualt: f)l| < | / AT 45 —4) (f — fy)]

IN

8\ iiani 26
—||eiAtiat _ || < == (4.2.22)
a a

where u, (¢, f5) solves (4.2.12) with fs replacing f. Thus:

5
llwa(t: f5) = yll < = + [fua(t: f) = yll- (4.2.23)
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We estimate:
uat: £) — 911 < 1111+ nfa). T n(a) =01 (12.24)
From (4.2.23) - (4.2.24) one concludes that
lim [Juags) (s fo) = yll = 0, (4.2.25)

provided that

—tsa(d)

lima(6) =0, limt; =oo, lim—< =0, € = 0. (4.2.26)

6—0 5—0 a(d) %13%) a(d)
Let us formulate the result.
Theorem 4.2.2. Assume that equation Au = [ is solvable, Ay = f, y L
N, A is a linear selfadjoint densely defined operator in a Hilbert space H,
[Ifs — fll <6, and uy(¢; f5) solves (4.2.12) with fs replacing f. If (4.2.26)
holds, then (4.2.25) holds.

So far we have assumed that a = const. Let us take a = a(t) and
assume

0 <a(t) \,O, /OO a(s)ds = 0o, a' +a® € L'[0,00). (4.2.27)
0

Consider the following DSM problem:

w=1i[A+ia(t)|u—1if, u(0)=0. (4.2.28)

Problem (4.2.28) has a unique solution
t

u(t) = /0 A=) =l a)dpgg(_j ). (4.2.29)
For exact data f we prove the following result.
Theorem 4.2.3. If (4.2.27) holds, then

Jim [Ju(t) — | =0, (4.2.30)

where u(t) solves (4.2.28).
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Proof of Theorem 4.2.83. Substitute f = Ay in (4.2.29) and integrate by
parts to get

t

t
u(t) — eiA(t—s)—fS adpy’ _/ eiA(t—s)a(s)e— I adpds y.

0 0

Thus
¢
u(t) =y — eiAt=Jg adpy _ / A=) g(s)e” Jiadp gy, (4.2.31)
0
and

ut) =yll < e J5 2[Jy]| + / Aa(s)e I s g = T+ o
’ (4.2.32)
Assumption (4.2.27) implies lim;_,», J; = 0. Let us prove that
tli>rIolo J2=0.

Using the spectral theorem and denoting by E) the resolution of the iden-
tity corresponding to A, we get

2

00 t
Ji = / d(Exy,y) / et g(s)e™ Joadpgg) (4.2.33)
oo 0
We claim that assumptions (4.2.27) imply:
t ,
tlim M=) g(s)e= S s =0 YA #£0, (4.2.34)
—00 0
while for A = 0 we have
¢
lim [ a(s)e” Joadpgs — Yim (1—e" Jo adpy — 1, (4.2.35)

t—o0 0 t—o0

To verify (4.2.34) denote the integral in (4.2.34) by Js, integrate by parts
and get:

eiA(t—s) o t
Jy = ——als)e” o

A ‘
+ = / M=) [0/ () 4 a?(s)]e~ I 4P ds.
o iAJo

(4.2.36)
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Thus

Jy = A0 | el a(0)
—iA i\
where Jy is the last integral in (4.2.36). The first two terms in (4.2.37) tend
to zero as t — oo, due to assumptions (4.2.37), and these assumptions also
imply lim;_. o Jy = 0 if A # 0.
Therefore, passing to the limit ¢ — oo in (4.2.33) one gets

+J5, A0, (4.2.37)

Jlim JF = [|(By — E_o)y||* = || Pxryl* = 0. (4.2.38)
Theorem 4.2.3 is proved. O

Consider now the case of noisy data fs, ||fs— f|| < d. Problem (4.2.29),
with f5 in place of f, has a unique solution given by formula (4.2.29) with
/5 in place of f. Let us denote this solution by us(t). Then

lfus(t) — yl| < [Jus(t) — u(@)[| + |[ut) —y|| == L1 + L. (4.2.39)
‘We have
t s
/ e St adp g < / @67 N adp g < L
0 o af(t) a(t)
Thus
t . 5
I < 5/ e Joadrgg <~ (4.2.40)
0 a(t)

In Theorem 4.2.3 we have proved that
tlim I, =0. (4.2.41)

From (4.2.39) - (4.2.41) we obtain the following result.
Theorem 4.2.4. Assume (4.2.27) and

lim ts = co, lim 0 =0. (4.2.42)
50 5—0 a(ts)

Define us := ugs(ts), where ug(t) solves (4.2.28) with fs replacing f. Then

glir(lj [lus — y|| = 0. (4.2.43)

Remark 4.2.3. Tt is of interest to find an optimal in some sense choice of
the stopping time ¢5. Conditions (4.2.42) can be satisfied by many choices
of ts.



90 4. DSM AND LINEAR ILL-POSED PROBLEMS

Remark 4.2.4. In this Section we assume that A is selfadjoint. If A is
not selfadjoint, closed, densely defined in H operator, equation (4.1.1) is
solvable, Ay = f, y L N, then every solution to equation (4.1.1) generates
a solution to the equation

A*Au = A*f (4.2.44)

in the following sense. For a densely defined closed linear operator A the
operator A* is also densely defined and closed. However the element f
may not belong to the domain D(A*) of A*, so equation (4.2.44) has to
be interpreted for f ¢ D(A*). We define the solution to (4.2.44) for any
f €R(A), ie. for f = Ay, y L N, by the formula

u= lim T A f=y, T=A*A, T,:=T+al. (4.2.45)
The existence of the limit and the formula
hn}) T YA f =y,

valid for y L. NV, have been established in Theorem 2.2.1. With the defini-
tion (4.2.45) of the solution to (4.2.44) for any f € R(A), one has the same
equivalence result for the solutions to (4.1.1) and (4.2.44) as in the case of
bounded A.

Recall, that if A is bounded and Au = f, then A*Au = A* f, so u which
solves (4.1.1) solves (4.2.44) as well. Conversely, if u solves (4.2.44) and
f = Ay, then A* Au = A* Ay, so (A* A(u—y),u—y) = 0, and ||Au—Ay|| = 0,
so Au = f.

If A is unbounded then we modify the above equivalence claim: if Ay =
f,y LN, then y solves (4.2.44) and vice versa.

With this understanding of the notion of the solution to (4.2.44) we
can use Theorems 4.2.1 - 4.2.4 of this Section. Indeed, if equation (4.1.1)
is solvable, Ay = f, y L. N, then we replace equation (4.1.1) by equation
(4.2.44) with the selfadjoint operator T'= A*A > 0, and apply Theorems
4.2.1 - 4.2.4 of this Section to equation (4.2.44). Finding the minimal-norm
solution to equation (4.1.1) is equivalent, as we have explained, to finding
the solution to equation (4.2.44) defined by formula (4.2.45).

4.3 Equations with unbounded operators

The results of Section 4.1 remain valid for unbounded, densely defined,
closed linear operator A. In Theorem 2.2.2, we have proved that for such
operator A the operator 7,71 A*, a > 0, can be considered as defined on
all of H bounded operator whose norm is bounded by ﬁ (see (2.2.9)).
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Therefore the formulations and proofs of Theorems 4.1.1 - 4.1.3 remain
valid.

The results of Section 4.2 have been formulated for unbounded, densely
defined, closed linear operators.

In all the results we could assume that the initial condition «(0) is an
arbitrary element ug € H, not necessarily zero. If ug is chosen suitably, for
example, in a neighborhood of the solution y, this may accelerate the rate
of convergence. But our results are valid for any choice of uy because

lim |[e/AF 9ty =0, a>0,

t—o0

or, in the case a = a(t),
lim ||eiAt7f0t a(p)dpuOH =0.
t—oo

Here the element
uo(t) _ eiAt—fOt a(p)dpuo

solves the problem
u=1i[A+ia(t)]u, u(0)= ug,

so that this ug(t) is a contribution to the solution of (4.2.28) from the
non-zero initial condition ug. If [~ a(t)dt = oo, then lim;_oc uo(t) = 0.

4.4 TIterative methods

The main results concerning iterative methods for solving linear ill-posed
equation (4.1.1) have been formulated and proved in Section 2.4, Theorems
2.4.1-24.3.

In this Section we show how to use these results for constructing a
stable approximation to the minimal-norm solution y of equation (4.1.1)
given noisy data fs, ||fs — f|] < 0.

Our approach is based on a general principle formulated in [R10]:

Proposition 4.4.1. If equation Au = f has a solution and there is a
convergent iterative process un+1 = T(un; f), wo = ug, for solving this
equation: lim, o ||u, — y|| = 0, where Ay = f, y L N, and T is a
continuous operator, then there exists an n(9), lims_,on(d) = oo, such that
the same iterative process with fs replacing f produces a sequence un(fs)
such that lims o ||un(s)(f5) — yl| = 0.
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Proof. We have

(6) = [|un(s)(fs) =yl < [[tn(s)(f5) —tnsy (H)+[uns) (f) =yl == Li+1a.

(4.4.1)

By one of the assumptions of the Proposition 4.4.1, we have:

1im [Jun(f) ~ yl| = 0.
For any fixed n, by the continuity of T, we have

tim [fun (f5) — un(F)]] = Iim 1(8) = 0. (4.4.2)
Thus with

w(n) = [lun(f) —yll,  lim w(n) =0,
one gets

€(0) < M5y () +w(n(6)) -0 asd — 0, (4.4.3)

where n(d) is the minimizer with respect to n of 1,,(0) + w(n) for a small
fixed § > 0.
Proposition 4.4.1 is proved. O

Let us consider iterative process (2.4.1) with fs replacing f. Then we
have

[|unt1(fs) = yll < Nung1(fs) = wnsr (OI + [[una (f) =yl (4.4.4)

It is proved in Theorem 2.4.1 that

lim [[un(f) = yl| =0, (4.45)

n—oo

where Ay = f, y L N. Furthermore,

£(1,8) = [l (f5) — s ()] < ||B[un<f§>—un<f>m+%. (4.4.6)
Thus
e(n.d) < j;)HBIjQ\%JrIlB"“IIIIU()(fs)uO(f)H

IBlI"1 -1 5
[BI—1 2va'

~v(n)d.
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If one denotes

w(n) = llun(f) -,
then

lunt1(fs) = yll <v(n)d +w(n)— 0as§ —0, ifn=n(d), (44.7)
where n(9) is obtained, for example, by minimizing the function

()3 + w(n)

with respect to n = 1,2, ...., for a fixed small § > 0. Note that if || B|| > 1,
then

lim v(n) = co.

n—oo

If ||B|| < 1, then

1
lim y(n) = ——————= = const.

n—oo (1 —[1Bl})2va
In both cases one can take n(d) such that lims_on(d) = co and

}ii% g(n(d),4) = 0. (4.4.8)

We have proved the following result.

Theorem 4.4.2. Let the assumptions of Theorem 2.4.1 hold, and

1fs = fIl < 0.

Then, if one uses the iterative process (2.4.1) with fs in place of f and
chooses n(d) such that (4.4.8) holds, then

li —yll =
tim [fus — 91| =0,

where us = un(s)(fs) is calculated by the above iterative process.

Consider now the iterative process (2.4.8) with fs in place of f. An
argument, similar to the one given in the proof of Theorem 4.4.2, yields
the following result.

Theorem 4.4.3. Let the assumptions of Theorem 2.4.2 hold, ||fs— f|| < 0,
and n(8) is suitably chosen. Then lims .o ||ty 5)—yl|| = 0, where us := ty (5
is calculated by the iterative process (2.4.8) with fs in place of f.
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The choice of n(d) is quite similar to the choice which was made in the
proof of Theorem 4.4.2 above. The role of the operator B is now played by
the operator B = iaA;al and the role of 2\% is played by % because

1451 <

1
1a a
if A= A*.

Also, using the arguments similar to the ones given in the proof of
Theorem 4.4.2 of this Section, one can obtain an analog of Theorem 2.4.3
in the case of noisy data fs, ||fs — f|| < 0.

We leave this to the reader.

4.5 Stable calculation of values of unbounded
operators

Let us assume that A is a linear, closed, densely defined operator in H. If
u € D(A) then Au = f.

The problem, we study in this Section, is:
How does one calculate f stably given us, ||us — u|| < 67

The element us may not belong to D(A). Therefore this problem is
ill-posed.

It was studied in [M] by the variational regularization method.

We propose a new method, an iterative method, for solving the above
problem. The equation Au = f is equivalent to the following one:

BF = Fu, (4.5.1)
where

B=(I+Q)", Q=AA",

F=I+Q) "A=AI+T)"', T=A%A (4.5.2)
It follows (see (2.2.9)) that F' is a bounded operator,

I[F]] < % (4.5.3)

while B is a selfadjoint operator 0 < B < I, whose eigenspace, correspond-
ing to the eigenvalue A = 1, is identical to the null-space N (Q) of the
operator @, N (Q) = N(A*) :=N*.

If us is given and [jus — u|| < &, then ||[Fus — Ful| < 2. To solve
equation (4.5.1) for f, given the noisy data Fus, we propose to use the

following iterative process:

fos1 = = B)fo+ Fus :=Vf, + Fus, V:=I-B, (4.5.4)
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and fy € H is arbitrary. Let g be the minimal-norm solution of equation
(4.5.1),i.e., By = Fu, g=Vg+ Fu.

Theorem 4.5.1. Let n = n(0) be an integer such that

}13(1)71(5) = 00, %1_% on(d) =0, (4.5.5)

and f5 = fn(s), where fy, is defined by (4.5.4). Then

lim [[ f5 = gI| = 0. (4.5.6)
Proof. Let wy, := f,, —¢g. Then

Wpt1 = Vwy, + Flus —u), wo= fo—g. (4.5.7)

From (4.5.7) we derive

n—1
wy, = Z VIFvs + V™wy, vs = us — u, [lvs|| < 0. (4.5.8)
§=0

Since ||V|| <1 and ||F|| < i, the above equation implies

1
2

1
l|wn|| < %5 + [/ (1 — 8)*d(Eswo,wo)| (4.5.9)
0

where FE; is the resolution of the identity corresponding to the selfadjoint
operator B, 0 < B < I. One has

1
lim [ (1 —s)*"d(Eswo,wo) = ||Pwyl|* =0, (4.5.10)
n— 00 0

where P is the orthoprojector onto the subspace N(B), but Pwy = 0

because N (B) = {0}. The conclusion (4.5.6) can now be established.

Given an arbitrary small € > 0, find n = n(9), sufficiently large so that

1 2
/ (1 — )2 d(Eywo, wo) < —.
0 4
This is possible as we have already proved (see (4.5.10)).

Simultaneously, we choose n(d) so that én(d) < e. This is possible
because lims_,gdon(d) = 0. Thus, if ¢ is sufficiently small, then (4.5.6)
holds if n(d) satisfies (4.5.5).

Theorem 4.5.1 is proved. O
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Chapter 5

Some inequalities

In this Chapter some nonlinear inequalities are derived, which are used in
other chapters.
5.1 Basic nonlinear differential inequality

We will use much in what follows the following result.

Theorem 5.1.1. Let a(t), B(t), v(t) be continuous nonnegative functions
on [to, ), to > 0 is a fivzed number. If there exists a function

p€ Cltg,00), >0, Jim pu(t) = oo, (5.1.1)
such that
0<an < P o - 23] a0 = (5.1.2)
L _ A
B(t) < 2(0) [v(t) rolk (5.1.3)
1(0)g(0) <1, (5.1.4)
and g(t) > 0 satisfies the inequality

9(t) < =v()g(t) + a(t)g*(t) + B(t), > to, (5.1.5)
then g(t) exists on [tg,00) and

1
0<g(t) < — —0 ast— oo. 5.1.6
0 < 5 (5.1.6)

97
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Remark 5.1.1. There are several novel features in this result. Usually a
nonlinear differential inequality is proved by integrating the corresponding
differential equation, in our case the following equation:

g(t) = —y(t)g(t) + a(t)g*(t) + B(1), (5.1.7)

and then using a comparison lemma. Equation (5.1.7) is the full Riccati
equation the solution to which, in general, may blow up on a finite interval.
Assumptions (5.1.2) - (5.1.4) imply that the solutions to (5.1.7) and (5.1.5)
exist globally. Furthermore, we do not assume that the coefficient «(t)
in front of the senior nonlinear term in (5.1.5) is subordinate to other
coefficients.

In fact, in our applications of Theorem 5.1.1 of this Section (see Chap-
ters 6, 7, 10) the coefficient «(t) will tend to infinity as t — oco.

Remark 5.1.2. Let us give examples of the choices of a, f and v satisfying
assumption (5.1.2) - (5.1.4).
Let

Yt) =1+, a(t)=c(1+1)2, B(t) =c3(l+1)73,

where ¢; > 0 are constants, and let 4 = ¢(14+¢)¥, c¢=const >0, v >0.
If

c(1+t)” 1
T4ty < 22 e (T4 1) — ——
et < Lo o - ).
cs(1+8)” < _ a(l+H)" — — g(0)c< 1
~ 2c(1+t)¥ 1+t¢]’ ’

then assumptions (5.1.2) - (5.1.4) hold. The above inequalities hold if, for
example:
1

2*0(61—1); g9(0)e < 1.

IN

vt >y, o< -(a—1); vs<wn-v, c3

¢
2
Let

v =0 =const >0, at)=ape, Bt)=7pRe ", ult)=pe",

ag, Po, o and v are positive constants. If

1
a0 <y —v), Bo<Bo<—(0—v), g0 <1,
2 210

then assumptions (5.1.2) - (5.1.4) hold.
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Let

() =[In(t+t)]"2, plt)=cln(t+t),

o<mo<c[wm@+m) }
2 t+1
and
1 1 1

0 < B(t)

In(t+¢) (E+t)n(t+t)]|’

<
~ 2cIn(t + 1)

where ¢; = const > 1. Then assumptions (5.1.2) - (5.1.4) hold.

Let us recall a known comparison lemma (see, e.g., [H]), whose proof
we include for convenience of the reader.

Lemma 5.1.1. Let f(t,w) and g(t,u) be continuous functions in the region
[0,T) x D, T < oo, D CR is an interval, and f(t,w) < g(t,u) if w < u,
t€[0,T), u,w € D. Assume that the problem

u=g(t,u), u(0)=wuy €D,

has a unique solution defined on some interval [0,7,), where T, > 0. If
= f(t,w), w(0)=wo<wuy, wo€D,

then u(t) > w(t) for all t for which u and w are defined.

Proof of Lemma 5.1.1. Suppose first that f(¢t,w) < g(t,u) if w < u. Since
wo < ug and w(0) < f(0,wp) < g(0,up) = @(0), there exists a § > 0 such
that u(t) > w(t) on [0,4]. If u(t1) < w(t1) for some t; > 4, then there is a
to < t; such that u(ta) = w(tz) and u(t) < w(t) for ¢t € (t2,t1]. Therefore

w(ta) > utz) = g(t2, u(tz)) > f(t2, w(t2)) = w(ta).

This contradiction proves that there is no point ¢ at which w(t) > wu(t).
Thus, Lemma 5.1.1 is proved under the additional assumption f(t,w) <
g(t,u) if w < u.

Let us drop this additional assumption and assume that f(¢, w) < g(t, u)
ifw<u.

Define u,, (t) as the solution to the problem:

1
U = g(t,un) + — un(0) = ug.
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Then
1
w < flt,w) <glt,u) <glt,u)+ = if w<u.
n

By what we have already proved, it follows that

w(t) < up(t).

Passing to the limit n — oo, we obtain the conclusion of Lemma 5.1.1.

Passing to the limit can be based on the following (also known) result: if

fj(t,u) is a sequence of continuous functions in the region R; := [to, %o +

al x |u —up| < g, such that lim;_,o f;(¢,u) = f(t,u) uniformly in R, and
= fit,ug), ujlto) = wo,

then

lim wj, (t) = u(t) uniformly on [to,t — 0+ al,

k—o0

where @ = f(t,u), wu(ty) = uo; if this problem has a unique solution, then
u;(t) — u(t) uniformly on [to, %o + al.
Lemma 5.1.1 is proved. o

Proof of Theorem 5.1.1. Denote w(t) := g(t)effto V()4 Then inequality
(5.1.5) takes the form

i < a(tyw? +b(t), wte) = 9(0) = go. (5.1.8)
where

at) == a(t)e o 1O bty = Bt)eln 9%, (5.1.9)
Consider the following Riccati equation

S T (C)

U t) — =—~. 5.1.10
PRy D) ( )
Its solution can be written analytically:
t 1
u(t) = —% + , ¢ = const, (5.1.11)

® " p2(t) e - fi, 5]

(see [Ka]), and one can check that (5.1.11) solves (5.1.10) by direct calcu-
lation.
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Define
1
Tl
1= (t)
and solve the Cauchy problem for equation (5.1.10) with the initial condi-
tion

Fo=pr e # e o) = o? Jig s

: (5.1.12)

u(to) = g(to). (5.1.13)
The solution is given by formula (5.1.11) with
1
(5.1.14)

c=—F——F———.
pu(to)g(to) — 1
Let us check assumptions (5.1.2) - (5.1.4). Note that

f(t)g(t) = -1, g — —p(t)e” Jro (5.1.15)

Lb(-t)e i zan =0 (5.1.10)
: y

_§ = weftto 745 > p(t) > 0, (5.1.17)

where conditions (5.1.2) - (5.1.3) imply (5.1.16) and (5.1.17). Condition
(5.1.4) implies

c<0. (5.1.18)

Let us apply Lemma 5.1.1 to problems (5.1.8) and (5.1.10). The as-
sumptions of this Lemma are satisfied due to (5.1.13), (5.1.16) and (5.1.17).
Thus, Lemma 5.1.1 implies

w(t) < u(t), t>to, (5.1.19)
that is
X f: yds 1
g(t)elor® < € O(t) 1-—— — _ . (5.1.20)
_ B
a =t T 2 i (V u) ds
This inequality implies
1
g(t) < ; 5.1.21
0= (5.1.21)
because v — % > 0.
Theorem 5.1.1 is proved O
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5.2 An operator inequality

In this Section we state and prove an operator version of the widely used
Gronwall inequality for scalar functions. This inequality can be formulated
as follows:

If a(t), g(t), b(t) > 0 are continuous functions, and

t
g(t) < b(t) +/ a(s)g(s)ds, 0<t<T,
0
then
t
g(t) < b(t) +/ els *@Wp()ds, 0<t<T. (5.2.1)
0

Its proof is simple and can be found in many books and in Section 5.4
below.

A nonlinear version of this result is:

If u(t, g) is a continuous function, nondecreasing with respect to g in
the region R := [tg, 1o + a] X R, and v solves the inequality

t
v(t) < v +/ u(s,v(s))ds, vo < go,
to

then
u(t) < g(t), t€ [to,to+al,
where ¢(t) is the maximal solution of the problem

y:u(t,g), g<t0):90a

and we assume that v and ¢ exist on [tg, to + al.

Several Gronwall-type inequalities for scalar functions are proved in
Section 5.4. In this Section we prove an operator version of the Gronwall
inequality, which we will use in Chapter 10. The result is stated in the
following Theorem.

Theorem 5.2.1. Let Q(t), T(t) and G(t) be bounded linear operator func-
tions in a Hilbert space defined for t > 0, and assume that

Q=-T(QM +CW), QO =, Q=12 (522)

where the derivative can be understood in a weak sense. Assume that there
exists a positive integrable function e(t) such that

(T(t)h,h) > e(t)||h||*, Vhe H. (5.2.3)
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Then
t
Q)| < e Jo=t)ds [IQoll +/ |G (s)[|e™ Jo <Pirgs] | (5.2.4)
0
where Qo := Q(0).
Proof. Denote
g9(t) = [|Q)A]],
where h € H is arbitrary. Equation (5.2.2) implies
99 = Re(Qh, Qh) = —(TQh, Qh) + Re(Gh, Qh) < —<(t)g? +||Ghllg.
Since g > 0, we get
§< —e(t)g + |G| (5.2.5)

This inequality implies
t
awsmmf%“*“+/|mwMWﬁ*@@w. (5.2.6)
0

Taking supremum in (5.2.6) with respect to all h on the unit sphere, ||h|| =
1, we obtain inequality (5.2.4).
Theorem 5.2.1 is proved. O

5.3 A nonlinear inequality

Let
< —a(t)f(u(t)) +0(t), u(0)=wug, u=>0. (5.3.1)
Assume that f(u) € Lip,,.[0, 00), a(t),b(t) > 0 are continuous functions on
[0, 00),
/ a(s)ds =00, lim —% =0, a>0, b>0, (5.3.2)
0

f(0)=0; f(u)>0foru>0; f(u)>c>0foru>1, (5.3.3)
where c is a positive constant.

Theorem 5.3.1. These assumptions imply global existence of u(t) and its
decay at infinity:

tlim u(t) = 0. (5.3.4)
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Proof of Theorem 5.3.1. Assumptions (5.3.2) about a(t) allow one to in-
troduce the new variable

s=s(0)= [ aplap,

and claim that the map ¢t — s maps [0, 00) onto [0, 00). In the new variable
inequality (5.3.1) takes the form

w' < —f(w)+B(s), w(0)=wuy, w>0, (5.3.5)

where

f(u) € Liploc[O’ 00)7

there exists locally and is unique the solution to the Cauchy problem

0=—f()+6(s), v(0)=uo.

Let us prove that (5.3.5) and assumptions (5.3.3) about f imply global
existence of v, and, therefore, of w, and its decay at infinity:

lim w(s) = 0. (5.3.6)
The global existence of v follows from a bound |[v(s)|| < ¢ with ¢ indepen-
dent of s (see Lemma 2.6.1). This bound is proved as a similar bound for
w, which follows from (5.3.6). If (5.3.6) is established, then Theorem 5.3.1

is proved.
To prove (5.3.6) define the set E C Ry :=[0,00):

1

E:={s: f(w(s)) < B(s) + m}, (5.3.7)
and let
Fi=R,\E.

Let us prove that

sup E = 4o0. (5.3.8)
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If supE := k < oo, then

1

, > k.
1+s 5

flw(s)) = 6>

This and inequality (5.3.5) imply

w' < !
— 1+S7

s> k. (5.3.9)

Integrating (5.3.9) from k to oo, one gets

lim w(s) = —oo,
which contradicts the assumption w > 0. Thus (5.3.8) is established.
Let us derive (5.3.6) from (5.3.8). Let s; € E be such a point that
(s1,82) € F,  sa > s1. Then

F@(s) > Bs) + e 5 € (s1,52), (53.10)
SO
) 1
<11y s € (s1,52)- (5.3.11)

Integrating, we get

w(s) — w(s1) < —In (11:581) <0.

Thus
w(s) <w(s1), s€ (s1,s2). (5.3.12)

However, s; € E, so

1
Fw(en) € =

+0(s1) = 0 ass; — oo. (5.3.13)

From (5.3.8), (5.3.12) and (5.3.13) the relation (5.3.6) follows, and the
conclusion (5.3.4) of Theorem 5.3.1 is established.
Theorem 5.3.1 is proved. |

Let us now prove the following result.
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Theorem 5.3.2. Assume that y(t) and h(t) are nonnegative continuous
functions, defined on [0,00), and

/0 " [h() + y(6))d < oo,

and suppose that the following inequality holds:

/ F()dp + / h(p)dp, (5.3.14)
where f > 0 is a nondecreasing continuous function on [0,00). Then
thm y(t) =0. (5.3.15)

Proof of Theorem 5.3.2 Assume the contrary: there exists ¢, — oo such
that y(t,) > a > 0. Choose t,1 such that

a

thai1 —tn, > —— = cC. 5.3.16
i 2@~ ° (9:316)
Let
—  mi — — e t). 3.1
M= i )= ), P € 5317
Denote
An i=sup{t:p, <t <t,, yt)<a}l (5.3.18)

By the continuity of y(t), we have y(\,,) = a. Therefore

An An
y(An) —ylpn) =a—mn < [ f(y(s))ds +/ h(s)ds < cf(a) + 0n,

Pn n

(5.3.19)

where §,, := f;‘" h(s)ds, and we took into account that p,, € [t, —c,t,] and
An € [Pn,tn], so that A, —p, <c= From (5.3.19) we derive

(@)

<mp+ 0, <yY(t) +0n, tE It —c tnl (5.3.20)

VS

Integrate (5.3.20) over [t, — ¢, t,,] and get:

tn
%g/ y(s)ds + c6,. (5.3.21)
2 tn—cC
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Sum up (5.3.21) from n =1 to n = N to get
ac Nt N
SN < Z/ y(s)ds + ¢y _ ;. (5.3.22)
j=17ti—c j=1

Let N — oo. By assumption, [;*[y(s) + h(s)]ds < oo , so that the right-
hand side of (5.3.22) is bounded as N — oo, while its left-hand side is
not.

This contradiction proves Theorem 5.3.2. O

Remark 5.3.1. Theorem 5.3.2 is proved in [ZS], p. 227, by a different
argument. In [ZS] several applications of such result are given to nonlinear
partial differential equations.

5.4 The Gronwall-type inequalities

Let
o <a(t)v+0bt), t>to, (5.4.1)

where a(t) and b(t) are integrable functions. Then the Gronwall inequality
is:

t t t
o(t) < v(tg)elno *9% 4 / b(s)els *P)Pds ¢ > ¢, (5.4.2)

to

To prove it, multiply (5.4.1) by e Jio “®)% Then (5.4.1) yields

d . _t a(s)ds — [t a(s)ds
Zle Jro @2 (1)] < b(t)e Jro A%, (5.4.3)
Thus
t t s
e Jeo a(s)dsv(t) <wv(ty) + / b(s)effto aP)dp gg. (5.4.4)
to

This is equivalent to (5.4.2).
Lemma 5.4.1. Assume now that

v,a,b >0, (5.4.5)

t+r t+r t+r
/ a(s)ds < ay, / b(s)ds < as, / v(s)ds < az, (5.4.6)
¢ t ¢
where v > 0. Then (5.4.1) implies

V(t+7) < (a2 + 2)e™, t>tg, r>0. (5.4.7)
T
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Proof. To prove (5.4.7), use (5.4.3) and (5.4.5) to get

d

e o ()] < b(e). (5:4.8)

From (5.4.8) we obtain

- t t+r
e ft(;f adpv(t+r) <e~ fto adpv(t1)+/ b(p)dp7 to <t < t—l—’l‘, (549)

t1
and
v(t+7) < (v(ty) + az)e*. (5.4.10)
Integrating (5.4.10) with respect to t; over the interval [¢t,¢ + r] yields
(5.4.7).
Lemma 5.4.1 is proved. O

Inequality (5.4.7) is proved, e.g., in [Te].

Lemma 5.4.2. Suppose ¢ and M are positive constants,

j—1
uj <c+ M Z Um, Ug <€ Uy €R. (5.4.11)
m=0
Then
up <c(l+M)P, p=12,.. (5.4.12)

Proof. Inequality (5.4.12) is easy to prove by induction: for p = 0 inequality
(5.4.12) holds due to (5.4.11). If (5.4.12) holds for p < n, then it holds for
Pm =mn+ 1 due to (5.4.11).

(14+M)"+ -1

=¢(1+ M)™HL,
a1 ) M)

Uns1t S M D c(1+M)" <c(1+M
m=0
(5.4.13)

Thus, (5.4.12) is proved.
Lemma 5.4.2 is proved. O



Chapter 6

DSM for monotone operators

In this Chapter the DSM method is developed for solving equations with
monotone operators. Convergence of the DSM is proved for any initial
approximation. The DSM yields the unique minimal-norm solution.

6.1 Auxiliary results
In this Chapter we study the equation

F(u) = f, (6.1.1)
assuming that F' is monotone in the sense

(F(u) — F(v),u—v) >0, VYu,ve€H, (6.1.2)

where H is a Hilbert space. We assume also that F' € Cfoc, i.e. assumptions

(1.3.2) hold, but we do not assume that assumption (1.3.1) hold. Therefore,
the problem of solving (6.1.1) cannot be solved, in general, by Newton’s
method. We assume that equation (6.1.1) has a solution, possibly non-
unique. For F € Cl , condition (6.1.2) is equivalent to

F'(u) > 0. (6.1.3)
We will use the notations:
A:=F'(u), A,:=A+al. (6.1.4)

In Section 6.2 we formulate a result which contains a justification of a
DSM for solving equation (6.1.1) with exact data f, and then we show how
to use this DSM for a stable approximation of the solution y given noisy

109
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data fs, ||fs — f|| < d. In this Section we prove some auxiliary results used
in the next Section.

Let us recall some (known) properties of monotone operators. For con-
venience of the reader we prove the results we use in this Chapter. These
results are auxiliary for the rest of the Chapter.

Lemma 6.1.1. Equation (6.1.1) holds if and only if
(Flv)— f,v—u)>0 YveH. (6.1.5)

Proof of Lemma 6.1.1. If u solves (6.1.1) then (6.1.5) holds by the mono-
tonicity (6.1.2). Conversely, if (6.1.5) holds, take v = u+Aw, A = const >
0, w € H is arbitrary, then (6.1.5) yields

(F(u+ \w) — f,w) > 0. (6.1.6)
Let A — 0 and use the continuity of F' to get

(F(u) — f,w) > 0. (6.1.7)
Since w is arbitrary, this implies (6.1.1). Lemma 6.1.1 is proved. O

Lemma 6.1.2. The set N := {u: F(u) — f = 0} is closed and convez.

Proof of Lemma 6.1.2. The set N is closed if F is continuous. Let us
prove that A is convex. Assume that u,w € N. We want to prove that
A+ (1 — XNw € N for any A € (0,1). By Lemma 6.1.1 we have to prove:

0 < (F(v)=f,v=Au=(1=Nw) = A(F(v)=f,v—u)+(1=2)(F(v) = f,u—w),

so that the desired inequality follows from the assumption u,w € N and
from Lemma 6.1.1.
Lemma 6.1.2 is proved. O

Lemma 6.1.3. A closed and convex set N in a Hilbert space has a unique
element of minimal norm.

Proof of Lemma 6.1.3. Assume that
[lul] < |lv|] YveN

and
[[w|] < |]v]|, VYveN.

Since N is convex, we have

u—+w U+ w
2 2

Thus (u,w) = ||ul|||w]|, so u =v. Lemma 6.1.3 is proved. O

[lull <1 1wl <1 Il full = Jlwl].



6.1. AUXILIARY RESULTS 111

Remark 6.1.1. A Banach space X is called strictly convex if the condition

[lall = llwl] = [[=——lI

implies © = w. Hilbert spaces are strictly convex, LP(a,b) space for p > 1
is strictly convex, but C([a,b]) and L'([a, b]) are not strictly convex. If X
is strictly convex, then ||lu + w|| = ||u|| + ||w|| implies w = Au, where A is
a real number.

Lemma 6.1.4. (w-closedness). If (6.1.2) holds and F is continuous, then
the assumptions

Up = u, Flup)— f (6.1.8)
imply (6.1.1). Here — denotes weak convergence.
Proof of Lemma 6.1.4. Using (6.1.2) we have

(F(v) = F(up),v —uy) > 0. (6.1.9)
Passing to the limit n — oo in (6.1.9) and using (6.1.8) we obtain

(F(v)— f,u—v)>0 VveH. (6.1.10)

By Lemma 6.1.1, this implies F'(u) = f.
Lemma 6.1.4 is proved. a

Lemma 6.1.5. If (6.1.2) holds and F € C}._, then

loc?
1
A7 < =, a=const>0; A:=F(u). (6.1.11)
a
Proof of Lemma 6.1.5. By (6.1.3) one has A > 0. Thus,
(Aqv,v) > allv]|?, Vv e H.

Since (Av,v) < ||Av]| ||v]|, one gets ||Agv|| > al|v]||. Thus, with Av := w,
one has

a”|wl] > ||AZ wl]-

This implies (6.1.11).
Lemma 6.1.5 is proved. g

Lemma 6.1.6. FEquation
F(u)+au=f, a=const>0 (6.1.12)

has a unique solution for every f € H if F € C}, satisfies (6.1.2).
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Proof of Lemma 6.1.6. Consider the problem
= —A7 [F(u) +au— f], u(0) = up, (6.1.13)

where uy € H is arbitrary and A, is defined in (6.1.4). Since F' € C?

loc»

the operator in the right-hand side of (6.1.13) satisfies locally a Lipschitz
condition, so problem (6.1.13) has a unique local solution u(t). Define

g(t) := [|F(u(t)) + au(t) — f]].
Then, by equation (6.1.13), one gets

g=-9. 9(0) = |[F(uo)) + auo — f|| == go; g(t) < goe™". (6.1.14)
Using (6.1.13) again and applying (6.1.11) we get

all < Let,

o0
/IMWS&
0 a

there exists u(c0), and

SO

[ut) = uol| < £, [Ju(oe) = u(t)]| < L, (6.1.15)

From (6.1.11) and (6.1.15) we conclude that u(co) solves equation (6.1.12).
The solution to this equation is unique: if u and v solve (6.1.12), then

F(u) — F(v) + a(u —v) =0.

Multiplying this equation by u — v and using (6.1.2), we derive u = v.
Lemma 6.1.6 is proved. O

Remark 6.1.2. The assumption F' € C’IQOC in Lemma 6.1.6 can be relaxed:

F' is hemicontinuous , defined on all of H, suffices for the conclusion of
Lemma 6.1.6 to hold. ([V]).

Lemma 6.1.7. Assume that (6.1.11) is solvable, y is its minimal-norm
solution, and assumptions (6.1.2) and (1.8.2) hold. Then

lir% [lua — y|| =0, (6.1.16)

where u, solves (6.1.12).
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Proof of Lemma 6.1.7. We note that F(y) = f and write equation (6.1.12)
as

F(u,) — F(y) +au, =0, a>0. (6.1.17)
Multiply this equation by u, — y, use (6.1.12) and get:

(g, ug —y) <0. (6.1.18)
Thus

l[uall < Iyl (6.1.19)

Inequality (6.1.19) implies the existence of a sequence w, := u,,, ¢, — 0
as n — oo, such that

Up, — U. (6.1.20)
From equation (6.1.12) it follows that

Flun) — f. (6.1.21)
From (6.1.20), (6.1.21) and Lemma 6.1.4 it follows that

Flu) = f. (6.1.22)
Let us prove that u = y. Indeed, (6.1.19) implies

T el < Iyl (6.1.23)
while (6.1.20) implies

|ul] < Lm [[u,]]. (6.1.24)

Combine (6.1.23) and (6.1.24) to get
[ul] < [lyll- (6.1.25)

Since u and y are solutions to equation (6.1.1) and y is the minimal-norm
solution, which is unique by Lemmas 6.1.1 and 6.1.2, it follows that u = y.
Therefore (6.1.20) implies

u—y, (6.1.26)
while (6.1.23) and (6.1.24) imply
Tim_lua] = [l (6.1.27)
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From (6.1.26) and (6.1.27) it follows that

lim ||lu, —y|| =0. (6.1.28)
Indeed,
ltm = 3112 = l[un? + 11312 — 2Re(un,5) — 0. (6129

Therefore every convergent sequence u, = u,, converges strongly to y.
This implies (6.1.16).

Lemma 6.1.7 is proved. O
Remark 6.1.3. One can estimate the rate ||V|| of convergence of V (t) to y
when V(t) solves equation (6.1.12) with a = a(t). We assume

. alt) la(t)| _ 1
0 t 0, lim —==0 <-. 6.1.30
<aONO i TEy =0 Ll <2 (6.1.30)
For example one may take
C1
alt) = ————,
0 =
where cg, c1,b > 0 are constants, and 2b < c¢g.
Differentiating equation (6.1.12) with respect to ¢, one gets:
Au)V = —aV. (6.1.31)
Thus
~ . (1) |a(t)]
vl < Jal 114=2 v < 19O < . 6.1.32
VI < lal 1Az, VI < 2t Ivil < el (6.1.32)
Lemma 6.1.8. If
tlim a(t)=0, a(t) >0,
then
lim ||V (t) —y|| = 0. (6.1.33)
t—o0

Proof of Lemma 6.1.8. The conclusion (6.1.33) follows immediately from
(6.1.16) and the assumption lim;_,~ a(t) = 0.

If one assumes more about a(t) then one still can not estimate the rate
of convergence in (6.1.33), see also Remark 6.1.4 below.

Lemma 6.1.8 is proved. O
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Remark 6.1.4. Tt is not possible to use estimate (6.1.32) in order to estimate
||V (t) — yl| because such an estimate requires the integral [ %ds to

converge. However, this integral diverges for any a(t) satisfying (6.1.30).
Indeed |a| = —a, so

0o |: N -
/ |a(8)|ds = — lim / %ds=— lim In a(N) = lim In a(t) = 00,
t t

G(S) N—o00 a N—o0 a(t) N—o00 a(N)

because limy_, a(N) = 0.
Therefore, without extra assumptions about f in equation (6.1.1) it is
not possible to estimate the rate of convergence in (6.1.33).

6.2 Formulation of the results and proofs
Theorem 6.2.1. Consider the DSM
U= —A;(lt)(u)[F(u) +a()u—f], u(0) = ug, (6.2.1)

where ug € H is arbitrary, F satisfies (6.1.2) and (1.3.2), and a(t) satis-
fies (6.1.30). Assume that equation (6.1.2) has a solution. Then problem
(6.2.1) has a unique global solution u(t), there exists u(co), and u(oco) solves
equation (6.1.1).

Proof of Theorem 6.2.1. Denote

w:=u(t) — V(t),
where V (t) solves equation (6.1.12) with a = a(t). Then

() — 9l] < wll + V() - gl (6.2.2)
We have proved (6.1.33). We want to prove

lim [Jw(t)]|| = 0. (6.2.3)

t—o0o

We derive a differential inequality (5.1.5) for g(t) = ||w(¢)|| and then use
Theorem 5.1.1.
Let us proceed according to this plan. Write equation (6.2.1) as

w=-V—-A}

T F ) — F(V) + a(tyul. (6.2.4)

We use Taylor’s formula and get:

M:
F(u) = F(V) +aw = As(u)w + e, [le]| < =[], (6.2.5)
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where M5 is the constant from the estimate

sup ||F"(u)|| £ M2(R) := Ms.
u€B(uo,R)

Denote
g(t) = [lw(®)]].
Multiply (6.2.4) by w, and using (6.2.5), get:

. My, -
99 < —g* + 24 Ig* + IV llg (6:2.6)

Since g > 0, we get the inequality

. Co o |a| M2
< _ t _ _ = — = 627
9= g()+a(t)g +a(t)cla Co 2 ) C1 HyHﬂ ( )

where we have used the estimates (6.1.11) and (6.1.32). Inequality (6.2.7)
is of the type (5.1.5) with

y(t) =1, aft) = o) B(t) == Cla|?t)' (6.2.8)

Let us check assumptions (5.1.2) - (5.1.4). We take
w(t) = Aa(t), X = const.

Assumption (5.1.2) is:

Co A |a|

— < 1—-— 6.2.9

< nw ' w) (029
where we took into account that |a] = —a. Since

la| _ 1

HaeZ,

a ~ 2

assumption (6.2.9) will be satisfied if the following inequality holds:

IN

A
< T (6.2.10)

Take \ > 4¢p and (6.2.10) is satisfied. Assumption (5.1.3) is:

(
la| _ a(t) |al
g < QA[ - a]. (6.2.11)
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This assumption holds if

<1 (6.2.12)

The scaling transformation
a(t) — va(t),

where v = const > 0, does not change assumptions (6.1.30), but makes the
ratio ‘a%l as small as one wishes if v is sufficiently large. So taking va(t) in
place of a(t) one can satisfy inequality (6.2.12). Finally, assumption (5.1.4)

——g(0) < 1. (6.2.13)

This assumption is satisfied for any fixed ¢(0) and X if a(0) is sufficiently
large. Again, taking va(t) in place of a(t) one can obtain arbitrarily large
va(0) and satisfy inequality (6.2.13) (with a(0) replaced by va(0) with a
sufficiently large constant v > 0).

Thus, Theorem 5.1.1 yields:

a(t)

g(t) < -~ 0 ast— oo. (6.2.14)

This implies uniform with respect to ¢ € [0,00) boundedness of the norm
[lu(t)|] of the unique local solution to (6.2.1) and therefore existence of
its unique global solution, existence of the limit u(co) and the relation

u(oo) = y, where y is the (unique) minimal-norm solution to equation
(6.1.1).
Theorem 6.2.1 is proved. O

Theorem 6.2.2. Assume that a = const > 0, and

= —A 7 [F(u) +au— f], u(0) = up, (6.2.15)

a

where ug € H is arbitrary, (6.1.2) and (1.8.2) hold. Assume that equa-
tion (6.1.1) is solvable and y is its minimal-norm solution. Then problem
(6.2.15) has a unique global solution ue(t) and

lir%tlim [lua(t) —y|| = 0. (6.2.16)

Proof of Theorem 6.2.2. Local existence of the unique solution to (6.2.15)
follows from the local Lipschitz condition satisfied by the operator in the
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right-hand side of (6.2.15). Global existence of this solution follows from
the uniform boundedness with respect to ¢ — oo of the norm ||u(¢)|| of the
solution to (6.2.15). This boundedness is established by the same argument
as in the proof of Lemma 6.1.6. Also, as in this proof one establishes the
existence of u,(00) = limy_, o u4(t), and the relation

Fluy(o0)) + au(oo) = f.

Finally, this and Lemma 6.1.7 from Section 6.1 imply (6.2.16).
Theorem 6.2.2 is proved. O

Remark 6.2.1. If we integrate problem (6.2.15) over an interval of length
T, then we can choose a(7) such that

lim a(r) =0
and
Tim [ug(r) () = ] = 0. (6.2.17)

This observation allows us to choose a = a(7) if the length 7 of the interval
of integration is chosen a priori and then increased. Consequently one
calculates the solution y using one limiting process in equation (6.2.17)
rather than two limiting processes in equation (6.2.16).

6.3 The case of noisy data

Let us use Theorem 6.2.1 in the case when f is replaced by fs in equation
(6.2.1). Denote by us the solution of (6.2.1) with f5 replacing f. Then

[lus (@) =yl < [lus(t) = Vs (O] + [[Vs(t) = VOl + [V (£) = yll, (6.3.1)

where V (¢) solves equation (6.1.12) and Vj solves equation (6.1.2) with fs
in place of f.

We have already proved (6.1.33). We want to prove that if ¢ = ¢5 in
(6.3.1), where t;5, the stopping time, is properly chosen, then

Lim [Jus(ts) = Vs(ts)ll = 0, lim [[V5(t5) — V(t5)l] = 0. (6.3.2)

Lemma 6.3.1. One has
)
_ < 3.

Vst = Vol < o (6:.3)
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Thus,
tim ||V (15) — V(t5)]] = 0.

li =0. 3.4
b alts) (6:34)

Proof of Lemma 6.3.1. From equation (6.1.12) we derive
F(Vs) = F(V)+a)(Vs = V)~ (fs — f) = 0. (6.3.5)

Multiplying (6.3.5) by Vs —V, using (6.1.2) and the inequality || fs— f|| <,
we obtain:

a(t)||Vs = VII* < 6]|Vs — V.
This implies (6.3.3). Lemma 6.3.1 is proved. O

Let us estimate ||us(t) — Vs(¢)|| := g(t). We use the ideas of the proof
of Theorem 6.2.1. Let w := us — Vs(¢). Then

W =—V;— A;é) [F(us) — F(V5) + a(t)w],

which is an equation similar to (6.2.4). As in the proof of Theorem 6.2.1,
we obtain

§< —g(t)+ %92 + CL'Z')Q, (6.3.6)

and conclude that the estimate similar to(6.2.14) holds:
t
g(t) < @. (6.3.7)

Therefore, if t5 is such that

then (6.3.2) holds and
tim [lus(t5) — o] = 0. (6:3.9)

We have proved the following result.

Theorem 6.3.1. Assume that ||fs — f|| < 0, ts satisfies (6.5.8), and us(t)
solves problem (6.2.1) with fs in place of f. Then (6.3.9)holds.

Remark 6.3.1. The results of this Chapter can be generalized: the condition
Re(F(u) — F(v),u —v) >0 (6.3.10)
can be used in place of (6.1.2).
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Chapter 7

DSM for general nonlinear
operator equations

In this Chapter we construct a convergent DSM for solving any solvable
nonlinear equation F'(u) = 0, under the assumptions F' € C2 ., F'(y) # 0,
where F(y) = 0.

7.1 Formulation of the problem. The results and
proofs
Consider the equation
F(u) =0, (7.1.1)

where F' : H — H satisfies assumption (1.3.2), equation (7.1.1) has a
solution y, possibly non-unique, and

A:=F'(y) #0. (7.1.2)
Under these assumptions we want to construct a DSM method for solving
equation (7.1.1).

Consider the following DSM method:
= —Ta_(tl) [A*F(u) + a(t)(u — 2)], u(0) = ug, (7.1.3)

where ug € H, z € H. We use the following notations:

A:=F'(u), T:=AA, T,:=T+al, T:=A%A, A:=F'(y).

121
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If assumption (7.1.2) holds, then one can find an element v # 0 such that
Tv # 0.

Thus, there is an element z such that
y—z="Tv,

and one can choose z such that ||v]| < 1, i.e. ||[v]| > 0 is as small as one
wishes:

y—z="Tv, |p||<1. (7.1.5)

Since y is unknown, we do not give an algorithm for finding such a z, but
only prove its existence.
Let us denote

w:=u(t) —y.

Since F(y) = 0, one has, using the Taylor’s formula:
M,
Flu) = F(u) = F(y) = Aw e, Jlell < 2wl

Here and below M;,j = 1,2, are constants from (1.3.2). Equation (7.1.3)
can be written as:

w =T, [(A*A+a(t))w + A*e + a(t)Tv].
Let

g(t) == [[w (D)l
Multiplying the above equation by w we get:

. Myg? 15
< =g+ —==— +a®)||T LT |v|lg, 7.1.6
99—+ T T, T |vllg (7.1.6)

where we have used estimate (7.1.4) and the inequality (2.1.13):

1
||[T1A%] < ——. (7.1.7)
2/a(t)
Since g > 0, we get
2
. cog 17 M
§< gt SOl ITHTI o= T (7.1.8)



7.1. RESULTS AND PROOFS

Let us transform the last factor:

T T < 11 (Togh = Togsy) Tl + 1T T
‘We have

1T AT <1, (T Y < 1,
and

T -1t =1t (T - T) Tt

Moreover

T — T = ||A*A — A*A|| < 2My Ms||u — y|| = 2M; Mog.

Therefore, choosing ||v|| so that
2M Mo||vl| < =

one can rewrite (7.1.8) as

9= ‘%9“) t C“fff)) +at)lfoll, t>0, c= %
Let
A
B
Let us apply Theorem 5.1.1 to inequality (7.1.13). We have
W0 =5 alt) = ol ORTI]

123

(7.1.9)

(7.1.10)

(7.1.11)

(7.1.12)

(7.1.13)

(7.1.14)

(7.1.15)

(7.1.16)



124 7. DSM FOR GENERAL NOE

For example, one can take

a(t) =

_a
(ca+1)b’

where c¢1, ¢, b > 0 are constants, 2b < ¢y. Inequality (7.1.16) is satisfied

for rapidly decaying a(t) as well, e.g.,

alt)y =e ", ¢

IA
NJ.\ —

Inequality (7.1.15) holds if
A > 800.

Condition (5.1.3) is:

a(®)ol] < Yo ( - ") .

Because of inequality (7.1.16), this inequality holds if

AV a(0)]Jv]] < 1.

If

—_

]| € ——,
4X\/a(0)

then (7.1.19) holds.
Finally, condition (5.1.4) is:

0
a(o)g( )
This condition holds if
a(0
o — ) < Y.

(7.1.17)

(7.1.18)

(7.1.19)

(7.1.20)

(7.1.21)

(7.1.22)

Inequality (7.1.22) is valid for any initial approximation ug provided that
A is sufficiently large. For any fixed A inequality (7.1.20) holds if ||v]| is
sufficiently small. Therefore, if conditions (7.1.16), (7.1.17), (7.1.20) and

(7.1.22) hold, then (5.1.6) implies:

Val(t)
B — 0 ast— oo.

[lu(t) —yll <

Let us formulate the result we have just proved.

(7.1.23)
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Theorem 7.1.1. Assume that equation (7.1.1) has a solutiony, F(y) =0,
possibly non-unique, and the following conditions are satisfied: (1.53.2),
(7.1.2), (7.1.5), (7.1.16), (7.1.17), (7.1.20) and (7.1.22). Then problem
(7.1.8) has a unique solution u(t), there exists u(co), u(oo) =y, and the
rate of convergence of u(t) to the solution y is given by (7.1.23).

7.2 Noisy data
Assume now that the noisy data fs5 are given,
lfs = fII <6,
equation (7.1.1) is of the form
F(u) = f, (7.2.1)

and this equation has a solution y, F(y) = f.
Consider the DSM similar to (7.1.3):

Us = —Ta_(;) [A*(F(us) — f5) +a(t)(us — 2)], us(0) = up. (7.2.2)
As in Section 7.1, denote

W= ws = Uus — Y,
and by

9= g5 := [|lws (®)]]-

We want to prove that for a suitable stopping time 5, limgs_ts = oo, the
quantity ws(ts) — 0 as & — 0, in other words,

(%I_I,I(l) H’LL5 — y|| =0, us:= U5(t5). (7.2.3)
Let us argue as in Section 7.1. We have now

fs =f+mns, lnsll <.

Therefore, inequality (7.1.13) will be replaced by

) 1 cog*(t) g My
< ——g(t) + + a(t)||v|| + —F—, co 1= ——, 7.2.4
9% 500+ ULB Lol + e w= R (124
where (7.1.12) holds. Let us choose
A
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as in (7.1.14), and assume (7.1.16), (7.1.17) and (7.1.20). Then conditions

(5.1.2) and (5.1.4) are satisfied. Condition (5.1.3) is satisfied if

1) < a(t)
2/a(t) = 4N

Let us choose v small enough, so that

alt) o)) < LY

2 4x 7

a()[o]| +

that is,

1
VAGIEEES

and ts such that

) 1+/a(t)
S a )
2 /a(t) — 2 4\
that is,
20 1y
at) — 2 =

Then (7.2.5) holds for ¢t < ¢5, and estimate (5.1.6) yields

a(t)
)\ )

Therefore, if t5 is chosen as the solution to the equation

[Jus — y[| < t <ts.

a(t) = 40,

then us := us(ts) satisfies the estimate

1)
Jus =il <2,/2.

We have proved the following result.

(7.2.5)

(7.2.6)

(7.2.7)

(7.2.8)

(7.2.9)

(7.2.10)

Theorem 7.2.1. Assume equation (7.2.1) has a solution y, possibly non-
unique, ||fs — f|| <6, and the following conditions are satisfied: (1.3.2),
(7.1.2), (7.1.3), (7.1.16), (7.1.17), (7.1.22), (7.2.6) and ts satisfies (7.2.9).
Then problem (7.2.2) has a unique solution us(t) on the interval [0, 5], and

us = us(ts) satisfies inequality (7.2.10).
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Remark 7.2.1. Theorem 7.2.1 shows that, in principle, DSM (7.2.2) can
be used for solving stably any solvable operator equation (7.2.1) for which
F € C%_, i.e. assumption (1.3.2) holds, and F satisfies assumption (7.1.2),

loc»
where y is a solution to equation (7.2.1).

These are rather weak assumptions. However, as it was mentioned
already, we do not give an algorithmic choice of z in (7.2.2). Under an
additional assumption, e.g., if one assumes y = T, ||v|| < 1, it is possible
to take z = 0 and, using the arguments given in the proofs of Theorems
7.1.1 and 7.2.1, establish the conclusions of these theorems.

7.3 Iterative solution

Let us prove the following result.

Theorem 7.3.1. Under the assumptions of Theorem 7.1.1, the iterative
process

Upi1 = Uy — hnTa_n1 [A*(upn)F(un) + an(un — 2)], up =wug, (7.3.1)

where h, > 0 and a, > 0 are suitably chosen, generates the sequence wuy,
converging to y.

Remark 7.3.1. The suitable choices of a,, and h,, are discussed in the proof
of Theorem 7.3.1.

Lemma 7.3.1. Let
Int1 < YGn + P92, Go:=m>0, 0<y<l, p>0.

If

m< —,  where v<qg<l,
p

then
lim g, =0, and g, < goq".
n—o0

Proof. Estimate
g1 < ym+pm? < gm

holds if
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Assume that g, < goq™. Then

gn+1 < 7904" + p(904™)° = goq"™ (v + pgoq™) < gog" ",
because
Y+ Pgoq" < v+ Ppgoq < q.
Lemma 7.3.1 is proved. O

Proof of Theorem 7.5.1.
Let

Wp = Up — Y, Gn = ||wn||

As in the proof of Theorem 7.1.1, we assume

2M, Ma|v|| <

N | —

and rewrite (7.3.1) as

Wnt1 = Wp —hy Ta_n1 [A* (un) (F(un) — F(y)) + anwn + an(y — 2)],
wo = [uo—yll-

Using the Taylor formula

M. 2
F(un) — Fy) = A(un)w, + K (wn), [K| < %gn’

the estimate

1
175, A ()| < NG
and the formula
y—z="Tv,
we get

Wnt1 = (1= hp)wy — kT " A* (u) K (wn) — hyan Ty T, (7.3.2)
Taking into account that

1T, Tl < 1,
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and
a|T7H <1 if a>0,
we obtain
T, Tl < (T, = T DT ]+ (o,
and
1 - e 2MiMag, n
(Tt = T T = (1T (T, — Ta, )T || < 2220 Sn,
n n mn mn an an
Let
M,
Co = —.
0 4

Then we obtain from (7.3.2) the following inequality:

COhng%
<(1-nh + + crhy||lv + hpan||v|].
Gnt1 < ( n)gn an 1hallv]lgn nan V]|
We have assumed in the proof of Theorem 7.3.1 that
1
alel < 5
Thus
h coh
gnt1 < (1— ?n)gn + \ja—: 2 + hnanllv]].
Choose
- 16COgn
Then i;gi = % and

hn,
gn41 < (11— Z)gn +16chalvllgn, g0 =luo—yl <R, (7.3.3)

where R > 0 is defined in (1.3.2). Take h,, = h € (0,1) and choose go :=m
such that
qg+h—1
16¢coh|lv]]”
where ¢ € (0,1) and g+ h > 1.
Then Lemma 7.3.1 implies

m <

un — yll < gog™ — 0 as n — oo.

Theorem 7.3.1 is proved. o
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7.4 Stability of the iterative solution

Assume that the equation we want to solve is F(u) = f, f is unknown, fs
is known, ||fs — f|| < 4. Consider the iterative process similar to (7.3.1):

Unt1 = Un —hnT;n1 [A* (vn)(F(vn) — f5) + an(vn —2)],  vo =wug, (7.4.1)
Let
Wp = VUp — Y, ||wn|| = Yn,

and choose h,, = h independent of n, h € (0,1). Later we impose a positive
lower bound on h, see formula (7.4.6) below. The inequality similar to
(7.3.3) is:

hé
n < n 2 ) - - 5 7.4.2
Y1 <Y ‘f'im/’n‘f'Q\/a Yo = [[uo — yl| ( )
where
h 2 2,12
vi=1- 7 P 16¢5||vl],  an = 16¢59;. (7.4.3)

We stop iterations in (7.4.2) when n = n(d), where n(d) is the largest
integer for which the following inequality

hé 1
< —
2m_mwm K€ (073>

holds. One can use formula (7.4.3) for a,, and rewrite this inequality in the
form:

hé 1
< 92 € (0, =). 7.4.4
SCOK/’Y — n?’ K ( ? 3) ( )
If (7.4.4) holds, then (7.4.2) implies
Yn1 < (1 + K)’Y"/)n +p1/),21, (1 + "{)7 <1, (7-4-5)
where the conditions
h 1 4k
imply that (14 &)y < 1. If
—(1 h
o < w, where (1+k)y<qg<1l, y=1-——, (74.7)

P 4
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then (7.4.5) and Lemma 7.3.1 imply

1
U <thog", forn<n(d), (1+r)y<g<l, 0<kK< 3 (7.4.8)

where n(d) is the largest integer for which inequality (7.4.4) holds. We have

}11% n(d) = oo.

Thus
(51 Own(zs) ( )

We have proved the following result.

Theorem 7.4.1. Let the assumptions of Theorem 7.1.1 and conditions
(7.4.4), (7.4.6), and (7.4.7) hold, and 1, be defined by (7.4.1). Then
relations (7.4.8) and (7.4.9) hold, so lims_q ||v,s5) — yl| = 0.
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Chapter 8

DSM for operators satisfying a
spectral assumption

In this Chapter we introduce a spectral assumption (8.1.1) and obtain some
results based on this assumption.

8.1 Spectral assumption

In this Chapter we assume that the operator equation (7.2.1) is solvable,
y is its solution, possibly non-unique, F' € CZ_, and the linear operator
A = F'(u) has the set {z : |argz — 7| < ¢g, 0 < |z| < ro} consisting of
regular points of F’, where ¢y > 0 and rg > 0 are arbitrary small fixed
numbers, and u € H is arbitrary. This is a spectral assumption on F. If

this condition is satisfied then
(A +el) Y| < %0 0<e<ro, (8.1.1)

1
sin :

Condition (¢80‘1‘1) is much weaker than the assumption of monotonicity
of F. If F is monotone, then A = F'(u) > 0 and [|[AZ!|| < L for all € > 0,
where A, = A+¢el. If ¢g =1 and g = o0 in (8.1.1), then A is a generator
of a semigroup of contractions ([P]).

It is known that if F' is monotone, hemicontinuous, and £ > 0, then the
equation

F(u)+eu=f, &=const>0, (8.1.2)

where ¢y =

is uniquely solvable for any f € H. We want to prove a similar result
assuming (8.1.1).
Our first result is the following.

133
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Theorem 8.1.1. Assume that F' satisfies conditions (1.3.2) and (8.1.1).
Then equation (8.1.2) has a solution.

Proof of Theorem 8.1.1. From our assumptions it follows that the problem
= —AZ'[F(u) +eu—f], u(0)=uo, (8.1.3)
is locally solvable. We will prove the uniform bound

sup [u(?)]] <, (8.1.4)
>0

where ¢ = const > 0 does not depend on ¢ and the supremum is over all
t for which u(t), the local solution to (8.1.3), does exist. If (8.1.4) holds,
then, as we have proved in Section 2.6, Lemma 2.6.1, the local solution is
a global one, it exists on [0, 00). We also prove that there exists u(co), and
that u(oco) solves (8.1.2).

Let us prove estimate (8.1.4). Consider the function

9(t) = [[F(u(t)) + eu(t) = f|l. (8.1.5)
We have

99 = Re([F'(u(t)) + ], F(u) +eu — f) = —g*. (8.1.6)
Thus

9(t) = goe™",  go = g(0). (8.1.7)
From (8.1.1), (8.1.3) and (8.1.7) we get

—t

Jal| < 2E—. (8.1.8)

This implies the existence of u(oo) and the estimates
cog cogoe ™"
hutt) —u(0)l] < 2, Jhutt) — u(oo)]| < PR (519

For any fixed ug and € > 0, one can take R > 0 such that

¢
090 <R,
€

so that the trajectory u(t) stays in the ball B(ug, R). Passing to the limit
t — oo in (8.1.7) yields

F(u(c0)) + eu(co) — f = 0. (8.1.10)

Therefore u(oo) solves equation (8.1.2), so this equation is solvable. More-
over, the DSM (8.1.3) converges to a solution u(oo) at an exponential rate,
see (8.1.9).

Theorem 8.1.1 is proved. O
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Remark 8.1.1. Estimate (8.1.1) follows from the spectral assumption be-
cause of the known estimate of the norm of the resolvent of a linear op-
erator. Namely, if A is a linear operator and (A — zI)~! is its resolvent,
where z is a complex number in the set of regular points of the operator
A. A point z is called a regular point of A if the operator A — zI has a
bounded inverse defined on the whole space. Otherwise z is called a point
of spectrum o of A.
The estimate we have mentioned is:

1

p(z,0)

where p(z, o) is the distance (on the complex plane C) from the point z to
the set o of points of spectrum of A. To check this, consider the function

(A =271 < (8.1.11)

(A—=z2l —pI)™ = (A—20) "I — p(A— 207171
If
lul [[(A = =D)7H] <1,

then the above function is an analytic function of u. Therefore, if p is
smaller than the distance from z to the nearest point of spectrum of A,
then the point z 4 p is a regular point of A.

Thus (8.1.11) follows.

Remark 8.1.2. We have proved in Theorem 8.1.1 that for € € (0,7¢) equa-
tion (8.1.2) is solvable. This does not imply that the limiting equation

F(u) = f, (8.1.12)

is solvable.

For example, the equation e" + eu = 0 is solvable in R for any € > 0,
but the limiting equation e* = 0 has no solutions.

Therefore it is of interest to study the following problem:

If the limiting equation (8.1.12) is solvable, then what are the conditions
under which the solution to equation (8.1.2), or a more general equation

Flue) +e(ue —2) = f, (8.1.13)

where z € H is some element, converges to a solution to (8.1.12) as € — 07
This question is discussed in Chapter 9.
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8.2 Existence of a solution to a nonlinear equation

Let D C R? be a bounded domain with Lipschitz boundary S, k = const >
0,and f:R — R be a function such that

uf(u) >0, for |ul>a>0, (8.2.1)

where a is an arbitrary nonnegative fixed number. We assume that f is
continuous in the region |u| > a, and bounded and piecewise-continuous
with at most finitely many discontinuity points u;, such that f(u;+0) and
f(u; — 0) exist, in the region |u| < a.

Consider the problem

(~A+k)u+ f(u)=0 in D, (8.2.2)

u=0 on S. (8.2.3)

There is a large literature on problems of this type. Usually it is assumed
that f does not grow too fast or f is monotone (see, e.g., [B] and references
therein).

The novel point in this Section is the absence of the monotonicity re-
strictions on [ and of the growth restrictions on f as |u] — oo, except for
the assumption (8.2.1).

This assumption allows an arbitrary behavior of f inside the region
|lu] < a, where a > 0 can be arbitrary large, and an arbitrarily rapid
growth of f to +00 as u — 400, or arbitrarily rapid decay of f to —oo as
U — —00.

Our result is:

Theorem 8.2.1. Under the above assumptions problem (8.2.2)—(8.2.3) has
a solution u € H*(D) N HY(D) := HZ(D).

Here H*(D) is the usual Sobolev space, H*(D) is the closure of C§°(D)
in the norm H!(D). Uniqueness of the solution does not hold without extra

assumptions.
The ideas of our proof are: first, we prove that if

sup | f(u)] < p,
u€R

then a solution to (8.2.2)—(8.2.3) exists by the Schauder’s fixed-point the-
orem (see Section 16, Theorem 16.8.1). Here p is a constant. Secondly, we
prove an a priori bound

[uflo < a.
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If this bound is proved, then problem (8.2.2)—(8.2.3) with the nonlinearity
f replaced by

f(u),  fu[<a
F(u):=« f(a), wu>a (8.2.4)
f(=a), u<—a

has a solution, and this solution solves the original problem (8.2.2)—(8.2.3).
The bound

[ufloo < a

is proved by using some integral inequalities. An alternative proof of this
bound is also given. This proof is based on the maximum principle for
elliptic equation (8.2.2).

We use some ideas from [R9]. Our presentation follows [R56].
Proof of Theorem 8.2.1. If u € L* := L*°(D), then problem (8.2.2)—(8.2.3)
is equivalent to the integral equation:

u=- [ ety =T(w. (.2.5)
where
(-A+ k)G =-d(x—y) in D,  glwes=0. (8.2.6)
By the maximum principle,
e~ klz—yl
0 < G(z,y) < g(z,y) :== prp— z,y € D. (8.2.7)

The map T is a continuous and compact map in the space C(D) := X, and

e =l < psup [ Eay < [ Sy < B s28)
u = ||lul]| € psu < < o5 (8.2
T I = TP o e =y = e T S W

This is an a priori estimate of any bounded solution to (8.2.2)-(8.2.3) for
a bounded nonlinearity f such that

sup | f(u)] < p.
u€R

Thus, Schauder’s fixed-point theorem yields the existence of a solution
to (8.2.5), and consequently to problem (8.2.2)-(8.2.3), for bounded f.
Indeed, if B is a closed ball of radius %, then the map T maps this ball
into itself by (8.2.8), and since T is compact, the Schauder principle is
applicable. Thus, the following lemma is proved.
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Lemma 8.2.1. If sup,cp |f(u)| < p, then problems (8.2.5) and (8.2.2)-
(8.2.3) have a solution in C(D), and this solution satisfies estimate (8.2.8).

Let us now prove an a priori bound for any solution u € C(D) of the
problem (8.2.2)—(8.2.3) without assuming that sup, g |f(u)| < co.
Let

ug := max(u,0).

Multiply (8.2.2) by (u — a)4, integrate over D and then by parts to get
0= / [Vu-V(u—a)y +ku(u—a)y + fu)(u—a)]de,  (8.2.9)
D

where the boundary integral vanishes because
(u—a)y =0 on S for a>0.

Each of the terms in (8.2.9) is nonnegative, the last one due to (8.2.1).
Thus (8.2.9) implies

u < a. (8.2.10)

Similarly, using (8.2.1) again, and multiplying (8.2.2) by (—u — a)4, one
gets

—a < u. (8.2.11)

We have proved:

Lemma 8.2.2. If (8.2.1) holds, then any solution u € HZ(D) to (8.2.2)-
(8.2.3) satisfies the inequality

|u(z)] < a. (8.2.12)

Consider now equation (8.2.5) in C(D) with an arbitrary continuous
f satisfying (8.2.1). Any uw € C(D) which solves (8.2.5), solves (8.2.2)-
(8.2.3), and therefore satisfies (8.2.12) and belongs to HZ (D). This u solves
problem (8.2.2)—(8.2.3) with f replaced by F, defined in (8.2.4), and vice
versa. Since F' is a bounded nonlinearity, equation (8.2.5) and problem
(8.2.2)—(8.2.3) (with f replaced by F') has a solution by Lemma 8.2.1.

Theorem 8.2.1 is proved. O

Let us sketch an alternative derivation of the inequality (8.2.12) using
the maximum principle. Let us derive (8.2.10). The derivation of (8.2.11)
is similar.
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Assume that (8.2.10) fails. Then u > a at some point in D. Therefore
at a point y, at which w attains its maximum value, one has u(y) > u(z)
for all x € D and u(y) > a. The function u attains its maximum value,
which is positive, at some point in D, because u is continuous, vanishes at
the boundary of D, and is positive at some point of D by the assumption
u > a. At the point y, where the function u attains its maximum, one
has —Au > 0 and k?u(y) > 0. Moreover, f(u(y)) > 0 by the assumption
(8.2.1), since u(y) > a. Therefore the left-hand side of equation (8.2.2) is
positive, while its left-hand side is zero. Thus, we have got a contradiction,
and estimate (8.2.10) is proved. Similarly one proves estimate (8.2.11).
Thus, (8.2.12) is proved. O
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Chapter 9

DSM in Banach spaces

In this chapter we generalize some of our results to operator equations in
Banach spaces.

9.1 Well-posed problems

Consider the equation

F(u) = §, (9.1.1)

where F : X — Y is a map from a Banach space X into a Banach space
Y.
Consider first the case when both assumptions (1.3.1) and (1.3.2) hold:

sup [|[F"(w)] 7| < m(R), (9.1.2)
uGB(uo,R)

sup  |[FW(u)|| < M;(R), 0<j<2. (9.1.3)
UGB(UQ,R)

In Section 9.3 we use assumption (9.1.3) with j < 3.
We construct the Newton-type DSM:

= —[F'(uw)] ' [F(u) - f], u(0) = u, (9.1.4)

which makes sense due to (9.1.2). As in Sections 3.1 - 3.2, the right-hand
side of (9.1.4) satisfies a Lipschitz condition due to assumptions (9.1.2)-
(9.1.3). Therefore problem (9.1.4) has a unique local solution. As in Section

141
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2.6, Lemma 2.6.1, this local solution is a global one, provided that bound
(2.6.8) is established with the constant ¢ independent of time. Denote

g(t) =< F(u(t)) — f,h>,
where < w, h > is the value of a linear functional h € Y* at the element
F(u(t)) = f.
We have, using equation (9.1.4),
g =< F'(u)u,h >= —g. (9.1.5)
Therefore
g(t) = g(0)e™".

Taking the supremum over h € Y*, ||h|| =1, one gets

G(t) = GO)e,  Glt) = IF(ult) — fII. (9.1.6)
Using equation (9.1.4), estimate (9.1.2), and formula (9.1.6), one obtains

|[a|] < m(R)G(0)e". (9.1.7)
Therefore

u(t) — u(O)]] < m(R)G(0). (9.1.8)

We assume that
m(R)[|F(u) — f[| < R. (9.1.9)

This assumption ensure that the trajectory u(t) stays inside the ball B(ug, R)
for all t > 0, so that the local solution to problem (9.1.4) is the global one.

Moreover, (9.1.7) and (9.1.8) imply the existence of u(oo) and the esti-
mate:

[[u(t) = u(o0)l| < m(R)||F(uo) — flle™". (9.1.10)

This estimate shows exponential rate of convergence of u(t) to u(c0). Fi-
nally, passing to the limit ¢ — oo in (9.1.6), one checks that u(oco) solves
equation (9.1.1). Let us summarize the result.

Theorem 9.1.1. Assume that F: X — Y is a map from a Banach space
X into a Banach space Y, and (9.1.2), (9.1.3) and (9.1.9) hold. Then
equation (9.1.1) has a solution, problem (9.1.4) has a unique global solution
u(t), there exists u(co), u(co) solves equation (9.1.1), and estimates (9.1.8)
and (9.1.10) hold.
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Remark 9.1.1. Theorem 9.1.1 gives a sufficient condition (condition(9.1.9))
for the existence of a solution to equation (9.1.1).

If one knows a priori that equation (9.1.1) has a solution, then condi-
tion (9.1.9) is always satisfied if one chooses the initial approximation wug
sufficiently close to this solution, because then the quantity ||F(ug) — f]]
can be made as small as one wishes.

The results in Theorem 9.1.1 are similar to the results obtained in Sec-
tion 3.2 for the equation (9.1.1) with the operator F' which acted in a
Hilbert space.

9.2 Ill-posed problems

Consider equation (9.1.1) assuming that condition (9.1.3) holds, but con-
dition (9.1.2) does not hold, and that equation (9.1.1) has a solution y,
possibly non-unique.

Equation (9.1.4) cannot be used now because the operator [F”(u)] ™! is
not defined. Therefore we need some additional assumptions on F' to treat
ill-posed problems.

Let us denote

A= F'(u),
and make the spectral assumption from Section 8.1:

1411 < 2, 0<e<r, (9:2.1)

where ¢y and ry are some positive constants.

Theorem 8.1.1 from Section 8.1 claims that assumptions (9.2.1) and
(9.1.3) imply existence of a solution to equation (8.1.2). The proof of
Theorem 8.1.1 is valid, after suitable modifications, in the case when F :
X — X is an operator from a Banach space X into X. Let us point out
these modifications.

Definition (8.1.5) should be replaced by

g(t) =< F(u(t)) +eu(t) — f,h >, (9.2.2)
where h € X* is arbitrary, ||h|| = 1. We have

G(t) == [|[F(u(t)) +eu(®) — fl[= sup  [g(t)]. (9.2.3)
IIh]|=1, he X

As in Section 9.1, we prove that the problem

= —AZF(u) +eu(t) — f], u(0) = uo, (9.2.4)
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has a unique local solution u(t) and

g(t) < g(0)e™".
Formula (9.2.3) yields

G(t) < G0)e™", G(0) =||F(uo) + eug — f||. (9.2.5)
Equation (9.2.4) and estimates (9.2.1) and (9.2.5) imply

cG(0) _,

[Jal| < e " (9.2.6)

€

For any fixed ug the inequality

%(0) <R (9.2.7)
holds if € > 0 is sufficiently small.

If (9.2.7) holds, then

COG(O)

[lu(t) = u(0)]] < —

<R, (9.2.8)

so that u(t) € B(ug, R) for t > 0. This implies, as in Section 2.6, see Lemma
2.6.1, that the local solution wu(t) to (9.2.4) is the global one. Moreover
(9.2.4) implies the existence of u(oo) and the estimate

< C()G(O)

[u(t) —u(oo)l| < =———=e™" < Re™". (9.2.9)

Passing to the limit ¢ — oo in (9.2.5) we see that u(oco) solves the equation

F(u(c0)) + eu(oo) = f. (9.2.10)
Let us formulate the result we have just proved.

Theorem 9.2.1. Assume that F : X — X, that (9.2.1), (9.1.3), and
(9.2.7) hold. Then problem (9.2.4) has a unique global solution u(t), there
exists u(00), u(oo) solves equation (9.2.10), and estimates (9.2.8), (9.2.9)
hold.

The problem is:

Under what assumptions can we establish that u(t) := u.(t) converges,
as € — 0, to a solution of the limiting equation?

This question is discussed in the next Section.
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9.3 Singular perturbation problem

In Section 9.2 we have proved that equation

Flu)+eu=f, 0<e<ry, (9.3.1)

has a solution u = u.. This does not imply, in general, the existence of the
solution to the limiting equation

F(y)=f (9.3.2)

A simple example was given in Section 8.1 below formula (8.1.12).

Therefore we have to assume that equation (9.3.2) has a solution.

If equation (9.3.2) is solvable, then our aim is to give sufficient condi-
tions for a solution w = w, to the equation

Flw)+ew—z2)=f (9.3.3)

to converge, as € — 0, to a solution of the limiting equation (9.3.2).
Let us formulate our result.

Theorem 9.3.1. Assume that equation (9.3.2) is solvable, conditions (9.2.1)
and (9.1.3) with j < 3 hold, and z in (9.3.8) is chosen so that

Y [ —
— 2z = Av, v —_—
Y 2M280(1+Co)

where cq is the constant from (9.2.1), and A = F'(y).
Then

liII(l) l[we —yl| =0, (9.3.4)

where y is a solution to (9.53.2).

Proof of Theorem 9.3.1. Using Taylor’s formula, let us write equation
(9.3.3) as

0=F(w)—F(y) +e(w—1y)+ely—2) = Ap +n+cAv,  (9.3.5)
where A, := A + €] and

Ms|[y|?
2 b

v=w—y, || n = n(w). (9.3.6)
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Equation (9.3.5) can be written as

=T,
where

T = —A"ty— A7 Av.

We claim, that the operator T' maps a ball

Br:={¢:[[¢[] < R}

(9.3.7)

(9.3.8)

into itself and is a contraction mapping in this ball. If this claim is estab-
lished, then the contraction mapping principle yields existence and unique-
ness of the solution to (9.3.7) in the ball Br. We choose R = R(e) so

that
lig(l) R(e) = 0.
Thus
|lwe = yl| < R(e) — 0 as e — 0,

and Theorem 9.3.1 is proved.
Let us verify the claim. Note that

JAZTAl = [[AZH A+ e—€)]| <1+ co.

Thus we have TBr C Bpg, provided that

Co Mg
Tyl < ——=
ol < 25

This inequality holds if
€ €

1-p)<R<
CoMg( P) - - C()Mg

(1+p),

where

p=/1=2co(1+ co)Mal[v]], [Jv]| <

R? 4 ¢(1 + co)|Jv]| < R.

260(1 + Co)Mg '

(9.3.9)

(9.3.10)

(9.3.11)

! (9.3.12)

Let us now verify that T is a contraction mapping in Bg, where

€

R =
COM2

(1—=p).

(9.3.13)
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Let p,g € Bg. Then
Tp—Tq=—A"[n(p) —n(q), (9.3.14)

where

1
n(p) = / (1 —s)F"(y + sp)pp ds (9.3.15)
0
is the remainder in the Taylor formula

F(p) = F(y) = A(p — y) + n(p). (9.3.16)

If p,q € Bg, then

Ine) =@l = 1| [ (= 5)F" -+ splpp = (o + sa)aalds|
< [ Q=P+ )= P+ sl
+ [|[F"(y + sq)(pp — qq)|| }ds
< / ds(1 — s)(M3sR* + 2MaR)||p — q||.  (9.3.17)
0
Thus,
Inte) = (ol < (Ve + 25 iy — gl (9.3.18)
From (9.3.14), (9.3.18) and (9.2.1) we get
170~ Tall < @ 22 (14 2200 ) . (9.3.19)

This and (9.3.13) imply
ITp —Tqll < (1= p+O0(e))|lp—4ll, €e—0, p,g€Br. (9.3.20)

Therefore, for sufficiently small €, the mapping T is a contraction mapping
in Bg, where R is given by (9.3.13).
Theorem 9.3.1 is proved. O

Remark 9.3.1. If A := F(y) # 0, then one can always choose z so that
y—z=Av, ||| <b, (9.3.21)

where b > 0 is an arbitrary small fixed number. Indeed, if A # 0 then there
exists an element p # 0 such that Ap # 0. Choose z such that y—z = AAp,
where A = const and |A| ||p|| < b. Then v = Ap, |[v]] <b.



148 9. DSM IN BANACH SPACES

Remark 9.3.2. If one can choose z = 0 in Theorem 9.3.1, i.e., if y = Av
and ||v|| is sufficiently small, then the solution to equation (9.3.1) tends to
yase— 0.

In this case the DSM (9.2.4) yields a solution to equation (9.3.2) by the
formula:

y = lim lim uc(¢), (9.3.22)

e—0t—o0

where u.(t) is the solution to problem (9.2.4).



Chapter 10

DSM and Newton-type
methods without inversion of
the derivative

In this Chapter we construct the DSM so that there is no need to invert
F'(u).

10.1 Well-posed problems

A Newton-type DSM requires calculation of [F”(u)] ™!, see (3.2.2).

This is a difficult and time-consuming step. Can one avoid such a step?
In this Section we assume that conditions (9.1.2) and (9.1.3) hold, and
equation

Flu)=f (10.1.1)

has a solution y.
Consider the following DSM:

i=-Q[F(u)—f], t=0, (10.1.2)

Q=-TQ+ A", (10.1.3)

u(0) = up, Q(0) = Qo, (10.1.4)
where

A:=F'(u), T:=A"A, (10.1.5)

ug € H, and Q(t) is an operator-valued function.
Our result is the following theorem.
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150 10. DSM AND NEWTON-TYPE METHODS WID

Theorem 10.1.1. Assume (9.1.2), (9.1.3). Suppose that equation (10.1.1)
has a solution y, ug is sufficiently close to y, and Qo is sufficiently close
to A=, where A := F'(y). Then problem (10.1.2) - (10.1.4) has a unique

global solution, there exists u(co), wu(o0) =1y, i.e.,

Jim [Ju(t) =yl = 0, (10.1.6)
and
Jim [|Q(t) A7l =o. (10.1.7)

Proof of Theorem 10.1.1. From our assumptions the existence and unique-
ness of the local solution to problem (10.1.2) - (10.1.4) follows. If we derive
a uniform with respect to ¢ bound on the norm [|u(t)|| + [|Q(¢)|| < ¢, then,
as in Section 2.6, we prove that the local solution to (10.1.2) - (10.1.4) is a
global one. First, let us estimate the norm [|Q(¢)|| uniformly with respect
to t. We use Theorem 5.2.1 and estimate (5.2.4). Since A is invertible,
there is a constant € = const > 0 such that

(Th,h) > €||h|*. (10.1.8)

Therefore estimate (5.2.4) yields

¢ M
@I < e [l1Qoll +/0 Mye®ds] < [|Qol| + ?1 =¢. (10.1.9)

Thus, ||Q(t)|| is bounded uniformly with respect to t.
Let us now estimate ||u(t)||. We denote

wi=u(t) =y, [w)]:=g(),

and use Taylor’s formula:

F(u)— f = F(u) — F(y) = Aw + K (w), (10.1.10)
where
K@)l < 22wl

and M is the constant from (9.1.3). Thus equation (10.1.2) can be written
as

W= —QAw — QK (w). (10.1.11)
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Define

A:=1-QA. (10.1.12)
Then

W= —w+ Aw — QK (w). (10.1.13)

Multiply this equation by w and get

c1 Mo 7

99 < —g* + Ag” + 5

and

G< —yg+eag®, yi=—-1-X ~€(0,1). (10.1.14)
Here we have used the estimate

(Aw,w) < A|Jw|?, X € (0,1), (10.1.15)

which will be proved later.
From (10.1.14) one derives

g(t) <re™, 1= %, (10.1.16)

and we assume that

g(0)eq < 1. (10.1.17)
Assumption (10.1.17) is always justified if g(0) is sufficiently small, i.e. if
[luo — yl| is sufficiently small.

Let us verify inequality (10.1.15). Using definition (10.1.12) and differ-

entiating it with respect to time, one gets:

A =—QA. (10.1.18)
This equation, (10.1.12) and (10.1.3) yield:

A=(TQ - AVA=T( —A)— A*A=—TA + A*(A — A). (10.1.19)
We have

||A*(A — A)|| < My Mag(t) < My Myre™ ", (10.1.20)

where 7 is given by (10.1.16).
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Let us apply estimate (5.2.4) and inequality (10.1.8) to equation (10.1.19).
This yields:

t
IA@)]] < et <|A(O)||+/ MlMgre_"’Seesds>. (10.1.21)
0
Thus
A < [JAO)]] + cg(0) :== A, (10.1.22)
where
M1M2 e—'yt _ e—et

c:= sup 10.1.23
1—-9g(0)c2 t>50 €e—7 ( )

Estimate (10.1.22) shows that A € (0, 1) if ||A(0)|| and ||up — y|| are suffi-
ciently small.

To complete the proof of Theorem 10.1.1 we need to verify formula
(10.1.17). Estimate (10.1.21) implies:

Jim [[A(H)]] < O(e™ ™M) 0 as t — oco. (10.1.24)
This formula and (10.1.12) imply

lim [|Q()A —I|[ =0,

t—oo

and since A~ is a bounded operator, we get

Jim [|Q(t) A7l =o. (10.1.25)
Theorem 10.1.1 is proved. O

10.2 Ill-posed problems
In this Section we assume (9.1.3), but not (9.1.2). Let

F'(u):=A, T:=A*A, T=A"A, A:=F(y), (10.2.1)
where y is a solution to the equation

F(u) = f. (10.2.2)
Consider the following DSM:

U= —Q[A(F(u) — f) +et)(u — 2)], (10.2.3)
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Q = - e(t)Q +1,
u(0) = up, Q(0) = Qo,

where z is an element which we choose later.
Assume that:

0 <e(t) \\0O, —-S

where v is defined in formula (10.2.14) below, and
[lw(t)|| = g(t), b= const> 0.
Let
wimu(t) g,
and assume that z is chosen so that

Ay

— =T <
y=z=Tv, Ibll< 55

see inequality (10.2.21) below.
Define

A=1- QTe(t)~
From equation (10.2.4) and estimate (5.2.4) we get:

t
i Q|+ [ e <wra]
0

1 C1
< Q)] + ) < )

Let us write equation (10.2.3) as

@)l

IA
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(10.2.4)
(10.2.5)

(10.2.6)

(10.2.7)

(10.2.8)

(10.2.9)

W= —w+ Aw + Q(A* — A")Aw + Q(A* — ANK — eQTw, (10.2.10)

where v is defined (10.2.7) and K is defined in (10.1.10). We have

C1

Al < My, ||A* — A*|| < Mag, [|Q|l < —, |lw|| :=

e(t)’
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SO
QA" — A" Aw]| < J5MiMag?(),
and
1Q(A* — AMK]| < %2M1%gz(t) - ”M;(?)MQ (10.2.11)
We will prove below that
1QT| < ca, (10.2.12)
and
[[A]l < Qo <1, (10.2.13)
where \g is a positive constant independent of t.
We define constant v by the formula:
v:=1-=2Xy, ~€(0,1). (10.2.14)

Multiply (10.2.10) by w and use estimates (10.2.11) - (10.2.14) to get

. c

99 < —v9° + %93 + c2¢(t)|[v]]g, (10.2.15)
where

Co = 201M1M2, (10216)

and cg is the constant from (10.2.12).
Since g(t) > 0, we obtain from (10.2.15) the inequality

< —v9(t) + 6(—)92 + cae()||v]], v €(0,1). (10.2.17)
We apply to this differential inequality Theorem 5.1.1. Let us check con-
ditions (5.1.2) - (5.1.4), which are the assumptions in this theorem. We
take

co
¢

A
W= ——, where A= const > 0.

e(t)’

Condition (5.1.2) for inequality (10.2.17) takes the form:

o _ A ()
<30 0 0219
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Using (10.2.6) one concludes that this inequality is satisfied if

4
0 < (10.2.19)

Y
Condition (5.1.3) for inequality (10.2.17) is:

A lé(t)]
DIl < — (- . 10.2.2
el < 55 (7= 5 (10.2:20)
This inequality is satisfied if
4
%EQ(O)HUH <1. (10.2.21)

Inequality (10.2.21) is satisfied if ||v]| is sufficiently small. Finally, condition
(5.1.4) is

A
—yl|l—= < 1. 10.2.22
o vl 55 < (10222)

Inequality (10.2.22) holds if ||ug — y|| is sufficiently small.
Thus, if
460

)\277
Y

then condition (10.2.19) holds; if

Ay
< '
|lol] < 102e(0)

then condition (10.2.21) holds; and, finally, if
€(0)

o =yl < <2,
then condition (10.2.22) holds. If these conditions hold, then the inequality

(5.1.6) yields:

e(t
hute) — oll < <2, (10229
This estimate yields a uniform bound on the norm ||u(t)||, and therefore
implies the global existence of the solution to problem (10.2.3) - (10.2.5),
the existence of u(co) and the relation u(co) = y, where y solves equation
(10.2.2).
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To complete the argument we have to prove estimates (10.2.12) and
(10.2.13). Estimate (10.2.12) follows from (10.2.13) and from the definition
(10.2.8). Let us prove (10.2.13). Using definition (10.2.8) we derive:

A=-QT..) - Q. (10.2.24)
Using equations (10.2.4) and (10.2.24), we obtain
A=-T. yA+ Ty — Tory — Qc. (10.2.25)

This equation and Theorem 5.2.1 yield:

t
A < e O] a) + / e I (T — T

+ Q)| lé(s)))ds]  (10.2.26)
Using inequality (10.2.23), we derive the following estimate:

Tty — Tewll = [|A*A— A*A|| < 2M, My||u(t) — y||
2M7 Moe(t
< POMe() (10.2.27)
A
Using (10.2.9), we get
Q)1 é(s)] < e (10.2.28)
T e(s)
From (10.2.26) - (10.2.28) we obtain:
2M7 Mo
AN < [IAO)| + —— +?b, (10.2.29)
where the following estimate
¢ S t
e E(S)ds/ e(s)e™ I Wds =1 — e o)t < (10.2.30)
0
was used.
Assume that
2M7 M-
[A0)]] + % +b< A <1 (10.2.31)

Then condition (10.2.13) holds and, therefore, inequality (10.2.12) holds.
Condition (10.2.31) holds if

I = Q(0)T )| < 1.
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Indeed, one can choose €(t) such that b > 0 is as small as one wishes. For
example, if

then

lel _ q o4
e  Cla+t)l=1 = Cal~9’

0<g<l, (10.2.32)

and this number can be made as small as one wishes by taking C' sufficiently
large. The term % can be made as small as one wishes by choosing A
sufficiently large.

Let us formulate the result we have proved.

Theorem 10.2.1. Assume that equation (10.2.2) has a solution y, possibly
non-unique, that (t) satisfies (10.2.6), and that ||ug — y|| and

[l — Q(O)TE(O)H are sufficiently small. Then problem (10.2.3) - (10.2.5)
has a unique global solution and estimate (10.2.23) holds.

Remark 10.2.1. Estimate (10.2.23) implies that u(oco) = y solves equation
(10.2.2)

Remark 10.2.2. In contrast to the well-posed case (see Theorem 10.1.1
from Section 10.1), we do not prove in the case of ill-posed problems the
convergence of Q(t) as t — oo . The reason is: the inverse of the limiting
operator T—1 does not exist, in general.

Remark 10.2.3. If ||T|| < oo, then the condition

= Q(0) Tl <1

can be satisfied algorithmically in spite of the fact that we do not know y
and, consequently, we do not know 7, (. For example, if one takes

Q(0) =cl,
where ¢ > 0 is constant, and denote €(0) := v, then

C
-~ <
v+ [Tl

Il = Q(O)To)ll = sup

0<s<||T|

c
v+s

1—

provided that
v+ [Tl
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Chapter 11

DSM and unbounded operators

In this Chapter we consider the case when the operator F' in the equation
F(u) =0 is unbounded.

11.1 Statement of the problem
Consider the equation
G(u) := Lu+ g(u) =0, (11.1.1)

where L is a linear closed, unbounded, densely defined operator in a Hilbert
space H, which has a bounded inverse,

127 < m, (11.1.2)

while g is a nonlinear operator which satisfies assumptions (1.3.2). The
operator G in (11.1.1) is not continuously Fréchet differentiable in the stan-
dard sense if L is unbounded. Recall that the standard definition of the
Fréchet derivative at a point u requires the existence of a bounded linear
operator A(u) such that

F(u+h) =F(u)+ A(w)h + o(||h]|) as||h]| — 0. (11.1.3)
If G is defined by formula (11.1.1), then formally
G'(u):=A:=A(u) =L+ ¢'(u),

but in the standard definition the element h € H in (11.1.3) is arbitrary,
subject to the condition ||h|| — 0. In the case of unbounded G, defined in
(11.1.1), the element h cannot be arbitrary: it has to belong to the domain

159



160 11. DSM AND UNBOUNDED OPERATORS

D(L) of L. The operator A = L + ¢'(u) has the domain D(A) = D(L)
dense in H, D(L) is a linear manifold in H. If assumption (11.1.2) holds,
then equation (11.1.1) is equivalent to

F(u) :=u+ L g(u) = 0. (11.1.4)

To this equation we can apply the theory developed for equations which
satisfy assumption (1.3.2). We have

F'(u) = I+ L 'g(u), sup  ||F'(u)|| < Mi(R), (11.1.5)
uw€B(uo,R)

and

sup ||[F"(u)|| < Ma2(R).
u€B(uo,R)

If equation (11.1.1) has a solution, then this solution solves equation
(11.1.4), so we may apply the results of Chapters 3, 6 - 10 to equation
(11.1.4). For example, Theorem 3.2.1 from Section 3.2 yields the following
result.

Theorem 11.1.1. Assume that equation (11.1.1) is solvable, L is a densely
defined, closed linear operator, (11.1.2) holds, and the operator F, defined
in (11.1.4), satisfies assumptions (1.3.1), (1.3.2), and (3.2.6).

Then the problem

W= —[F'(w] ' Fu), u(0)=uo, (11.1.6)
has a unique global solution u(t), there exists u(oo), and F(u(c0)) = 0.

If condition (1.3.1) is not satisfied, then problem (11.1.4) can be treated
by the methods developed in Chapters 6 - 10.
An example of such treatment is given in Section 11.2.

Ezample 11.1.1. Consider a semilinear elliptic problem:
—Au+g(u)=finD, uls=0, (11.1.7)

where D C R? is a bounded domain with a smooth boundary S, f € L?(D)
is a given function, g(u) is a smooth nonlinear function and we assume that

gu) >0, g¢'(u)>0. (11.1.8)

Then one can check easily that problem (11.1.7) has no more than one
solution. If the solution u of problem (11.1.7) exists, then it solves the
problem

F(u):=u+L'g(u)=h, h:=L"'f (11.1.9)
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where L1 := (—=A)~!, and —A is the Dirichlet Laplacian. It is well known
that estimate (11.1.2) holds for L=! = (—=A)~! in a bounded domain. The
operator F' in (11.1.9) satisfies conditions (1.3.1) and (1.3.2).

Thus, one can solve equation (11.1.9) by the DSM (11.1.6).

11.2 Ill-posed problems

In this Section we consider equation (11.1.1) under the assumption (11.1.2),
and the equivalent equation (11.1.4), and we assume that the operator
F satisfies condition (1.3.2) but not (1.3.1). We assume that equations
(11.1.1) and, therefore, equation (1.1.4) have a solution y, and

A:=F'(y) #0.

Under these assumptions we may apply Theorem 7.1.1.
Consider the following equation

F(u):=u+B(u)=f, B(u):=L 'g(u), (11.2.1)
which is equation (11.1.4), and the DSM for solving this equation:

U= —T(;(tl) [A*(F(u) — f) +a(t)(u—2)], u(0)=uo, (11.2.2)
where the notations are the same as in Section 7.1, see (7.1.4).

Theorem 7.1.1 from Section 7.1 gives sufficient conditions for the exis-
tence and uniqueness of the global solution w(t) to problem (11.2.2), for
the existence of u(oo) =y, where F(y) = 0.

Theorem 7.2.1 from Section 7.2, applied to equation (11.2.1) with noisy
data fs, ||fs — f]| < 0, given in place of the exact data f, allows us to use
DSM (11.2.2) with f5 in place of f. In particular, this Theorem yields the
existence of the stopping time ¢5 such that the element us(ts) converges to
y as § — 0. Here u;(t) is the solution to problem (11.2.2) with f5 in place
of f and y is a solution to equation (11.2.1).
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Chapter 12

DSM and nonsmooth operators

In this Chapter we study the equation F'(u) = 0 with monotone operator
F without assuming that F € C?

loc*

12.1 Formulation of the results
Consider the equation

F(u) =0, (12.1.1)
where F' is a monotone operator in a Hilbert space H:

(F(u) — F(v),u—v) >0, VYu,ve€H. (12.1.2)

We do not assume in this Chapter that F' € C2_. We assume that F is
defined on all of H and is hemicontinuous.

Definition 12.1.1. F is called hemicontinuous if s,, — +0 implies
F(u+ spv) = F(u) Yu,v € H,

and demicontinuous if u, — u implies F(u,) — F(u). Here — denotes
weak convergence in H.

We also assume that equation (12.1.1) has a solution, and denote by
y the unique minimal-norm solution to equation (12.1.1). This solution is
well-defined due to Lemmas 6.1.2 and 6.1.3 from Section 6.1. In Lemma
6.1.2 we assumed that F' was continuous, but the conclusion of this lemma
remain valid if F' is hemicontinuous and monotone.
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164 12. DSM AND NONSMOOTH OPERATORS

Lemma 12.1.1. If F is hemicontinuous and monotone, then the set
Ny ={u:F(u) = f}
is closed and convex.

Proof. Let u, — u and F(u,) = f. We want to prove that F(u) = f, i.e.,
the set Ay is closed. Since F' is monotone we have:

(F(un)—F(u—tz),un,—u+tz) >0, t=const>0, Vze H. (12.1.3)
Taking n — oo in (12.1.3) we get:
(f — F(u—tz),tz) > 0. (12.1.4)
Let us take ¢t — 40 and use the hemicontinuity of F. The result is:
(f = F(u),2) <0. (12.1.5)

Since z is arbitrary, it follows that F(u) = f. To check that Ny is convex
we use the argument used in the proof of Lemma 6.1.2.
Lemma 12.1.1 is proved. O

Lemma 12.1.2. If F' is hemicontinuous and monotone, then F is demi-
continuous.

Proof. Let u, — u. We want to prove that F(u,) — F(u). Since F is
monotone and D(F') = H, it is locally bounded in H (see e.g. [De], p.97).
Thus,

[1F (un)l] < ¢,

where ¢ does not depend on n. Bounded sets in H are weakly precompact.
Consequently, we may assume that

Let us prove that f = F'(u). This will complete the proof of Lemma 12.1.2.
By the monotonicity of F'; we have inequality (12.1.3). Let n — oo in
(12.1.3) and get

(f—F(u—tz),2z) >0, VzeH. (12.1.6)
Taking ¢ — +0 and using hemicontinuity of F', we obtain

(f—F(u),z)>0. (12.1.7)
Since z is arbitrary, inequality (12.1.7) implies

Lemma 12.1.2 is proved. O
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Consider the following DSM for solving equation (12.1.1):
= —F(u) —au, u(0)=mwug, a=const>0. (12.1.8)

Lemma 12.1.3. Assume that F' is monotone, hemicontinuous, and D(F) =
H. Then problem (12.1.8) has a unique global solution for any ug € H and
any a > 0.

Proof. In this proof we use the known argument based on Peano approx-
imations (see e.g [De], p.99, and [R38]). Uniqueness of the solution to
(12.1.8) can be proved easily: if u(t) and v(t) solve (12.1.8) then w := u—v
solves the problem

W= —[F(u) — F(v)] — aw, w(0)=0. (12.1.9)
Multiply (12.1.9) by w and use the monotonicity of F' to get
(w,w) < —a(w,w), w(0)=0, a=const>0. (12.1.10)

Integrating (12.1.10) yields w(t) = 0 Vt > 0, i.e. uw = v. To prove the
existence of the solution to (12.1.8), we define the solution to (12.1.8) as
the solution to the equation

u(t) = ug — /0 [F(u(s)) + au(s)]ds. (12.1.11)

We prove the existence of the solution to (12.1.11) with a = 0. The proof
for @ > 0 is even simpler. Consider the solution to the following equation

¢
1
un(t) = ug — / F(un(s — =))ds, un(t) =up fort <0. (12.1.12)
0 n
From (12.1.12) it follows that

|t () — wol] < et, 0<t< (12.1.13)

o=

b
where

c= sup [[F(u)]l, Bluo,r):={u:l[u—wuol| <r},
uw€B(ug,r)

and ¢ < oo because of the local boundedness of monotone operators defined
on all of H. From equation (12.1.8) (with a = 0) it follows that ||u|| < c.
Define

Znm 1= Un () — um (), ||Znml] = Gnm (t). (12.1.14)
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Equation (12.1.8) with a = 0 implies:

Grm (V) gnm (t) =
—(F (un (t =) = F (um (t = &) ,un(t) — un(t)) := J.(12.1.15)

One has

T~ (i (¢ 3)) = F (i (£ 2)) (0 3) = (0= )
(0= 3)) = F (i (6= ) 0n6) = (0 3) =
(i) = (0= )

Using the monotonicity of F' and the estimates

IF)ll <e, and [laf| <e¢,

(o D22
S}

Thus (12.1.15) implies

we obtain:

J

IN

IN

d ,

1 1
dtg"m(t) < 4c? ( + ) —0 asn,m — 00; gnm(0)=0. (12.1.16)

n m

Consequently we obtain

m gun() =0,  0<t< g (12.1.17)
From (12.1.17) we conclude that the following limit exists

Jim un(f) = u(t),  0<t< E (12.1.18)
Since F' is demicontinuous, this implies

F(un(t)) — F(u(t)). (12.1.19)

Using (12.1.18) and (12.1.19), let us pass to the limit n — oo in (12.1.12)
and obtain

(12.1.20)

ol

u(t) = ug — /0 F(u(s))ds, t <
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Here we have used the relation
1
F (un (t - n)) — F(u(t)) asn— oo. (12.1.21)

This relation follows from the formula

Un (t — 1) —u(t) asn — . (12.1.22)

n

Indeed
o (1= 2 ) = w0l <l (2= ) = a0l + un0) = w0

The second term on the right converges to zero due to (12.1.18), and the
first term is estimated as follows:

1 1
[|wn, (t) —up(t)|| <c——0 asn— oo, (12.1.23)
n n

where ¢ is the constant from (12.1.13). We can differentiate the solution
u(t) of the equation (12.1.20) in the weak sense because convergence in
(12.1.19) is the weak convergence. Therefore (12.1.20) implies that

= —F(u), u(0)=up, (12.1.24)

where the derivative % is understood in the weak sense, i.e.,

d

5 w(®),m) = —(F(u(t),n) Vne H.

If we would assume that F' is continuous rather than hemicontinuous, then
the derivative % could be understood in the strong sense.

Let us prove that the solution u(t) of the equation (12.1.20) exists for
all ¢ > 0. Assume the contrary: the solution u(t) to (12.1.24) exists on the
interval [0,T] but does not exist on [0, + d|, where d > 0 is arbitrarily
small. This assumption leads to a contradiction if we prove that the limit

li t) =u(T
lim () = u(T)
exists and is finite, because in this case one can take u(T") as the initial data
at t = T and construct the solution to equation (12.1.24) on the interval

[T, T +d], d > 0, so that the solution u(¢) will exist on [0, + d], contrary
to our assumption.
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To prove that the finite limit u(7T') exists, let

u(t +h) —u(t) == 2(t), |lz@)|=g9t), t+h<T. (12.1.25)
We have
2=—[F(u(t+h)) — F(u®))], =2(0)=u(h)—u(0). (12.1.26)

Multiply (12.1.26) by z and use the monotonicity of F, to get

(2,2) <0, 2(0) =u(h) —u(0). (12.1.27)
Thus,

[lu(t + h) = u(®)]] < [Ju(h) = u(0)]]. (12.1.28)
We have

T [[u(h) — u(0)]| =0.
Therefore,

,{iﬂ% [lu(t + h) —u(t)]| = 0. (12.1.29)

This relation holds uniformly with respect to ¢ and t+h such that t+h < T
and t < T.

By the Cauchy criterion for convergence, relation (12.1.29) implies the
existence of a finite limit

li =u(T). 12.1.
dm u(t) == u(T) (12.1.30)
Lemma 12.1.3 is proved. o

Lemma 12.1.4. If we denote by uq(t) the unique solution to (12.1.8), then

Tim g (1) = w(t)|| = 0 (12.1.31)

uniformly with respect to t € [0,T). Here T > 0 is an arbitrary large fized
number, and u(t) solves (12.1.24).

Proof. First, we check that

sup ||uq (t)] < ¢ (12.1.32)
>0



12.1. FORMULATION OF THE RESULTS 169

where the constant ¢ does not depend on t. To prove (12.1.32), we start
with the equation

Uq = —[F(us) — F(0)] — F(0) — auy,
multiply it by u, and denote

9(t) := ||ua(®)]].
Then, using the monotonicity of F', we get

99 < cog —ag®, co = ||F(0)]].

Thus

a0l = g) < g0)e + 2D <o)+ L 1213)
To prove (12.1.31), denote

w(t) = q () — u(t).
Then

W = —[F(ug) — F(u)] — atg, w(0) = 0. (12.1.34)

Multiply this equation by w, and use the monotonicity of F, to get

pp < —a(ua, w) < allua(t)||p(t),
p = Jw®)|l = [ua(t) —u@)[|, p(0)=0. (12.1.35)
Thus

() §a/0 ||ua(s)]|ds. (12.1.36)

If t € [0,T7], then the first inequality (12.1.33) implies

< —e . 1.
OrgntangaHua(t)H < ag(0) + co Juax |1 —e % (12.1.37)

Passing to the limit ¢ — 0 in (12.1.37) we obtain

(111)% OrgntaSXTa||ua(t)|| =0. (12.1.38)

From (12.1.38) and (12.1.36) the relation (12.1.31) follows.
Lemma 12.1.4 is proved. O
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Let us now state our main results.

Theorem 12.1.1. Assume that equation F(u) = 0 has a solution, possibly
non-unique, that F : H — H is monotone, continuous, D(F) = H, and
a = const > 0. Then problem (12.1.8) has a unique global solution u,(t)
and

lim lim ||uq(t) — y|| = 0, (12.1.39)

a—0t
where y is the unique minimal-norm solution to equation F(u) = 0.

Theorem 12.1.2. Under the assumption of Theorem 12.1.1, let a = a(t).
Let us assume that

0<a(t)\0, a<0, &>0; lim_qta(t)=oc;
§=0 [T a(s)ds = cc. (12.1.40)

limt_, 00

t
/ e*f:“(T)dT|d(8)|d5:O <1> as t — oo.
0

Then the problem
= —F(u) —a(t)u, u(0)=up (12.1.41)
has a unique global solution and

Jim u(t) — ]| =0, (12.1.42)

where u(t) solves (12.1.41).

In Section 12.2 proofs of Theorems 12.1.1 and 12.1.2 are given.

Remark 12.1.1. Conditions (12.1.40) are satisfied, for example, by the func-
tion

C1

T (12.1.43)

a(t) =

where ¢, ¢p, b > 0 are constants, b € (0,1). The slow decay of a(t)
is important only for large ¢. For small ¢ the function a(t) may decay
arbitrarily fast.
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12.2 Proofs

Proof of Theorem 12.1.1. The global existence of the solution u,(t) to prob-
lem (12.1.8) has been proved in Lemma 12.1.3. Let us prove the existence
of the limit u,(c0). Denote

w = ug(t+ h) —ug(t), |lw(t)||=g(t), h=const>0.
Then (12.1.8) implies

W= —F(ug(t+h)) — F(ue(t)) —aw, w(0)=wu(h)—u(0). (12.2.1)
Multiply (12.2.1) by w and use the monotonicity of F' to get

65 < —ag?, (0) = [[u(h) — w(O)]| (12.2.2)
Thus

[lua(t + h) = ua(t)]] < e *[ua(h) — ua(0)]]. (12.2.3)

From (12.2.3), (12.1.32), and the Cauchy criterion for the existence of the
limit as ¢ — oo, we conclude that the limit

lm ug(t) = ug (12.2.4)

t—oo
exists. Let us denote

2 (t) = halt 4 h;)l —ell) Un(t) = [[zn(®)]]-

Then

Zp = —%[F(ua(t + h)) — F(uq(t))] — azp. (12.2.5)

Multiply (12.2.5) by z, and use the monotonicity of F' to get

Ynon < —ari. (12.2.6)
Thus

Un(t) < n(0)e™ . (12.2.7)

Let h — 0 in (12.2.7). Since we assumed F' continuous, the derivative ()
exists in the strong sense, as the limit

a(t) = lim z(¢),
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and one has:
Tim o (1) = [}i(0)]|.
Thus, as h — 0, formula (12.2.7) yields
[lta ()] < [[ta(0)]e™". (12.2.8)
This inequality implies the existence of u(co) and the following estimates:
—at

|1—e

[[ua(t) = ua(0)]] < [lita (0)] ; (12.2.9)

and

ta6) — o (00| < ()< (12:2.10)

Estimate (12.2.8), the existence of u(oco) and the continuity of F', allow us
to pass to the limit ¢ — oo in equation (12.1.8) and get

F(ug(00)) + aug(o0) = 0. (12.2.11)
Let us prove that

lim u,(00) = v, (12.2.12)

a—0

where y is the unique minimal-norm solution to the equation
F(y)=0. (12.2.13)

The proof of (12.2.12) is the same as the proof of Lemma 6.1.7: this proof
is valid for a hemicontinuous monotone operator F'.
Theorem 12.1.1 is proved. O

Proof of Theorem 12.1.2. The global existence of the unique solution
to problem (12.1.41) follows from Lemma 12.1.3. Let us prove relation
(12.1.41). Equation (12.1.41) and the existence of a solution to (12.2.13)
imply:

sup ||u(t)]] < e (12.2.14)
>0

Indeed, let

p(t) :=u(t) —y, [lp@®)Il = q(®).
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Equation (12.1.41) implies

p=—[F(u) = F(y)] - a(t)p — a(t)y. (12.2.15)
Multiply this equation by p and use the monotonicity of F' to get

a4 < —a(t)g* + a(t)|lylla,
and

i < —a(Hq(t) + )]yl (12.2.16)

This implies

q(t)

IN

t
o~ Jo als)ds {q(O) +/ elo a(T)dTa(s)dSHyH

0
a(0)[ + [lyll, (12.2.17)

IA

because

t
/ eI Mg (s)ds =1 — e~ Joamdr <,
0

Therefore
[u(@®)|| < q(t) + [yl < llq(0)]] + 2yl := ¢, (12.2.18)

so (12.2.14) is established.
Let us now prove that g(oc) = 0, i.e., the existence of u(co) and the
relation u(o0) = y.
Using (12.1.41) we obtain
w=—[F(u(t+h)) — F(u(t))] — [a(t + h)u(t + h) — a(t)u(t)],
where
w:=wu(t+h) —u(t).
Multiplying this equation by w and using the monotonicity of F', we derive:
99 < la(t + b) — a(t)| [[u(t + )llg — a(t)g?, (12.2.19)

where

9(t) := [lw(®)]],
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and
g < —a(t)g(t) + chla(t)|. (12.2.20)

Here we have used estimate (12.2.14) and the assumptions ¢ < 0 and 4 > 0,
which imply

la(t + h) — a(t)| < hla(t)].

Inequality (12.2.20) implies
¢
g(t) < e Joals)ds {g(O)—kch / eJo AT 4 ds | . (12.2.21)
0

Let us derive from estimate (12.2.21) and assumptions (12.1.40) that

lim g(t) =0 (12.2.22)

t—o0

uniformly with respect to h running through any fixed compact subset of
R+ = [07 OO)
Indeed, the last assumption (12.1.40) implies

lim g(0)e~ Jo #(9)ds — (12.2.23)

t—o0

and an application of the L’Hospital rule yields

t Sa(T)dr| .
- I edo a5 |ds . la(t)|

= =0 12.2.24
t—00 ert a(s)ds o0 a(t) ) ( )

because of (12.1.40). Thus, the relation (12.2.22) is established.
From (12.2.14) it follows that there exists a sequence ¢, — oo such that

u(ty) — v. (12.2.25)

We want to pass to the limit ¢, — oo in equation (12.1.41) and obtain
F(v) = 0. To do this, we note that estimate (12.2.14) and the property
lim; ., a(t) = 0 imply

lim a(t)u(t) = 0. (12.2.26)

t—o0

Dividing inequality (12.2.21) by h and letting h — 0, we obtain

t
la(t)]] < e o ao)ds [|u(0)||+c / elo s a(s)ds| . (12.2.27)
0
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This inequality together with (12.2.23) and (12.2.24) implies
Tim [[a(t)]] = 0.

From (12.2.26), (12.2.28) and (12.1.41) it follows that
tlirglo F(u(t)) = 0.

From (12.2.25), (12.2.29) and Lemma 6.1.4 it follows that
F(v)=0.

Let us prove now that

lim u(t,)=v and ov=y.

n—oo

From (12.2.25) we conclude that
[lv|] < liminf ||u(t,)]]-
n—oo
Let us prove that

lim sup [[u(tn)|| < [[o]]-

n—oo

If (12.2.33) is proved, then (12.2.32) and (12.2.33) imply

Timlu(t)l] = [Jo]l

175

(12.2.28)

(12.2.29)

(12.2.30)

(12.2.31)

(12.2.32)

(12.2.33)

(12.2.34)

This relation together with weak convergence (12.2.25) imply strong con-

vergence (12.2.31).

So, let us verify (12.2.33). By the last assumption (12.1.40) we have

‘ b 1
e Jo a(s)ds/ elo A4 (s)|ds = O <> as t—oo. (12.2.35)
0

t

Thus, estimate (12.2.27) for a(t), defined in (12.1.43), implies

la(t)]| = O (1) a5 t— oo

Equation (12.2.30) and (12.1.41) imply:

(12.2.36)

(F(u(tn)) = F(v), ultn) —v)+altn)(u(tn), uts) —v) = =(i(tn), u(tn) —v).

(12.2.37)
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This relation holds for any solution to equation (12.2.30). Equation (12.2.37)
and the monotonicity of F' imply

(a(tn), ulty) — v). (12.2.38)

—0 as n— oo, (12.2.39)

—~
<
—
~
3
~—
<
—
~
3
~—
|
<
~
IN

because

tll)rgo ta(t) = oo
by the assumption (12.1.40). From (12.2.39) we obtain (12.2.33). There-
fore, the first relation (12.2.31) is verified.
Let us prove that v = y. In formula (12.2.37) we can replace v by any
solution to equation (12.2.30). Let us replace v by y. Then (12.2.39) is
replaced by

I < eIl + - (12:2.40)
Passing to the limit n — oo, yields

timsup u(to)|| < Iy (12:2.41
We have already proved that

lin sup [Ju(tn)[| = T {fu(ta)]} = [Jof] (12.2.42)
Thus

(o]l = [lyll- (12.2.43)

Since y is the unique minimum-norm solution of equation (12.2.30) and v
solves this equation and has a norm greater than ||y||, it follows that v = y.
Theorem 12.1.2 is proved. O



Chapter 13

DSM as a theoretical tool

In this Chapter we give a sufficient condition for a nonlinear map to be
surjective and to be a global homeomorphism.

13.1 Surjectivity of nonlinear maps

In this Section we prove the following result.

Theorem 13.1.1. Assume that F : X — X is a C?_, map in a Banach
space X and assumptions (1.8.1), (1.3.2) hold. Then F is surjective if

. R

h}r:gnjip (i) = 00. (13.1.1)
Proof. Consider the DSM:

i =—[F'(w)] " (F(u) = f),  u(0) = uo, (13.1.2)

where f and ugy are arbitrary. Arguing as in the proof of Theorem 3.2.1
we establish the existence and uniqueness of the global solution to (1.3.2)
provided that condition analogous to (3.2.6) holds:

||F(uo) — fllm(R) < R. (13.1.3)
If this condition holds, then u(oc0) exists and
F(u(o0)) = f. (13.1.4)

Since f is arbitrary, the map F' is surjective. Our assumption (13.1.1)
implies that for sufficiently large R and an arbitrary fixed uy condition
(13.1.3) is satisfied.

Theorem 13.1.1 is proved. |

177
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13.2 When is a local homeomorphism a global one?

Let F: X — X satisfy conditions (1.3.1) and (1.3.2). Condition (1.3.1)
implies that F is a local homeomorphism, i.e., F' maps a sufficiently small
neighborhood of an arbitrary point ug onto a small neighborhood of the
point F'(ug) bijectively and bicontinuously.

It is well-known that a local homeomorphism may be not a global one.
See an example in Section 2.6. Here is another one.

Example 13.2.1. Let
2 2 . arctan u;
F:R* — R, F(u)<u2(1—|—u%)>

Then det F'(u) = 1, but F' is not surjective. Indeed

_1
F/(’LL) = ( 1+u% 0

5 ) ) , det F'(u) =1,
uug 1+ ug

SO

o =( e 1),

_1
1+uf

e

There is no point u = ( Zl > such that F(u) = ( )
2
This example can be found in [OR].
J. Hadamard has proved in 1906 (see [Ha]) the following result:

Proposition 13.2.1. If

F:R" —R", FeCL(R"), and sup ||[[F'(u)]"!| <m, (13.2.1)
ueR”

then I is a global homeomorphism of R™ onto R™.

This result was generalized later to Hilbert and Banach spaces (see [OR]
and references therein).
Our aim is to give the following generalization of the Hadamard’s result.

Theorem 13.2.2. Assume that F : H — H satisfies assumption (1.3.2)
and

NE (@]~ < $([ful]), (13.2.2)
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where H is a Hilbert space and ¥(s) > 0 is a continuous function on [0, c0)
such that

> ds

o ¥(s)
Then F is a global homeomorphism of H onto H.

= 0. (13.2.3)

Remark 13.2.1. One can take, for example, ¥(s) = m = const, and then
the assumption (13.2.2) reduces to (13.2.1). One can take ¢(s) = as + b,
where a,b > 0 are constants.

Proof of Theorem 13.2.2. Tt follows from (13.2.2) that F' is a local homeo-
morphism. We want to prove that F' is injective and surjective.

Let us first prove that (13.2.2) implies surjectivity of F'.

Consider problem (13.1.2). Denote

|F'(u(t)) = fI = g(t). (13.2.4)

Under the assumptions of Theorem 13.2.2 problem (13.1.2) has a unique
local solution. We will establish a uniform with respect to ¢t bound

sup [lu®)]] < e (13.2.5)

and then the local solution to (13.1.2) is a global one (see Lemma 2.6.1).
Then we prove the existence of u(co) and that u(co) solves equation (13.1.4).
This will prove the surjectivity of F.

We have, using (13.1.2),

99 = Re(F'(u)u, F(u) — f) = —¢°.
Thus
g(t) = g(0)e™". (13.2.6)

This and (13.1.2) imply

[[al| < 9([ull)g(0)e™". (13.2.7)
Note that
[l [ <[] (13.2.8)

Indeed, differentiate (u,u) = |u||? with respect to t and get

2[[ul[[lull = 2Re(d, w) < 2[[af]||ul].
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If [|u(t)|| > O then we get (13.2.8). If the closure of the set of points ¢ at
which u(t) = 0 contains an open set, then on this set ||[u|[ = ||u|| = 0, so
(13.2.8) holds. If inequality (13.2.8) holds everywhere except on a nowhere
dense set, then by continuity of ||@(t)|| it holds everywhere.

Thus, denoting ||u(t)|| := s, we can derive from (13.2.7) the inequality

/|u(t>| ds < o(0)(1— ) (13.2.9)
ol 00 =7 S B

Thus inequality and assumption (13.2.3) imply estimate (13.2.5). From
(13.2.5) and (13.2.7) it follows that

la()]] < cre™, (13.2.10)
where

= 90) s ve)

Estimate (13.2.10) implies the existence of u(co) and the inequalities
[|[u(t) — u(o)|| < ere™,  ||u(t) —ugl| < c1. (13.2.11)

Passing to the limit ¢ — oo in equation (13.1.2) and taking into account
(13.2.10) we derive equation

Fv)—f=0, v:=u(c0). (13.2.12)
Since f is arbitrary, the map F' is surjective.

Let us now prove that F is injective, i.e., F(v) = F(w) implies w = v.

The idea of our proof is simple. We started with the initial approximation

ug in problem (13.1.2) and constructed v = u(o0o;ug). We wish to consider
the straight line

uo(s) = up + s(w —up), wo(0) =up, up(l)=w, (13.2.13)
and for each ug(s) we construct

u(t, s) := u(t, up(s)).
We will show that

u(oo,8) =w Vs e [0,1]. (13.2.14)

This implies w = v.
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To verify (13.2.14) we show that if
[lu(00, ) — u(c0, s + o)
is sufficiently small, then the equation
F(u(c0,s)) = F(u(co,s +0)) = f
implies
u(oo, s) = u(oo, s + o), (13.2.15)

because F' is a local homeomorphism.
We prove that

[|u(oo, 8) — u(o0o, s + 0)|| < ¢||u(0, s) —u(0,s+ 0)|] < ca0, (13.2.16)
where
¢ = c|lw — o],

so that ||u(oco,s) — u(oo, s + 0)|| is as small as we wish if o is sufficiently
small. Thus, in finitely many steps we can reach the point s = 1, and at
each step we will have equation (13.2.14). So, our proof will be complete
if we verify estimate (13.2.16).

Let us do this. Denote

w(t) = ult,s +o) —ult,s), nt):= [[z@)], (13.2.17)
z:=u(t,s+0), (:=ults), z—(=z=uxt). (13.2.18)
Using (13.2.10), (13.1.2) and (1.3.2), we get:
m = —(F'I(F&) - )= FQIHEQ) = ),=()
= (F'@)7 = [FOITER) = f),z(t)
F ) -
3

—([F'(2)] 7" (F(2) = F(Q)), z(t))
< ce ' =n*+e®, n>0. (13.2.19)

Here we have used the following estimates:
I[E' ()] = [F"(O1 ] < ell= =<l (13.2.20)
|F(2) = fl] < ce™, (13.2.21)

F(z)—=F(Q)=F()(z- 0O+ K, |K|< Mz’f(t), (13.2.22)
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IE I < e

(13.2.23)

where ¢ > 0 denotes different constants independent of time. From equa-

tion (13.2.19) we obtain the following inequality:

N < —ntcenten?, n0)=|u(0,s+0o)—u0,s)| := 5. (13.2.24)

Let us define ¢ = ¢(t) by formula:
n=q(t)e™".

Then (13.2.24) yields:
g<ce'(a+q*), q(0)=0

We integrate (13.2.26) and get

q(t)
/ dq <e(l— eft).
4

q+aq*

This implies

0+1 1)
lnq( +1) <eg, Lg e’ := ¢o6,
(g+1)8 g+1 =~ 6+1
where cg = 51—1. We assume that
o < 1.

Then (13.2.28) yields
q(t) < esd.
Therefore

lu(t, s + o) —u(t, s)|| == n(t)

< esde”[[u(0, 5 + o) — u(0,5)[| < cae” o

(13.2.25)

(13.2.26)

(13.2.27)

(13.2.28)

(13.2.29)

(13.2.30)

(13.2.31)

We have verified estimate (13.2.16). This completes the proof of injectivity

of F.
Theorem 13.2.2 is proved.

O



Chapter 14

DSM and iterative methods

14.1 Introduction

In this Chapter a general approach to constructing convergent iterative
schemes is developed. This approach is based on the DSM. The idea is
simple. Suppose we want to solve an operator equation F'(u) = 0 which
has a solution, and we have justified a DSM method

i =®(t,u), u(0)=ug (14.1.1)
for solving equation F'(u) = 0. Suppose also that a dicretization scheme
Upt1 = Up + AP (tn, up), up=ug, tny1 =ty +h, (14.1.2)

converges to the solution of (14.1.1) and one can choose h,, so that

o0
> hn =t
n=1

where t € Ry is arbitrary, then (14.1.2) is a convergent iterative process
for solving equation F'(u) = 0.

Iterative methods for solving linear equations have been discussed in
Section 2.4 and 4.4. The basic result we have proved in these Sections can
be described as follows:

Every solvable linear equation Au = f with a closed densely defined
operator in a Hilbert space H can be solved by a convergent iterative process.

If the data f5 are given, such that ||fs — f|| < §, then the iterative
process gives a stable approximation to the minimal-norm solution of the
equation Au = f provided that iterations are stopped at n = n(d), where
n(0) is suitably chosen.

183



184 14. DSM AND ITERATIVE METHODS

In Section 14.2 we construct an iterative method for solving well-posed
problems. We prove that every solvable well-posed operator equation can
be solved by an iterative method which converges at an exponential rate. In
Section 14.3 we construct an iterative process for solving ill-posed problems
with monotone operators. We prove that any solvable nonlinear operator

equation F(u) = f with C2_ monotone operator F' can be solved by an

iterative process which converges to the unique minimal-norm solution y
of this equation for any choice of the initial approximation. In Section 14.4
we deal with iterative processes for general nonlinear equations.
14.2 Iterative solution of well-posed problems
Consider the equation

F(u) =0, (14.2.1)

where F': H — H satisfies conditions (1.3.1) and (1.3.2) and H is a Hilbert
space. Let a DSM for solving equation (14.2.1) be of the form

4 =®(u), u(0)=u, (14.2.2)

and assume that conditions (3.1.23) and (3.1.24) hold. Note that in Sec-
tions 3.1 - 3.6 the ® did not depend on ¢. That is why we take ®(u) rather
than ®(¢,u) in (14.2.2). We assume that & is locally Lipschitz.

Consider the following iterative process

Unt1 = Up + A P(uy), wo = ug, (14.2.3)
where the initial approximation ug is chosen so that condition (3.1.25) hold.

Theorem 14.2.1. If F satisfies conditions (1.3.1), (1.3.2), (3.1.25) and
® satisfies conditions (3.1.23) and (3.1.24), and if h > 0 in (14.2.8) is
sufficiently small, then iterative process (14.2.3) produces ., such that

un = yll < Re™"™, ||F(un)| < [|[Folle="", (14.2.4)
where
Fy := F(ug), c¢=const>0, c¢<ecy,

¢y 18 the constant from condition (3.1.23), R > 0 is a constant from con-
ditions (1.3.1) and (1.8.2), and y solves equation (14.2.1).
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Proof. For n = 0 the second estimate (14.2.4) is obvious, and the first one
follows from (3.1.27) and (3.1.25). Assuming that estimates (14.2.4) hold
for n < m, let us prove that they hold for n = m 4 1. Then, by induction,
they hold for any n. Denote by w,,+1(t) the solution to the problem

w(t) = ®(w), wnh)=u,, t,:=nh<t<(n+l)h=:t,11. (14.2.5)

Estimate (3.1.26) yields

lw(t) — yll < Z2[|Fulle™ < Re~hn=er(t=nh)  y >4 (14.2.6)
C1
‘We have
ttngs = 9ll < ltmsr — wltns )| + [[wltns1) =y, (14.2.7)
and
tn+1
tnss — w(tns)l] < / (1) — D (w(s))]|ds
tn
b1
< L [ = o)

tnt1
< [ [ e
n+

Lihes / I (w(s)]|ds

n

IN

Licoh?[|F (uy )|
Licoh?||Folle¢hm. (14.2.8)

From (14.2.7), (14.2.8) and (14.2.6) with ¢ = (n + 1)h we obtain

IN A

[tni1 — yl| < Re=" (e=" 4+ Lycih?) < Re~ch(ntD), (14.2.9)
provided that
e~ L Licih? <e e (14.2.10)

Inequality (14.2.10) holds if ¢; > ¢ and h is sufficiently small.
Let us estimate ||F(unt1)]|. We have

E (una )| < [1F (ung1) = Fw(tnp))[| +[|F(w(tnen)]]. (14.2.11)

Furthermore, using (14.2.8) and (1.3.2) we get

1F (tng1) = F(w(tna))|| < Mi||uns1 —w(tni1)|| < MiLicoh®||Folle™ "
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(14.2.12)
and using (3.1.28) with ug = u,, and ¢t = t,41 — t,, = h, we get
1E(w(tas)]] < [[F(un)lle™" < [[Follemcnmem, (14.2.13)
From (14.2.11) - (14.2.13) we obtain
|[F(tns1)]| < [|Folle™" (e7" + MyLicah?) < ||Folle™" ™+ (14.2.14)
provided that
e M L M Licgh? < e . (14.2.15)

This inequality holds if ¢; > ¢ and h is sufficiently small.

Finally, the assumption (3.1.25) implies the existence of a solution y to
equation (14.2.1).

Theorem 14.2.1 is proved. O

Remark 14.2.1. If condition (3.1.25) is dropped but we assume that equa-
tion (14.2.1) has a solution y and ||ug — y|| is sufficiently small, then our
proof remains valid and yields the conclusion (14.2.4) of Theorem 14.2.1.

14.3 Iterative solution of ill-posed equations with
monotone operator

Assume now that equation (14.2.1) has a solution y, the operator F' in this
equation satisfies assumption (1.3.2) but not (1.3.1), and F' is monotone:

(F(u) — F(v),u—v)>0, Vu,veH, F:H—H, (14.3.1)

where H is a Hilbert space. Let y be the (unique) minimal-norm solution
to equation (14.2.1).

Theorem 14.3.1. Under the above assumptions one can choose h, > 0
and a, > 0 such that the iterative process

Un+1 = Un — hnAgl[F(un) + anun]a Up = Uo, (1432)
where Ay, = F'(un) + anl, and ug € H is arbitrary, converges to y:

lim |u, —y|| = 0. (14.3.3)
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Proof. Denote by V,, the solution of the equation
F(V,)+a,V, =0. (14.3.4)

This equation has a unique solution as we have proved in Lemma 6.1.6.
Let

‘We have
l[wn, =yl < gn + [[Ve = yl|- (14.3.6)

In Lemma 6.1.7 we have proved that
lim ||V, —y]| =0, (14.3.7)
provided that

lim a, =0. (14.3.8)

Let us prove that
nh_)n;o [|un — Vo|| = 0. (14.3.9)
Denote
b = [|[Vat1 = Vall.
Then
nlirr;o b, = 0.
Let us write (14.2.1) as
Zna1 = (1= hp)zn — hn AT K (2) — (Vigr — Vi). (14.3.10)
Here we have used Taylor formula:
F(up)+anun, = F(vy)—F(Vy) 4+ an(un—Vy) = Apzn+ K(2,), (14.3.11)

where

Mo
I Gl < 222 2 = eg?. (143,12
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From (14.3.10) we obtain
ch,,
9n+1 < (1_h7z)gvz+792+bn7 0< hn <l:= (1_7n)gn+bnv (14'3'13)

where the estimate

1
1471 < —
a

n

is used. Choose

apn, = 2¢gy,. (14.3.14)
Then
I
gnt1 < (L=hn)gn + ?gn + b,
I
Therefore
In+1 < (1 = n)gn + bn, (14.3.15)
where
hy, 1
n ‘= 57 0 n < )
T S =5

and g; > 0 is arbitrary.
Assume that

> hy = o0, (14.3.16)
n=1

Then (14.3.15) implies
lim g, = 0. (14.3.17)

n—oo

Indeed, (14.3.15) implies:

n—1 n n
gnir b+ 0 [ =) +a JJ =) (14.3.18)
k=1  j=k+1 j=1

Assumption (14.3.16) implies

lim_ [Ja-v) =0 (14.3.19)
j=1
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Assume that (14.3.16) holds and

bn—l
li
nvoe

—0. (14.3.20)

Then

n—1 n
nan;oZbk I a-v) =0 (14.3.21)

k=1  j=k+1

This follows from a discrete analog of L’Hospital’s rule:

If pr, g > 0, lim, 00 g, = 00, and lim,_, o % exists,
then
li Pn . Pn — Pn-—1
im — = lim ————.
n—00 (p, n—00 (p — dn—1

In our case

n—1 k n
=> b [[a-7), @=]]0-w)" Jim g, = oo,
k=1 j=1 j=1
. Pn — Pn-1 by— 1H (1 ry])
lim =—"=2 = lim —
"m0 Gn T o1 n=oo [T (=) = T2 (1 =)
b
= lim 2= =0, (14.3.22)

n—oo —yp,

where we have used assumption (14.3.20).
Theorem 14.3.1 is proved.
O

Remark 14.3.1. If h = const, h € (0,1), then condition (14.3.16) holds,
so one can use h, = h, h € (0,1), in the iterative process (14.3.2) with
ay, chosen as in (14.3.14). Then (14.3.15) takes the form

Int+1 < qgn +bn, q:=1—he(0,1), lm b, =0, (14.3.23)

n—oo

g1 is arbitrary, and (14.3.23) implies lim,, . g, = 0.
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14.4 Iterative methods for solving nonlinear
equations

In this Section we do not assume that F' : H — H is monotone. We assume
that condition (1.3.2) holds, that y solves equation (14.2.1), F(y) = 0, and
that

A:=F'(y) #£0. (14.4.1)

We want to construct a convergent iterative process for solving equation
(14.2.1).

The DSM for solving this equation has been given in Section 7.1, formula
(7.1.3), and we use the notations and the results from this Section. Consider
the corresponding iterative method:

Uptl = Up — hnTa:Ll [A* (un) F(un) + an(un — 2)],  uo = ug, (14.4.2)
where a,,, h, > 0 are some sequences,
T:= A"(un)A(ur), Tu, =T+ anl.
Following the method developed in Section 7.1, let us denote
Up — U= Wy, ||Wnl|] = gn, (14.4.3)
and rewrite (14.4.2) as follows:
W1 = wp —hn Ty A (un) (F(ug) — F(y)) +anwy, +an(y—2)]. (14.4.4)

As was proved in Section 7.1, we can choose z so that
~ 1
y—z="Tv, 2MMs]|v|| < 2 (14.4.5)

where M; and Ms are constants from (1.3.2). This is possible if assumption
(14.4.1) holds.
Let us use the formulas:

Flun) = F(y) = Al + K(wo), K@)l < 5262, (14.46)

1
—1 g% <
175, A" (un)|| < N (14.4.7)

and rewrite (14.4.4) as follows:

Wnt1 = (1= hp)wy — by Ty " A* (u) K (0n) — hyan Ty T, (14.4.8)
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We have
T = (1.} = T,07) T+ 1,7,
Therefore
ITe Toll < 11 (Tt = Tat) Tllloll + o]l (14.4.9)

where the inequality
1T, 'T| <1, a>0,

was used.
From (14.4.7) - (14.4.9) we obtain

M,
Gnt1 < (L= hp)gn + hn—=g2 + hpay|v]|

Tya,
+ hnan| ol (To7) = 70,0 Tl (14.4.10)
Denote
M.
Cor="3"
and use the following estimate:
(T} =T T = 1T A () Aun) = A* () AT, |
2M1 Msgy, n
< 127200 CIn (14.4.11)
an an
From (14.4.10) and (14.4.11) we get
hnp, hnp,
Gni1 < <1 - 2) gn + C‘\@ﬁ 2 4 hpan]|oll, (14.4.12)
where we have used inequality (14.4.5), which implies
1
allell < 3.
Let us choose a,, so that
o L. 2 2
gn = —, le., a,=16cg;. (14.4.13)
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Then (14.4.12) takes the form

hy
i < (122 ) gu 4 1600l g0 =Iluoyll < R, (14010

where R > 0 is the radius of the ball in condition (1.3.2).
We can choose h, = h € (0,1) and go > 0 such that (14.4.14) implies

lim g, =0. (14.4.15)

n—oo
This possibility is seen from the following lemma.

Lemma 14.4.1. Let
Gnr1 SVgn 195, go=m>0; 0<y<1l, p>0, (14.4.16)

where p is an arbitrary fized positive constant. If m > 0 is sufficiently
small, namely, if

m < (q—7)/p,

where q € (7,1) is an arbitrary number, then the sequence g,, generated by
(14.4.16) tends to zero:

lim g, =0 (14.4.17)

n— 00

at a rate of a geometrical progression,
gn <mq", 0<gqg<l1.

Proof. Assumption (14.4.16) implies

One1 < ¢"T'm, y<qg<1l, n=0,1,2,--- (14.4.18)

provided that

m<®™70 4 <g<1. (14.4.19)

Let us prove (14.4.18) by induction. We have
g1 < ym+pm® < qm, m = go,

provided (14.4.19) holds. So (14.4.18) holds for n = 0. Assuming that it
holds for some n, let us check that it holds for n + 1:

gtz < YGne1 +0gn1 < 0" Im 4 pg? P m?

< @"THym +pm?) < ¢"Pm. (14.4.20)

So Lemma 14.4.1 is proved. O
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From Lemma 14.4.1 it follows that we can choose a constant h, = h in
(14.4.14) such that by choosing go sufficiently small we get (14.4.15).
Let us formulate the result we have proved.

Theorem 14.4.1. Assume tht F' : F — H satisfies conditions (1.3.2)
and (14.4.1), where y solves equation (14.2.1). Then the iterative process
(14.4.2) produces a sequence u, such that

lim |[u, —y|| =0, (14.4.21)

provided that ay, is chosen as in (14.3.3) and h, = h is a constant, h €
(0,1), uo — y 1s sufficiently small, and z is chosen so that (14.4.5) holds.
The convergence in (14.4.21) is at the rate of a geometrical series at least.

Remark 14.4.1. Theorem 14.4.1 guarantees that any solvable equation
(14.2.1) can be solved by a convergent iterative process if conditions (1.3.2)
and (14.4.1) hold. We do not give an algorithm for choosing z, but only
prove the existence of such a z that (14.4.5) holds.

14.5 Ill-posed problems

Suppose that the assumptions of Theorem 14.3.1 or Theorem 14.4.1 hold,
that equation

F(u)=f (14.5.1)

is being considered, and that noisy data fs, ||fs— f|| < d, are given in place
of the exact data f for which equation (14.5.1) is solvable. We want to show
that iterative processes (14.3.2) and (14.4.2) can be used for constructing
a stable approximation to a solution y of equation (14.5.1). This is done
by the method developed in Section 4.4. Namely, we stop iterations at the
stopping number n = n(d), lims_on(d) = oo, which can be chosen so
that us := uy,(s)(fs) is the desired stable approximation of y in the sense

}1_% [lus —y|| = 0. (14.5.2)

Here wuy,,(5)(fs) is the sequence, generated by the iterative process (14.3.2)
(or (14.4.2)) with F(uy) — fs replacing F(uy). Consider, for example,
iterative process (14.3.2), where u,, is replaced by wy, s := un(fs) and F'(uy,)
is replaced by F'(u,) — fs. We have proved in Theorem 14.3.1 that

i [l () — ]| =0, (14.5.3)
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where uy, := u,(f) is generated by (14.3.2) with F'(u,)— fs replacing F(uy,),
f being the exact data. We have

un(fs) = yll < llun(fs) = un(HI + lfun(f) = yll- (14.5.4)

If we choose n = n(d) such that

}I_I% n(d) = oo (14.5.5)
and
1 [t (£5) — (o (£ =0, (14.5.6)

then, due to (14.5.3), the element us := wu,(5)(fs) gives the desired stable
approximation of the solution y. Due to the continuity of u,(f) with
respect to f for any fixed n, we have:

|[un(f5) = un(f)| < €(n,0), (14.5.7)

where
}in(l) e(n,6) =0, (14.5.8)
n being fixed. Therefore, denoting

n(f) = 9l] = wln),  lim w(n) =0, (14.5.9)

n—oo

we rewrite inequality (14.5.4) as
|[un(f5) = yl| < €(n, ) +w(n). (14.5.10)

Minimizing the right-hand side of (14.5.10) with respect to n for a fixed
small § > 0, one finds n = n(d), and

lim [e(n(8),6) +w(n(d)] =0, lim n(6) = oc. (14.5.11)

One can also find n(d) by solving the equation
e(n,d) = w(n) (14.5.12)

for n for a fixed small § > 0. For a fixed § > 0 the quantity €(n, §) grows as
n — 00, so that equation (14.5.12) has a solution n(J) with the properties
(14.5.11). This was proved in Section 2.4 for linear operators.
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For nonlinear operators one may choose an arbitrary small number 1 >
0, find n = n(n), such that

win() < 3,

then for a fixed n(n) find § = d(n) so small that

e(n(n),8(n) < 5.

Then

e(n(n),d(n)) +w(n(n) <n.

The functions n = n(n), § = d(n) one can consider as a parametric
representation of the dependence n = n(d). The function w(n) can be
chosen without loss of generality monotonically decaying to zero as n —
oo. Thus the equation w(n) = 7 determines a unique monotone function
n = n(n), so that for a given n one can find a unique n(n) such that
n(n(n)) = n.

The function e(n, §) = dp(n), where one may assume lim,,_,, p(n) = oo
and p(n) grows monotonically when n grows.

Indeed

€(n,0) = |lun(fs) —un(HIl < sup |Juy, (|6 := p(n)é,
€l1€B(/.6)

where u/, (£) is the Fréchet derivative of the operator f — u,(f) for fixed n.
Since p(n) is an upper bound on the norm of this operator, one may assume
that p(n) grows monotonically with n. One may minimize the right-hand
side of (14.5.10) with respect to n for a fixed ¢ analytically if w(n) and p(n)
are given analytically.
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Chapter 15

Numerical problems arising in
applications

15.1 Stable numerical differentiation

Let f € C*(a,b), u > 0 be the space of u times differentiable functions.
If 0 < p < 1, then the norm in C*#(a,b) is defined as follows:

) —
fllenen = swp [f@+ sup LDZIWL
z€(a,b) z,y€(a,b), z#y ‘x - y|
If m < p<m+1, then
e [f™ (@) — f) (y)]
1fllonap = sup D IfP@)+  sup - :
(@0) z€(a,b) ;) z,y€(a,b), z#y |I - y|# m

If u = m, where m > 0 is an integer, then

171

Cm(ab) = SUp Z|f(j)($)\-
z€(a,b) =0

Suppose that 1 > 1 and fs is given in place of f,

lfs = fIl < 0.

We are going to discuss the problem of stable numerical differentiation of
f given the noisy data fs. By a stable approximation of f’ one usually
means an expression R fs such that

lim || Rs(f5) — /'l =0, (15.1.1)

197
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where the norm is C°—norm, i.e., the usual sup-norm. Thus
IRs(fs) = f'll :=m(d) =0 as 0—0, (15.1.2)

where Rjs is some, not necessarily linear, operator acting on the noisy data
f5. Since the data are {4, f5} and the exact data f are unknown, we think
that it is natural to change the standard definition of the regularizer and
to define a regularizer R;s by the relation:

sup |1Rs(fs) — f'|| ==n(6) =0 as & —0, (15.1.3)
FE€B(f5,0)NK

where K is a compactum to which the exact data belong, and

B(f5,0) = {f:|lf = fs|l < 0}

The above definition is the general Definition 2.1.3, applied to the problem
of stable numerical differentiation.
In many applications K is defined as

K=K:={f:|fll.<MJ, u>1, (15.1.4)

where || - ||, in (15.1.4) denotes C*—norm.

We will prove that

If u < 1, then there does not exist Rgs, linear or nonlinear, such that
(15.1.3) holds. If u > 1, then a linear operator Ry exists such that (15.1.3)
holds.

Moreover, Rs will be given explicitly, analytically, and n(d) will be
specified.

If p = 2, we will prove that Rs that we construct is the best possible
operator among all linear and nonlinear operators in the following sense:

sup ||Rsfs — £l = inf sup |[Tfs — /'l (15.1.5)
feEK2 s TeN feK, s

where
K2,5 = KQ N B(f5;6)7

and N is the set of all operators from L (a,b) into L*°(a,b).

Stable numerical differentiation is of practical interest in many applica-
tions. For example, if one measures the distance s(t), traveled by a particle
by the time ¢, and wants to find the velocity of this particle, one has to esti-
mate s'(t) stably given ss(t), ||ss(t)—s(t)|| < é. The number of examples
can be easily increased.
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The first question to ask is:

When is it possible, in principle, to find Rs satisfying (15.1.8)%
The second question we split into two questions:

How does one construct Rs?

What is the error estimate in formula (15.1.3)?

Let us answer these questions.

Theorem 15.1.1. If u < 1, then there is no operator Rs such that (15.1.3)
holds.

Proof. Without loss of generality, let (a,b) = (0,1), and let
file)=————=, 0<ax<2h, foz)=—fo(x). (15.1.6)
Let us extend f; from [0, 2h] to [2h, 1] by zero and denote again by f; the

extended function. This f; € W1°°(0, 1), where WP is the Sobolev space.
We have

Mh?
1l := sup |fu(2)l = ==, k=12 (15.1.7)
z€(0,1)
Let
20
h=4/—- 15.1.8
;i (15.1.8)
Then
Mh?
=4.
For fs = 0 we have
fie = fsll = [ fxll = 0. (15.1.9)
Denote
T(0)[e=0 := b, (15.1.10)

where T' = T is some operator,
T: L(0,1) — L>(0,1).
Let K; be given by (15.1.4) with a constant M;. We have

£/(0) = Mh.
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Thus
v o= lnffEUIfé\lT(fa) Il = it max{]b — f1(0)], [+ fL(0)[}
= irgfmax{|b—Mh\,|b+Mh\}
= Mh=V25M = €(6). (15.1.11)

If the constant M; in the definition of K7 is fixed, then

sup |fi(z)|= sup M|h—z|=Mh=vV20M < M;. (15.1.12)
z€(0,1) z€(0,2h)

Since M in (15.1.6) is arbitrary, we can choose M = M (d) so that V20 M =
2

My, ie M= %. In this case v > M; > 0, so that relation (15.1.3) does

not hold no matter what the choice of Rs is. If u < 1, then for no choice

of Rs the relation (15.1.3) holds because f’ does not exist in L°°(0, 1).

Theorem 15.1.1 is proved. O

An argument similar to the above leads to a similar conclusion if the
derivatives are understood in L? sense, || - || is the norm in the Sobolev
space H# = HH(0, 1), i.e. the space of real-valued functions with the norm
defined for an integer p > 0 by the formula

1

2

lullu = leu(”II2

1
ul = / fu?de,

and for arbitrary values p > 0 the norm is defined by interpolation, see,
for instance [BL].

The main differences between C* and H* cases consists in the calcula-
tion of the norms || f1||o and || f1]|o:

where

1f1lle2,0) = 1fillo = coMh®, || f{]| = et Mh?, (15.1.13)
where cg, c; > 0 are constants.
Indeed
2h 2 21,5
M M=*h 1 1 1
2 = —_— 2 —2h 2d 2h - - o
I8l = [ Sette—2mPae = S en? (5 - 1+

= M2h5% :

277215
= cgM*h?,
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2h
2 .
1Fil[6 = [ M*(z—h)*de = SM?h® = LMD,
0
Choose h from the condition (15.1.9):
2
S=6, h o)’ (15.1.14)
Mh? = = . 1.
Co ) C()M
Let
fi=0, K= {7 1fllo+ £l < ).
Then
= ol sup [[T(f5) ~ '
FEKE
> infmax{||T(0) = fillo, [I7(0) - fillo}- (15.1.15)
Denote
¢ :=T(0) € L*(0,1),
and set

o=cfi+v, (@, f1) =0, c=const. (15.1.16)

Then (15.1.15) implies

v > b maxy/|L— IR+ 1013 /11 + cRIAIR + 913}

ceR, P Lf]

= max{l— e, 1+ e}IAlo = 1Allo = euMh?. (15117
From (15.1.14) and (15.1.17) we get

yo > M55 (15.1.18)
o

We choose h by formula (15.1.14), and then condition (15.1.9) holds. We
then choose M such that

ctMh2 = M;. (15.1.19)
Then (15.1.17) yields
v2 = My > 0. (15.1.20)

Thus we have an analog of Theorem 15.1.1 for L?- norm.
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Theorem 15.1.2. If u < 1, then there is no operator Rs such that (15.1.3)
holds with || - || = || - | z2(0,1)-

Proof. We have proved this theorem for p = 1. If u < 1, then f’ does not
exist in L2(0,1), so (15.1.3) does not hold with || - || = || - [|2(0,1)-

Let us now prove that if g > 1, then relation (15.1.3) holds. We obtain
an estimate for 75(d). Define

PGS, 0<e <h(),
Ryfsi={ DO b)) - p(s) <z <1-h(s),  (15.1.21)

fa’(r)*ﬁgﬂ)ﬁ*h@))’ 1-nf)<z<1
where h(d) > 0 will be specified below. Our argument is valid for L norms
with any p € [1,00]. We have

IRs fs—f'll < [|Rsfs—Rs flI+||Rs f—f'l| < [|Rsl[6+[|Rsf—f'll. (15.1.22)

For simplicity let us assume that f is periodic, f(z + 1) = f(z), and,
therefore, f is defined on all of R. Then we can use the middle line in
(15.1.21) as the definition of Rsfs, get

1
[1Rs]| < 7=, (15.1.23)

h(9)

i

and

IRs(fs) — Rs(f)l] < fé) (15.1.24)

Let us estimate the last term in (15.1.22). Let h(d) := h, and assume
f € C2. Then, for the L>®-norm we have:

z+h)—f(x—h
Hf(+)2hf( )_f/”

F@)+h (@) + B2 £ ()~ f @) +hf (2) =B f7(E) o
| o !

Msh
< Mgh

(15.1.25)
where {4 are the points in the remainder of the Taylor formula, and

M, = sup |f™)(x)].
z€(0,1)

Thus (15.1.22), (15.1.24) and (15.1.25) yield:
Mah
2

I[Rsfs — f'l| < % + = (6, h). (15.1.26)
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Minimizing the right-hand side of (15.1.26) with respect to h, we get

h= ;4—52, ns(8) :=n(d, h(d)) = \/2M>30. (15.1.27)

These formulas are obtained under the assumption f € C2.
If feCr, 1< pu<2, then the estimate, analogous to (15.1.25), is:

- B . z+h
(AL L) H%/_} 70— £
xz+h

H M|t — x|~ ]|
—h

2M,,_
- 2 1||/ s |

M, _h*— 1
= —um (15.1.28)
I

Therefore estimates similar to (15.1.26) and (15.1.27) take the form:

IA

5 M, hrt
HmﬁffH§E+—ii——:n@m, (15.1.29)

1
h="h(6) =cudr, c¢,:= [W} U

0(8) = n(6, h(8)) = Cud "7, (15.1.30)
where
L My1
C,= m + #CZ L (15.1.31)
O

We have proved the following result.

Theorem 15.1.3. If u € (1,2), then Rs, defined in (15.1.21), satisfies
estimate (15.1.8) if h = h(9) is given in (15.1.30), and then the error n(d)
is given also in (15.1.30).

If > 2, then one can define

@ . A@ kh) . 1
Ry = k_Z_Q f ( G (15.1.32)
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Suppose

sup | £ ()] < My, (15.1.33)

where m = 2q or m = 2¢+ 1, and ¢ > 0 is an integer. Let us take @ = ¢ in
(15.1.32) and choose the coefficients A§-Q) so that the difference R,SQ) —f
has the highest order of smallness as h — 0. Then these coefficients solve
the following linear algebraic system:

Q 7 .
1 (K @ _ , 1, k=,
k_ZQﬂ<Q> AR =5, 0<j<20, 5@»_{07 ke (15139)

We set A(()Q) = 0. Then system (15.1.34) is a linear algebraic system for 2¢Q)

unknown coefficients A,(vQ) , k=41,---,£Q, with Vandermonde matrix
whose determinant does not vanish. Thus, all the coefficients

A9 1<k <Q,

are uniquely determined from the system (15.1.34). For example:

A 0, -2}

2 2 2

AP =0, A7) =44 AP =+l

AP =0, AY=x3 A -ih A -ih

etc.
Let m=2¢+1>1, ¢=@Q. We have

Q)
h )

Cc
IRQf — /| < 2Npg 1029, [|R\D || = ( (15.1.35)

where
< Q)
@ =S 149
k=—Q

Therefore an inequality analogous to (15.1.26) with L**-norm will be of the
form

«(@)d
h

|‘R§LQ).}C6 _ f’H < + 2Mmhm71 = 77((5, h) (15136)
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Minimizing the right-hand side of (15.1.36) with respect to h, we get:

h = h(5) = [Wfﬁz‘s_l)} "o, (15.1.37)
and
n(d) =0 (51*%) as 0 — 0.
We have proved the following result.

Theorem 15.1.4. If f € C™, m > 2, then the operator Rs := REI%)),
where QQ = "’T_l if m is odd, Q = F if m is even, and h(d) is given in
(15.1.37), yields a stable approzimation Rsfs of f' with the error n(§) =
O(6Y =) as 8 — 0, and estimate (15.1.3) holds. A similar result holds for

L?-norm, p € [1, 00].

Finally we state the following result, which follows from (15.1.11) and
(15.1.30) with p = 2:

[[Rsfs — f'll < /2Mad, h(d) = 1/%. (15.1.38)

Let 4 = 2 and the norm be L*°-norm. Then, among all operators 7', linear
and nonlinear, acting from the space of L> periodic functions with period
1 into itself, the operator

Tfs = Rsfs = fslx + h(d)Q)h—((SJ)%(JJ — h(9))

with  h(d) = ,/1\27‘1 gives the best possible estimate of f’, given the data
fs, |lfs — fl] <9, on the class of all f such that sup, |f"(x)| < Ms.

15.2 Stable differentiation of piecewise-smooth
functions

Let f be a piecewise-C?([0, 1]) function,
O<zi<a2<--<wy, 15755,

be the discontinuity points of f. We do not assume their locations z; and
their number J known a priori. We assume that the limits f(x; £0) exist,
and

sup [ (@) € My, m=0,1,2. (15.2.1)

wta; 1<j<T



206 15. NUMERICAL PROBLEMS ARISING IN APPLICATIONS

Assume that fs is given,

If = fsl == sup ]|f—f5| <4,

r#z,;,1<5<.

where fs € L>°(0, 1) are the noisy data.

The problem is:

Given { f5,0}, where § € (0,d0) and §o > 0 is a small number, estimate
stably f', find the locations of discontinuity points x; of f and their number
J, and estimate the jumps

pj = f(z; +0) — f(z; — 0)

of facrossx;, 1 <j<J.
A stable estimate Rsfs of f’ is an estimate satisfying the relation

. gt _
(}IL%HRafé f'll=0.

There is a large literature on stable differentiation of noisy smooth func-
tions, but the problem stated above was not solved for piecewise-smooth
functions by the method given below. A statistical estimation of the loca-
tion of discontinuity points from noisy discrete data is given in [KR2]. In
[R25], [R21], [KR1], various approaches to finding discontinuities of func-
tions from the measured values of these functions are developed.

The following formula (see Section 15.1) was proposed originally (in
1968, see [R4]) for stable estimation of f’(x), assuming f € C?([0,1]),
Ms # 0, and given noisy data fs:

fs(x + h(5)) = fs(z = h(5))

Rsfs

2h(0) ’
h(s) = (;2) . () <z <1-h(s), (15.2.2)
and
IRs f5 — f'l| < V/2Ma6 := £(5), (15.2.3)

where the norm in (15.2.3) is L*°(0,1)—norm. Numerical efficiency and
stability of the stable differentiation method proposed in [R4] has been
demonstrated in [R30]. Moreover, (cf [R13], p. 345, and Section 15.1 ),

inf  sup || Tfs — f'|| > e(0), (15.2.4)
T feK(Ma,,s)
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where T': L*°(0,1) — L°°(0, 1) runs through the set of all bounded opera-
tors,

K (My,0) == {f : 1"l < Mz, ||If = f5]| <0}

Therefore estimate (15.2.2) is the best possible estimate of f’, given noisy
data f5, and assuming f € K(Ma,J).
In [R44] this result was generalized to the case

fe KM, 0), |[f)<M, 1<a<2,

where

[f'(x) = f'(@)]

ot 1<a<?2,

LA = 1A+ 11l + sup

and f(® is the fractional-order derivative of f.

The aim of this Section is to extend the above results to the case of
piecewise-smooth functions.

Theorem 15.2.1. Formula (15.2.2) gives stable estimate of f' on the set
S5 = [h(8), 1 — h(8)]\ Uj_1 (2; — h(d),z; + h(3)), and (15.2.3) holds with
the norm || - || taken on the set Ss. Assuming My > 0 and computing the
quantities

fs(jh +h) — fs(jh — h)

f] = 2h )
where
25\ 1
= = — 1<y -
nmn)= () 1=i<il

for sufficiently small 6, one finds the location of discontinuity points of f
with accuracy 2h, and their number J. Here [%] is the integer smaller than
% and closest to % The discontinuity points of f are located on the intervals
(jh — h,jh + h) such that |f;] > 1 for sufficiently small §, where () is
defined in ( 15.2.3) . The size p; of the jump of f across the discontinuity
point x; is estimated by the formula

p; = fs(jh+ h) — fs(jh — h),

and the error of this estimate is O(V/5).
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Let us assume that min; [p;| := p > h(d), where > means "much
greater than”. Then z; is located on the j-th interval [jh — h,jh + h],
h := h(J), such that

fs(jh+h) — fs(jh —h)
2h

|f5] = > 1, (15.2.5)

so that z; is localized with the accuracy 2h(d). More precisely,

[fGh+h)—fGh=h)] ¢

> _
|f]| - 2h hﬂ
and
1)
E = 055(5),

where €(0) is defined in (15.2.3) . One has

|f(Gh+h) = fGh—=h) = |pi| = [f(Gh+h) = f(z; +0)|
=[f(Gh = h) = f(z; = 0)],
Thus,
;] ;]
|fil = 55 — My = 052() = clﬁ —c > 1,
where
VM.
c = 2\/5, and ¢y := My 4 0.5¢(9).
The jump p; is estimated by the formula:
pj = [fs(jh +h) — fs(jh = h)], (15.2.6)

and the error estimate of this formula can be given:
lpj — [fs(Gh + h) — fs(jh — R)]| < 20 +2Mih
=26+ 2My/ 22 = O(V9). (15.2.7)

Thus, the error of the calculation of p; by the formula

p; = fs(jh+ h) — fs(jh — h)
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is O(62) as § — 0.
Proof of Theorem 15.2.1. If x € Ss, then, using Taylor’s formula, one gets:

Moh
5

0
(Rsfs)(z) = f(@)] < o + (15.2.8)
Here we assume that Ms > 0 and the interval (x —h(d),z+h(d)) C S, i.e.,
this interval does not contain discontinuity points of f. If for all sufficiently
small h, not necessarily for h = h(d), inequality (15.2.8) fails, i.e., if

0  Msh

|(Rs f5)(x) — f'(2)] > e

for all sufficiently small h > 0, then the interval (x — h,xz + h) contains a
point x; & Ss, i.e., a point of discontinuity of f or f’. This observation
can be used for locating the position of an isolated discontinuity point x;
of f with any desired accuracy provided that the size |p;| of the jump of f
across x; is greater than kd, where k > 2 is a constant, |p;| > k¢, and that
h can be taken as small as desirable.

Indeed, if z; € (x — h,x + h), then we have

Ipi| — 28 —2hM; < |fs(x+ h) — fs(x — h)| < |p;| + 2h My + 26.

The above estimate follows from the relation

[fs(x +h) = fs(x = h)|
=|f(x+h) = f(z; +0) +p; + f(z; —0) — f(x — h) £ 2§]

Here |p £ b|, where b > 0, denotes a quantity such that

lp| =0 < [p+b] <|p| +b.
Thus, if h is sufficiently small and |p;| > kd, where k& > 2, then the inequal-
ity

(k—2)0 — 2hM; < |fs(xz+ h) — fs(x — h)|
can be checked, and therefore the inclusion z; € (x — h,z + h) can be
checked. Since h > 0 is arbitrarily small in this argument, it follows that
the location of the discontinuity point z; of f, at which |p;| > kd with
k > 2, can be established with arbitrary accuracy.

A discussion of the case when a discontinuity point x; belongs to the
interval (x — h(0),z 4 h(0)) will be given below.
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Minimizing the right-hand side of (15.2.8) with respect to h yields for-
mula (15.2.2) for the minimizer h = h(§) defined in (15.2.2), and estimate
(15.2.3) for the minimum of the right-hand side of (15.2.8).

If [p| > h(d), and (15.2.5) holds, then the discontinuity points are
located with the accuracy 2h(d), as we prove now by an argument very
similar to the one given above.

Consider the case when a discontinuity point x; of f belongs to the
interval (jh — h, jh + h), where h = h(§). Then estimate (15.2.6) can be
obtained as follows. For jh —h < z; < jh + h, one has

|f(zj +0) = f(z; = 0) = fs(jh + h) + fs(jh — D)
< 26+ f(x; +0) - f(jh+ )
+|f(zj —0) = f(jh — h)| <26 +2hM:, h = h(6).
This yields formulas (15.2.6) and (15.2.7). Computing the quantities
fj for 1 < j < [}], and finding the intervals on which (15.2.5) holds for
sufficiently small §, one finds the location of discontinuity points of f with

accuracy 2h, and the number J of these points. For a small fixed § > 0 the
above method allows one to recover the discontinuity points of f at which

il 9

This is the inequality (15.2.5). If h = h(¢), then

0 _ 0.56(6) = O(V3),

h
and
2hf; —p;| = O(V8) as §—0,
provided that My > 0. Theorem 15.2.1 is proved. O

Remark 15.2.1. Similar results can be derived if
£ oo (5) = I1F P lsy < My, 1< < 2.
In this case

h = h(6) = c,6%,

®I=

where ¢, = [m} , Rsfs is defined in (15.2.2), and the error of the

estimate is:

u—1
2\
|Rsfs — f'llss < uM (> 5.
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The proof is similar to the given above. It is proved in Section 15.1 that
for C*-functions given with noise it is possible to construct stable differen-
tiation formulas if p > 1 and it is impossible to construct such formulas if
@ < 1. The obtained formulas are useful in applications. One can also use
LP-norm on S; in the estimate || f(")||s, < M,,.

Remark 15.2.2. The case when My = 0 requires a discussion. In this case
the last term on the right-hand side of formula (15.2.8) vanishes and the
minimization with respect to h becomes meaningless: it requires that h
be as large as possible, but one cannot take h arbitrarily large because
estimate (15.2.8) is valid only on the interval (z — h,z + h) which does
not contain discontinuity points of f, and these points are unknown. If
Ms = 0, then f is a piecewise-linear function. The discontinuity points of
a piecewise-linear function can be found if the sizes |p;| of the jumps of f
across these points satisfy the inequality

Ipj| >> 26 + 2h M,
for some choice of h. This follows from the estimate
|fs(jh +h) = f5(ih — h)| > |pj| — 2hM; — 24,

if the discontinuity point x; lies on the interval (jh—h, jh+h). For instance,
if h = 33—, then 26 + 2M1h = 46. So, if |p;| >> 46, then the location of
discontinuity points of f can be found in the case when M; = 0. The

discontinuity points x; of f are located on the intervals for which

|fs(h +h) = fs(jh —h)| >> 49,

_ 5
where h = 1.

The size \1pj| of the jump of f across a discontinuity point x; can be
estimated by formula (15.2.6) with h = Mil, and one assumes that z; €
(jh—h, jh+h) is the only discontinuity point on this interval. The error of
the formula (15.2.6) is estimated as in the proof of Theorem 15.2.1. This
error is not more than 26 + 2M1h = 49 for the above choice of h = Mil.

One can estimate the derivative of f at the point of smoothness of f
assuming Ms = 0 provided that this derivative is not too small. If My = 0,
then f = ajz + b; on every interval A; between the discontinuity points
x;j, where a; and b; are some constants. If (jh — h,jh+ h) C A;, and

_ JsGh+h) = f5(Gh = h)
2h ’

fi:

then
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Choose h = 1%7 where ¢t > 0 is a parameter, and M; = max;, |a;|. Then

the relative error of the approximate formula
a; ~ fj
for the derivative f' = a; on A, equals to

|fj — a4 < M,
|aj] tlas]

Thus, if, e.g., |a;| > % and ¢t = 20, then the relative error of the above
approximate formula is not more than 0.1.

Suppose now that £ € (mh—h, mh+h), where m > 0 is an integer, and
€ is a point at which f is continuous but f'(§) does not exist. Thus, the
jump of f across & is zero, but £ is not a point of smoothness of f. How
does one locate the point &7

The algorithm we propose consists of the following. We assume that
Ms > 0 on S5. Calculate the numbers

£ fs(jh +h) = f5(jh — h)
7 2h

and

‘fj+1_fj|7 j:1,2,..., h:h(5)= - -
Inequality (15.2.3) implies

fi — (@) < f'(jh) < £; +£(9),

where £(0) is defined in (15.2.3).
Therefore, if

| fi1 > €(d),
then

sign f; = sign f'(jh).

One has:
20 20
J—;S\fy+1—fj|§c7+f7
where
)
= 0.5¢(9)

h
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and

J |f(jh+2h) — f(Gh) — f(jh +h) + f(jh — h)|
' 2h .

Using Taylor’s formula, one derives the estimate:

0.5[J1 — e(8)] < J < 0.5[J1 + ()], (15.2.9)
where

Ty =1/ Gh+ h) = f/(jh)].

If the interval (jh — h, jh + 2h) belongs to Sy, then

Ji = (Gh+h) = f'(Gh)| < Mah = £(9).
In this case

J < e(6),
S0

Ifit1 — fil <2e(8) if (jh—h,jh+2h) C Ss. (15.2.10)

Conclusion: If
| fi+1 — fil > 2(9),

then the interval (jh — h,jh + 2h) does not belong to Ss, that is, there is a
point & € (jh—h, jh+2h) at which the function f is not twice continuously
differentiable with | f"| < Ms. Since we assume that either at a point £ the
function is twice differentiable, or at this point f' does not exist, it follows
that if |fix1 — f;] > 2e(3), then there is a point & € (jh — h,jh + 2h) at
which f' does not exist.

If

fifi+1 <0, (15.2.11)

and

min(|f1, 1 £5]) > £(0), (15.2.12)

then (15.2.11) implies f'(jh)f'(jh + h) < 0, so the interval (jh,jh + h)
contains a critical point £ of f, or a point £ at which f’ does not exist. To
determine which one of these two cases holds, let us use the right inequality
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(15.2.9). If € is a critical point of f and & € (jh,jh + h) C Ss, then
J1 < g(6), and in this case the right inequality (15.2.9) yields J < ().
Thus

(i1 = il < 2(0). (15.2.13)

Conclusion: If (15.2.11) - (15.2.13) hold, then £ is a critical point. If
(15.2.11) and (15.2.12) hold and

|fi+1 — fi] > 2¢(0),

then £ is a point of discontinuity of f’.
If £ is a point of discontinuity of f/, we would like to estimate the jump

Pi=[f(§+0) = f(£-0).

Using Taylor’s formula one gets
P
firi—fj= 5 + 2.5¢(9). (15.2.14)
The expression A = B+b, b > 0, means that B—b < A < B+b. Therefore,
P =2(fj41 — f;) £ 5e(9). (15.2.15)

We have proved the following theorem:

Theorem 15.2.2. If€ € (jh—h, jh+2h) is a point of continuity of f and
[fi+1—fi] > 2¢(9), then £ is a point of discontinuity of f'. If (15.2.11) and
(15.2.12) hold, and |fj11 — f;| < 2e(6), then £ is a critical point of f. If
(15.2.11) and (15.2.12) hold and |fj11 — f;| > 2¢(9), then £ € (jh, jh+ h)
is a point of discontinuity of f'. The jump P of f' across £ is estimated by
formula (15.2.15) .

Let us give a method for finding nonsmoothness points of piecewise-
linear functions.

Assume that f is a piecewise-linear function on the interval [0,1] and
0 <z <---<uaxy<1isits nonsmoothness points, i.e, the discontinuity
points of f or these of f/. Assume that f5 is known at a grid mh, m =
0,1,2,...... , M,

h:M7 f§,m:f5(mh)» |f(mh)_f5,m‘ Sé vmv
where f,, = f(mh). If mh is a discontinuity point, mh = z;, then we

define its value as f(x; —0) or f(z; +0), depending on which of these two
numbers satisfy the inequalty |f(mh) — fs.m| < 9.
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The problem is:

Given fsm, Ym, estimate the location of the discontinuity points x;,
their number J, find out which of these points are points of discontinuity
of f and which are points of discontinuity of f’ but points of continuity of
f, and estimate the sizes of the jumps of f

Ipjl = |f(x; +0) — f(x; — 0)|
and the sizes of the jumps of f'
g = |f'(x; +0) — f'(z; —0)]

at the continuity points of f which are discontinuity points of .
Let us solve this problem. Consider the quantities

_ f&,m—i—l - 2f5,m + f&,m—l

G : 572 = gm + W,
where
Gm = ferl - 2fm + fmfl
m o2 )
and
0, fsm+1 — fme1 — 2(fs.m — fm) + fsm—1 — fm.
2h2
We have
] < oo = 22
M= op2 g2’
and

gm =01if z; &€ (mh — h,mh+h) Vj.
Therefore, the following claim hold:

Claim:
If min; |z;41 — ;| > 2h and
26
Gunl > 5. (15.2.16)

then the interval (mh — h,mh+ h) must contain a discontinuity point of f.

Condition (15.2.16) is sufficient for the interval (mh — h,mh + h) to
contain a discontinuity point of f, but is not a necessary condition: it
may happen that the interval (mh — h,mh + h) contains more than one
discontinuity points (this is only possible if the assumption min; |z;41 —
x| > 2h does not hold) without changing g,,, or G,,, so that one cannot
detect these points by the above method. We have proved the following
result.
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Theorem 15.2.3. Condition (15.2.16) is a sufficient condition for the
interval (mh — h,mh + h) to contain a nonsmoothness point of f. If one
knows a priori that min; |x;41 — x;| > 2h, then condition (15.2.16) is a
necessary and sufficient condition for the interval (mh — h,mh + h) to
contain exactly one point of nonsmoothness of f.

Let us estimate the size of the jump |p;| = [f(z; +0) — f(z; — 0)].
Let us assume that (15.2.16) holds, xj11 — x; > 2h, so there is only one
discontinuity point x; of f on the interval (mh — h, mh + h), and assume
that z; € (mh — h,mh). The case when z; € (mh,mh + h) is treated
similarly. Let

f(z) =ajz+b; when mh<z<uz;j,
and

f(x) =ajp1x+bj41 when z; <z <(m+1)h,
where a;,b; are constants. One has

—(aj+1 —aj)(mh —h) — (bj+1 — b)

Gm = 212 ’
and
Ipjl = (aj+1 — aj)z; + bjtr — byl.
Thus
] = | —(aj+1 — aj)xj — (bjt1 — b;) — (@41 — a;)(mh — h — x;) |

2h?

T 202 2h2 ’
where A + B denotes a quantity such that A— B < A+ B < A + B,
A, B> 0.
Let

_pyl n laj+1 — ajllz; — (mh — h)|

laj+1 —aj| = g;.
Note that
|z; — (mh—h)| <h if mh—h<z; <mh.

Thus,

21 gih = 20
= Pl (9 20
(Gl =252 £\ g2 + 72



15.3. SIMULTANEOUS APPROXIMATION 217

Therefore,

|p; | gih 40
G = 231 | (B0 200N
2h? Ipil — Ipjl

provided that |p;| > 0.

If
ih+ 46
% << 1 and |p;| >0,
Pj

then
pj| ~ 2h%|Gn).-

bj—bjt1

: -, and
aj+1—0aj

If p; =0, then z; =

G |_qJ'(Ij*mh+h) 20
e 2h? h?’

because x; > mh — h by the assumption. Thus,

 2h%|Ga
4 xj—mh+h’

provided that p; = 0 and 6§ << g¢;(z; — mh + h).
If

min |z, 41 — ;| > 2h,
j

then the number J of the nonsmoothness points of f can be determined as
the number of intervals on which (15.2.16) holds.

15.3 Simultaneous approximation of a function and
its derivative by interpolation polynomials

In this Section we present a result from [R8]. We want to construct an in-
terpolation polynomial which gives a stable approximation of a continuous
function f € C(I), I := [—1, 1], given noisy values f5(z;), | f5(z;)—f(z;)| <
¢, and approximation should have the property that its derivative gives a
stable approximation of f.

The idea is to use Lagrange interpolating polynomial L,,(z) with nodes
at the roots

2n+ 2

xjxj7n+1:cos< 77), 1<j<n+1,
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of the Tchebyshev polynomial T, (z), z €1,

n+1
Tp(z) =27 Veos(narccosz), Ly = Loz, f) = Y f(x;)l;(x),
j=1
(15.3.1)
where
Tn+1(x)
li(x) : 15.3.2
= T e 132
Let
n+1 n+1
o ) ’ L / ro ’
Ao 1= mZ @), () = Z G X, = max A, (). (15.3.3)
j= j=
It is known (see [A]) that
In(n + 1) 4
— < A\ —1 1). 15.3.4
W < <8+7Tn(n+) (15.3.4)

Let

En(f) = min max|f(z) — P(z)],

where P,, is the set of all polynomials of degree < n. The polynomial of
the best approximation exists and is unique for any f € C(I).

If C" = C"(I) is the set of r times continuously differentiable functions
on I with the norm

111l = mas{| (@) + 17 (@)}

and f € C1, then (see [T])
IIf = Lll < (1+ An)En(f), (15.3.5)

where || - || := || - [|o-
Let us state our results.

Theorem 15.3.1. Let f € C'. Then
1f" = Lol < (L+ X)) En(f), (15.3.6)

|f/(z) — L (2)| < <1 + %) E._1(f), M, <n?\,, (15.3.7)
—x
X, (o) < 2

<= (15.3.8)
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Let

n+1

Lns(x) =Y fsla;)l().
j=1

Our second result is the following theorem:

Theorem 15.3.2. Let f € C", r > 3. Then there ezists a function n(J)
such that

ILn(),s — fIl = O né]), & —0, (15.3.9)
|%Ln(5),5(95) = f(@)] £ Bpca ()L +A,] 46X, (2), (15.3.10)
1 Lags).s = FII < (L4 M) En(f) + X (15.3.11)

The following lemma will be used in the proofs.

Lemma 15.3.1. Let P; € P, and

Y IP@)| <M, zel, (15.3.12)

i Mn

> IPj(@)| < = (15.3.13)
Jj=1

> IPj(x)| < Mn?. (15.3.14)

This lemma is a generalization of the known for m = 1 inequalities of
S. Bernstein.

Proof of Lemma 15.3.1. Let
xz =cosf, Pj(x)="P;0).
Then (see [T], p. 227):

2 1 2k — 1)
0) = — _1)+1ip. S S
Pi(0) =+ 221:( DR+ 0) Tr s = g (13315)
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and
2n

1 1

From (15.3.12), (15.3.15) and (15.3.16) we get

m m 2n
1 1
o)<y | — DRIP40 15.3.1
ZIPJ()_Z4 Z_: Pi0+00) Sz (15.3.17)
j=1 j=1 k=1 2
1 2n m

< — 1)kt (0 +01,)| < Mn. 15.3.18

S iZ:) V) 15319
Using (15.3.18), we get

m m d Mn

1P =D IPiO) | 7| < —= (15.3.19)

=1 =1 drl = V1—a
o0 (15.3.13) is proved.

Let us prove (15.3.14).
If |x| < cos ( ) then, using the inequality
. 2z T
simx > —, 0<z< —,
us 2
we get:
T T 2 1
1— 22> gi (7) — = 15.3.2
V1-a? 2sin(o-) > oo~ = — (15.3.20)

0 (15.3.14) follows from (15.3.19) if || < cos (%).
If

< <

cos (Qn) |z] <1,

then we use the following known formula: (see [PS], problem VI. 71)
on—1 & ; T,.(z)

P 174 /1 =22 Pl(x;,)——"t 15.3.21
(@) = = g ) PPl 2 (15521)
and get
m on—1 n.om T,
SIE@ < 2% 2 1Pl ()| 2L
k=1 [ o = zjn
2n 1 n |Tn
= <M 15.3.22
= n Z|x—x3n|* n’ (15.3.22)
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Here we have used inequality (15.3.19):
> \J1=a2, | Pi(xjn)| < Mn, (15.3.23)
=1

and took into account that (see [PS] problem VI. 80)

n—1 " !
e = T =T
|:E - xj n| n -, n
Jj=1 ’
if 005(2 ) < |z < 1. (15.3.24)
Lemma 15.3.1 is proved. O

Proof of Theorem 15.5.1. Let Q. (x) be the polynomial of the best approx-
imation for the function f(x), i.e.,

Note that
Therefore

+ 1 Ln (2, Qn) — Ln(z, £
< Bu(f) + MEal(f), (15.3.25)

where )\, is defined in (15.3.3)
Let P,_1(x) be the polynomial of the best approximation for f’, i.e

f = Paall = Enoa(f).
Let

Po(z) == f(0) +/Ox Po_i(tydt, P, =P, ;. (15.3.26)

‘We have
L;z(xapn) = Pyll = Pn—l,
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and
I1f = Pall < / /(1) = Paca(t)ldt]] < Buoa(F): (15.3.28)

Using estimates (15.3.26) - (15.3.28), we obtain:

[f'(@) = Liy(z, )l < 1f' (@) = Paca(@)] + [Paca(z) — Ly (2, o)
+ |L{n(xa Pn) - L{n(x’ f)'
< Ena(f) + A (@) Ena(f), (15.3.29)

which is inequality (15.3.3).
Lemma 15.3.1 and the definition (15.3.3) of A,, imply

A
N (z) < —2An
W) <

This argument allows one to estimate

X< n?h,. (15.3.30)

n+1

AP (@) = 3" 118 (@)

and
AL = 1A @)llo-
For example,
AR < 2Ry
Theorem 15.3.1 is proved. O
Proof of Theorem 15.3.2. We have

1£@) ~ Los@)| < [1f(@) = Lu(a, DIl — Lulz. £~ f5)]l
< (14+ A)Ea(f) + A, (15.3.31)

where we have used the estimate (15.3.25). We assume that n is large.
If one minimizes the right-hand side of (15.3.31) with respect to n for a
small fixed J, then one gets the value of n, n = n(d), for which L, s s()
approximates f(z) best.

It is known (see [A]) that if f € C"(I) then

K, M,

nT

s

) MT:Hf(T)”a 1<K, <

En(f) < , (15.3.32)

[\
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where r > 1 is an integer. Let us denote
Mo 1= K.M,.

For large n minimization of the right-hand side of (15.3.31) can be done
analytically. We have for large n

(14 M) B (f) + 02 = 2B 4 510, (15.3.33)

nT‘

where the notation a < b means cia < b < csa and ¢, ¢ > 0 are constants
independent of n.

A necessary condition for the minimizer of the right-hand side of (15.3.33)
is

1 1
§ = pp (1 +0 <>) . n—0. (15.3.34)
n’ Inn
Thus
n=n(d) = (Tgr In %) R ) (15.3.35)

From (15.3.31) and (15.3.35) it follows that formula (15.3.9) holds. Simi-
larly we derive (15.3.10) and (15.3.11)
Theorem 15.3.2 is proved. a
If f € C"(I), then

||f(k)(m)—L§lk)(x,f)|\ < cw (1712(7“)) n’“*r(1+nk In), k< (15.3.36)
n

where ¢ > 0 is a constant and w (5, f(T)) is the continuity modulus of f(").
Recall that if f € C(I) then

w(6,f):=  sup  |f(z) = fy)l (15.3.37)

|e—y|<8, z,yel

Let us prove (15.3.36). There exists a polynomial S, (x) such that
, (1
| — 8P| < enfrw (n,ﬂ )> . k< (15.3.38)

‘We have

S = LP (x, f).
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Therefore
179 = ZP@ O < W =S+ IS8 - L0 @, )]
< enfTw (n,f(T)) + Aglk)cn*’ﬂw (i,f(r))
< et "1+ nFn)w (Tll,f“)) : (15.3.39)

The results of this Section are of practical interest. For example, if
f=¢€* xe[-1,1], then

lle” — Ly(z,e®)|| <1077, ||e® — Lg(z,e”)|| < 1072, (15.3.40)

le® — Li(z,e”)| < 107°, |z| <0.98;
le® — Li(x,e®)] < 1077, 0.98 <|z| < 1. (15.3.41)

15.4 Other methods of stable differentiation

Let A, be a sequence of operators which converge strongly on a set S
of functions to the identity operator. For example, A, can be Fejer, S.
Bernstein, Vallee-Poussin, or other methods of approximation of f, such as
a mollification:

Mi=2[g (x;y) o)y, T=[-1,1]. (15.4.1)

where

0 < g(z) € C§°(I), /1 g(x)dx = 1. (15.4.2)

-1

The function g is called the mollification kernel. Specifically, one may
choose

1
ce 1= |z <1
xTr) =
9(x) { 0, 2] > 1
where ¢ = const > 0 is chosen so that

/1 g(x)dx = 1.

—1

One has:

}i_{%HMef —fI=0, [IMcfller@wy <flleey, p>1, (15.4.3)
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(fmMef) (@) = Me (G5 ) (), 2 € (-1,1),
lime_ || £ Mcf — 25 f|}Lp(1 =0, (15.4.4)

where I C I is an interval inside (—1,1).
If f € C(I), then, taking e = % and —1 < x < 1, one gets:

x+1
M f = n/ g(nt)f(x —t)dt

-1

n(xz+1) "
= / glu)f (3: - E) du — f(z) asn—oo. (15.4.5)
n(z—1)

The convergence in (15.4.5) is uniform on any compact subset of I. To
avoid the discussion of the convergence of M f at the end points of the
interval[—1, 1] let us assume that f € C'(R) is periodic with period 2.

Let us estimate f’ given noisy data fs5, ||fs — f|| < ¢, and assuming
that f € C%*(R). First, note that if f € C*(R) and f(z +2) = f(z), then
(see (15.4.5)):

(MY = £ = IMd =711 < 11 [ gtls (o= 2) = r@la

MQCl
n

IA

, (15.4.6)

where
! 1
L]l < M2, e =/ lulg(u)~tdu, €= -
-1

Using the inequality (15.4.6) and assuming f € C%(R), e = %7 we
obtain:

|(Mefs) = fII < — I+ 1[(Me fa) f’H
< 62|| / o ()l + 22 s
Note that
o0 _ 1
/m J (T’)‘dy - 6[1 g (t)|dt = cae = %2 (15.4.8)

Thus (15.4.7) yields

(M f5) = L= n(n,é). (15.4.9)
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Minimizing the right-hand side of (15.4.9) with respect to n for a fixed
6 > 0, one gets

M261

y
0) = —=, = 15.4.10
n(d) 7 gl o ( )
and
Mgcl
n(8) :=n(n(6),6) = Vs, m=coy+ (15.4.11)

We have proved the following result.

Theorem 15.4.1. Assume that

fGCQ(R)v f($+2):f($), Her_fH <9, Hf” = €ess Supxe]R|f(x)|'

Then the operator

Rsfs == (M_1_fs)'

(o)
gives a stable approzimation of f' provided that n(d) = % with the error
Y18, where the constants v and ~1 are defined in (15.4.10) and (15.4.11).

Remark 15.4.1. The method of the proof of Theorem 15.4.1 can be used
for other (than mollification) methods of approximation of functions. For
example, the Vallee-Poussin approximation method is

Anf = 2n—1 ngw/ f(y) cos’ idy, fla+2m) = f(z), (15.4.12)

yields a uniform approximation with the error

[Anf = fll < 3w <\/15f) : (15.4.13)

Many results on approximation of functions one finds in [A, Pow, Ti, Tik,
T].

The method for stable numerical differentiation given noisy data fs,
based on the approximating the identity sequence of operators A,, can be
summarized as follows: one constructs the formula for stable differentiation
Rsfs = (Ans)fs) satisfies relation (15.1.2) if the sequence of operators A,
has the following properties

Anf = f, (Anf) — f as n — oo, (15.4.14)
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where convergence is in L* (or LP) norm, and one has estimates of the
type:

1(Anf)" = £l < w(n), (15.4.15)
where

win) < =,
and b > 0 if f € C* with u > 1. Moreover,

(A f) = (Anfs)'ll < IIf = fsllb(n) = 6b(n), (15.4.16)

where lim,,_., b(n) = co. The n(d) is found by minimizing the quantity:
0b(n) + w(n) = min, (15.4.17)

or by solving the equation
0= —= (15.4.18)

for n. As § — 0 one has n(d) — .
Consider the operator

fl@+h) - fz—h)
2h

Ruf = (15.4.19)

on the space of C%(R) periodic functions, f(z +2) = f(z), as an integral
operator

finf = [1 - h);h(S(y )t + )y (15.4.20)

with the distributional kernel. One has

lim oy - h);h‘s(y R ) (15.4.21)

in the sense of distributions. Thus
1
i Ruf = [ 8+ o)y = /@), (15.4.22)
- -1

One may use other kernels to approximate f’(x). For example, consider
the operator

1
Tnf = /_1 w(yh) f(z + yh)dy, (15.4.23)
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where w is an entire function. Assuming that f € C?(—1,1) we have

Tnf = [1 [w(0) + yhw'(0) + O(y°h*)] [f(x) + yhf'(z) + O(y*h*)] dy.
(15.4.24)

Let us require

then (15.4.24) yields

! ; 2h? ,
Thf = clh2/ y2dyf'(z) + O (h%) = Tclf’(;u) +O(h®). (15.4.25)
-1

Choose ¢ = %, ie., w(yh) = % Then

lim 7. f = f(a). (15.4.26)

Therefore formula (15.4.23) with w(yh) = ;’—Z gives an approximation to
f/(z). This formula requires an integration, so it is more complicated than
formula (15.4.19). In Section 15.1 we have proved that operator (15.4.19)
with A = h(d), defined in (15.1.8), is optimal in the sense (15.1.5), i.e.
among all linear and nonlinear operators acting from L2°(R) into L°(R),
where L°(R) is the space of 2-periodic functions on R with the norm
[[fllzoe(m) = ess sup,cgr|f(x)], the operator Rp(d), defined in (15.4.19),
with h = h(J), defined in (15.1.8), gives the best possible approximation of
f’ in the sense (15.1.5).

15.5 DSM and stable differentiation

Consider the problem of stable differentiation as the problem of solving
Volterra integral equation of the first kind:

Au = / udt = f(z), 0<z<1. (15.5.1)
0

Without loss of generality we assume that f is defined on the interval [0, 1]
and f(0) = 0. If f(0) # 0, then the function f(z) — f(0) vanishes at = 0
and has the same derivative as f.

Let us assume that noisy data f5 are given, ||fs— f|| < d, and the norm
is L?(0,1) :== H norm. The Hilbert space H is assumed real-valued.
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We have

(Au, u) /d:c/ Hdtulz) = (/Oxu(t)dt>0

= % </01 u(t)dﬁ) >0. (15.5.2)

Since A is a linear bounded operator in H, conditions (1.3.2) hold. We

have
1 T 2 1 z 1
||Au|\2:/ dx </ udt) dxg/ x/ wdtdr < —||ul|*.
0 0 o Jo 2

Thus || A]] < 75 Consider a DSM scheme for solving equation (15.5.1):

91

DN |

s(t) = —A (f)[Aua( )+ altyus(t) = f5] = —us(t) + Ay fs,
us(0) = uo, (15.5.3)

where a(t) satisfies (6.1.30). Inequality (15.5.2) and the linearity of A imply
(Au— Av,u—v) >0, Yu,v € H. (15.5.4)

Thus, we may use Theorems 6.2.1 and 6.3.1 for calculating a stable ap-
proximation to f’ given the noisy data f;s.
Calculating A, ! amounts to solving the problem

/01‘ u(y)dy + au(z) =g, g€ H. (15.5.5)

This problem is solved analytically:

dl _xz—y g 1 _z—y
= g (x) = z dy =2 - — z dy. (15.5.
u = ug(z) = dm/O e g(y)dy bl g(y)dy. (15.5.6)

If a = a(t), formula (15.5.6) remains valid. One can use formula (15.5.6)
for constructing a stable approximation of f’ given noisy data fs. This
corresponds to solving the equation

Aug s + aug,s = fs, (15.5.7)
and choosing a = a(d) so that

Us 1= Uqa(5),5
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would converge to f':

gi_I% llus — f'|| = 0. (15.5.8)
To choose a(d) we take g = f5 in (15.5.6) and estimate the difference
Uq,s — f":

[ta,s — f'Il < |tta,s — tal| + [|ua — 1], (15.5.9)

where u, is the right-hand side of (15.5.6) with f in place of g. Using
(15.5.6), we get

) 1 [* _
o —uall < 4811 [
a a 0

where ||fs — f]| < d. Furthermore, integrating by parts, we get

-y 1 1
“ (fs=fdyll <6 (a + M) , (15.5.10)

’ f 1 ‘ =y !
= - = f(y)dy -
R R e R (R
f 1 T /z — 2=y gy ’
< L= _ 2 _
e 1 R A A T B
1 1 * — 2=y /
< =0+ = [ e fy)dy — f (@)l
a a Jo
1 /% _s
< ”6/ e af(x — s)ds — f'(x)]]. (15.5.11)
0
Here we have used the assumption
£(0) =0,
We have
1 (% _s
lir%HE/ e af'(x—s)ds— f'(x)]] =0. (15.5.12)
a— 0
If T(a): H— H is defined as
1 ® z—y
T(a)h = E/ e @ h(y)dy, (15.5.13)
0

2

ir@ne = [ x| /mef%h@)dy

/ dx—/ —H “)dy/ h2dy
— dx— h2dy = —||h||>.
/ 12/0 y =5 lAl

IA

IA
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Thus
1
T(a)|| £ —=. 15.5.14
1T (a)]] < Toe ( )
We have
1 * _z—y _z
1T (a)h —nl| = ||5/0 e < [h(y) — h(z)ldy — e h(z)]|
1 /* _s
< iz [ e G- s~ G@)as]
a Jo
+ [le” e h(z)]|. (15.5.15)
Assume that
sup | (x)| < Mj, 0<j<2, M;=const. (15.5.16)
0<z<1
Then (15.5.15) implies:
ayz
IT(a)h — h|| < Mya+ Mo (5) : (15.5.17)
and (15.5.11) implies
llta — f']] < Maa + M, (g) (15.5.18)

If h(x) in (15.5.15) is an arbitrary element of H = L?(0, 1) then by the
Lebesgue’s dominated convergence theorem we have

lim lle”%h(x)]] =0, (15.5.19)

and, setting 2 = z, we obtain:

a—0 @
= lim | " e [h(z — az) — h(x)]dz||?
N 1 1
< lim/ dx e Zdz/ e *|h(z — az) — h(z)|?dz
a=0Jg 0 0
_— (15.5.20)

Therefore

lim ||T(a)h — hl| = 0, Vh e H. (15.5.21)
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This conclusion is a consequence of (15.5.17) as well.
It follows from (15.5.9), (15.5.10) and (15.5.18) that

azv? V2 M,

Minimizing the right-hand side of (15.5.22) with respect to a we get

5 1\ Mja? Msa?
a5 = 11 < ——= (14 V2ah) + =2 <1+ 2a2\/§>. (15.5.22)

as =0 (5%) . (15.5.23)
Denoting us := uq,,s and using (15.5.22), we obtain:

[lus = f1| 20(6%), 5 — 0. (15.5.24)
Numerical results for stable differentiation, based on the equation (15.5.7),

are given in [ARU].
Let us formulate the result we have proved.

Theorem 15.5.1. Assume (15.5.16), and let
us = T(a(é))f(;,

where || fs — f|| <0, Tg is defined in (15.5.13) and a(d) = O (6%), Then
(15.5.24) holds.

Let us return to DSM (15.5.3) and give the stopping rule, i.e. the choice
of ts such that

;iH(l) [lus(ts) — f']] = 0. (15.5.25)
The solution to (15.5.3) is
¢
us(t) = uge ™t + / e—(f—S>A;(1s)f5ds = u(t, fs)- (15.5.26)
0

Thus

s () = f'1] < MJult, fs) —ult, Hll+lult, )= f1] < GZ)HU(t, H=rI.
(15.5.27)

We have

t
llu(t, ) = /1| < lluolle™ +] / e TIAL fds — f'||. (15.5.28)
0
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From (15.5.18) it follows that
14z, = F11=0(at), a(s) —o0. (15.5.29)

Since

t
lim [ e h(s)ds = h(c0),

t—o0 0

provided h(co) exists, we conclude from (15.5.28) and (15.5.29) that
lu(t.f) = £11 =0 (a} ), = ox. (15.5.30)

From (15.5.27) and (15.5.30) we obtain

’ o 1
lus(t) = F @)l < 5 +0 (a2 (t)) . (15.5.31)

Thus, if ¢ minimizes (15.5.31) then lims_,ots = oo and (15.5.25) holds.
The minimizer as of the right-hand side of (15.5.31) with respect to a is

as =0 (5%> Therefore t5 is found from the relation a5 = a(t), and
lus(ts) — f'(2)|| <O (5%) . as 8 0. (15.5.32)
Consider now another DSM:
Us = —(AU5 + a(t)w — f(;), U(O) = 0. (15.5.33)
Our arguments are valid for an arbitrary initial data «(0) = ug, and we

took ug = 0 just for simplicity of writing.
Denote by

ué(t) = U(t, fé)
the solution to (15.5.33), and by V(¢) the solution to the equation

AV +a(t)V — fs=0. (15.5.34)
Let
us — V(t) = w. (15.5.35)
Then

W= -V — [Aw + a(t)w], w(0) = 0. (15.5.36)
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We have proved above (see (15.5.24)) that:

lim [V (t5) — £'|| =0, (15.5.37)

where t5 is defined by the equation as = a(t) and lims_ots = co. Thus,
(15.5.25) holds if we prove that

lim w(ts) = 0. (15.5.38)

§—0

Multiply (15.5.36) by w, denote
g(t) == [lw®)]],
and use the inequality (Aw,w) > 0 to get:
g < —a(t)g+||V]l. (15.5.39)
Let us estimate ||V||. Differentiate (15.5.34) with respect to ¢ and get
AV +a(t)V = —aV. (15.5.40)
Multiply (15.5.40) by V, use inequality (AV,V) > 0, and get

lal
a(t)
Similarly, multiply (15.5.34) by V and get

[Ifs]]
a(t)

This and (15.5.4) imply

V]| < [IV]]- (15.5.41)

Vil <

1 < lal
W< S0l

Assume

m GOL_ /oo a(t)dt = oo. (15.5.42)
0

5 a3(t)

From (15.5.39) we obtain:

t
g(t) = goe™ Jo a5 =[5 als)ds / elo WP ||V (s)||ds := Ty + Ja.
0
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From the second condition (15.5.42) it follows that

hm llgolle™ Jo ats)ds — .
We have
t e Js alp)dp lals)] g 15|
elo cads|| fs
Jo(t) < Jo {0 (15.5.43)

ef(; a(s)ds

Applying L’Hospital’s rule to (15.5.43) and using the first condition (15.5.42),
we conclude that

lim Jo(t) = 0.

t—o0

Thus,

lim g(t) = 0. (15.5.44)

t—oo
Let us summarize the result.

Theorem 15.5.2. Assume that f € C?, 0 < a(t) \,0, (15.5.42) holds,
and || fs = fllL2(0,1) < 0. Then problem (15.5.33) has a unique global solu-
tion ug(t), and (15.5.25) holds with ts chosen from the equation as = a(t),
where as is given in (15.5.23).

Remark 15.5.1. One can construct an iterative method for stable numerical
differentiation using the general results from Sections 2.4 and 4.4.

15.6 Stable calculating singular integrals

Let us denote the hypersingular integral by the symbol

]éz f(x)da

We assume that
fecko,n), k>u—1>0, b>0,

and define

v f(z)dx L ac ) f(]) —ptj+1
o '7/0 e Z u+J+1) (15.6.1)
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where

kG (0)gd
frlz) =Y fj(,o) (15.6.2)

=0

If k> p—1and f € C*1([0,b]), then the term in (15.6.1), corresponding
to p = j+1 is replaced by w. If the integral is given on the interval
[a,d], it can be reduced to the integral over [0,b] by a change of variables.
The definition (15.6.1) does not depend on the choice of k in (15.6.1) in the
region k > p— 1. Although there are many papers on calculating hypersin-
gular integrals, paper [R18] was the first one, as far as the author knows,
in which the ill-possedness of this problem was discussed and a stable ap-
proximation of hypersingular integrals was proposed. We present here the
results of this paper. Let us first explain why the usual quadrature formulas
lead to possibly very large errors in computing hypersingular integrals.

In other words, we explain why computing hypersingular integrals is an
ill-posed problem.

Consider a quadrature formula

an = an,jf(xn,j)a (1563)
j=1

where w,, ; are the weights and x,, ; are the nodes. Let us assume that

b
nan;anf:/O fdz Vf e C([0,b)). (15.6.4)

If one applies formula (15.6.3) to calculating the right-hand side of (15.6.1),
and if the function f is given with some error, so that fs is given in place

of f,
fs(@) = f) <6 (-1 =1 [lze 0.0, (15.6.5)
then, even if we assume that f()(0), 0 < j < k are known exactly, we

have

lim sup
o {fsill fs—FlI<8}

o, [Bl i) o [Hhiel]|

xh xh
(15.6.6)
Thus, the problem of calculating hypersingular integrals is ill-posed.
Let us check (15.6.6). Take, for example,

flz)+9, f0<a<xz<hb,

f5(‘r) { f(.’I))-i—(S(%)M, 0<z<a. (1567)
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Then the function fs(x) — f(z) is continuous on [0, b], and

. - [fs(xnj) = flong)] /a T\H dx
"lingojz:;ww Th, =0 (a) TH

+5/

The right-hand side of (15.6.8) tends to infinity as a — 0, so that (15.6.6)
is verified.

The problem is to construct a quadrature formula for stable computa-
tion of integral (15.6.1) given noisy data f5. We will not assume tht () (0)
are known, but estimate them stably from noisy data f5. This can be done
by the method developed in Section 5.1 provided that upper bounds on the
derivatives of f are known. To estimate stably f)(0), 0 < j <k, we use
the bounds

. (15.6.8)

If D] = s If”( =M, 0<j<k+2. (15.6.9)

One may look for an estimate of fU)(0) of the form:

F9(0) Z Cm g f(mh) = Ljf, (15.6.10)

m=0

where ¢, ; are found from the condition

£9(0) Z ¢mjf(mh) = O (h1). (15.6.11)

This leads to a linear algebraic system for finding ¢, ;:

J PP
3 mp' =5, 0<p<j. (15.6.12)

m=0

This system is uniquely solvable because its matrix has non-zero Vander-
monde determinant.
If fs5 is given in place of f,

lfs = fII <6,

then one uses formula (15.6.10) with f5 in place of f and finds h = h(0)
such that

lim|[L; ) f5 — £9(0)] = 0. (15.6.13)
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This h(d) is found from the estimate:
[Ljnfs = FD O < |Lin(fs= A+ Linf = PO < () +0 (W),
(15.6.14)

where

j
h)y = leml-
m=0
The coefficients
Cm,j = Cm,j(h)
and
pj(h) =00 as h—0.

One finds h(d) by minimizing the right-hand side of (15.6.14) with respect
to h for a given § > 0. This gives also an estimate of the error of the
approximation (15.6.10).

Assume now that stable approximations f(g])(O) to fU)(0), 0<j <k,
have been calculated. Denote

f
frs(@ Z (15.6.15)
and let
Jo(z ) fka f5 0)b—HHi+
= Qpap | — L5 15.6.16
Qs fs Q,,b< Z e )
Here Qn.qp, n=1,2, -, are quadrature formulas with positive weights

which converge, as n — 00, to f: f(z)dz for any f € C([a,b]).

For example, quadrature formulas of Gaussian type have these proper-
ties, they are exact for polynomials of degree < 2n — 1 and converge for
any f € C([a,b]) (see, e.g., [DR)]).

Let us formulate our result.

Theorem 15.6.1. Assume k > p—1, f € C*2([0,b]). Then there is
an a = a(d, k) such that

b
Jdr —Qsfs| = (5 i “) ., 0—0, (15.6.17)
0

for alln > n(d,k, p, f).
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Proof. Denote

Ji = /0 w(ix, Ji =0 (aFt?H) (15.6.18)

JQ:/ab‘de—Qma,b<‘M>—>O as  n — 0o,

Tk
(15.6.19)
Jy = Qn,a,b (W) )
|Js] < O(6a ") as n— o, (15.6.20)
_ fro(@) = f@)\ | N~ FO0) = £7(0) bretit

J4 - Qn,a,b ( o ) + ; j’ (*H +] + 1)7

(15.6.21)
Ji=0 (5kﬁi“) . as  n— oo (15.6.22)

From these estimates the relation (15.6.17) follows.
Theorem 15.6.1 is proved. O
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Chapter 16

Auxiliary results from analysis

16.1 Contraction mapping principle

Let F be a mapping in a Banach space X. Assume that there is a closed
set D C X such that

F(D)C D, ||Fw)—-F@)| <dlu—ull, wveD, g&(1). (16.11)
Theorem 16.1.1. If (16.1.1) holds then equation
u= F(u) (16.1.2)

has a unique solution in D. This solution can be obtained by the iterative
method

Unt1 = F(un), uwo €D, uw= lim u,, (16.1.3)

n—oo

where ug € D s arbitrary, and

n

fon = ull < 1 lur = woll (16.1.4)
Proof. One has
2 =l = 1F () = F )| < lltn =] | < -+ < "] =l |
(16.1.5)
Thus
n
e =gl < 37l =yl
Jj=p+1
n - qp
< 2 @l < gl —wll. (16.06)
Jj=p+1

241
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By the Cauchy test there exists the limit

lim w, = u, (16.1.7)

n—oo

and

q
[l = unl] < 37— |lur — uol|.

—q
Passing to the limit in (16.1.3) yields (16.1.2). Uniqueness of the solution
to (16.1.2) in D is immediate: if u and v solve (16.1.2) then

|lu = of| = [|F(u) = F(v)]| < qllu— | (16.1.8)

If 0 < ¢ < 1, then (16.1.8) implies ||u — v|| =0, so u = v.
Theorem 16.1.1 is proved. O

Remark 16.1.1. If
[F™(u) — F"(0)[| < gllu—vll, wwveD, ge(0,1),  (1619)

where m > 1 is an integer, and F'(D) C D, then equation (16.1.2) has a
unique solution in D.
Indeed, the equation

uw=F"(u) (16.1.10)

has a unique solution in D by Theorem 16.1.1 due to assumption (16.1.9).
Therefore F(u) = F™(u) = F™(F(u)). Since the solution to (16.1.10) is
unique, it follows that u = F'(u), so u solves equation (16.1.2). The solution
to (16.1.2) is unique if assumption (16.1.9) holds. Indeed, if v = F(v), then
v = F™(v), and therefore v = u, because the solution to (16.1.10) is unique.
One can also prove that (16.1.3) holds.

Remark 16.1.2. The contraction assumption (16.1.1) cannot be replaced
by a weaker one

|F (1) — F(o)]] < |Ju—v]|- (16.1.11)

For example, if X = R', D = X and F(u) = § + u — arctanu then

u = F(u) implies § = arctanwu, and there is no real number u such that

arctanu = 5. On the other hand,

|F'(u) — F(v)| = |u— v — (arctan u — arctanv)| < |u — v].
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Remark 16.1.3. If F maps D into a precompact subset of D and (16.1.11)
holds, then equation (16.1.2) has a solution in D and this solution is unique.

Uniqueness of the solution is obvious: if v and u solve (16.1.2), then,
by (16.1.11) we have:

[lu =l = [|F(u) = F(u)l| < [lu—wvl]. (16.1.12)

Thus, u = v.

Let us prove the existence of the solution to (16.1.2). Consider F' on
F(D). The set F(D) is precompact by the assumption. It is closed because
F is continuous and D is closed. Thus the set F'(D) is is compact.

The continuous function ||u — F(u)|| on the compact set F'(D) attains
its minimum at some point y, i.e.

lly = FW)Il < |[u— F(u)|| Vue F(D). (16.1.13)
If |ly — F(y)|| > 0, then

1Ew) = F* W)l < lly = F)ll,

which is a contradiction to (16.1.13). Therefore y = F(y), and equation
(16.1.2) has a solution.

Remark 16.1.4. Assume that I’ depends continuously on a parameter z €
Z, where Z is a Banach space, i.e.

| liEIIIIl OHF(u,z)fF(u,f)H:O Yue D C X. (16.1.14)

Consider the equation
u= F(u,z). (16.1.15)
Theorem 16.1.2. Assume that for every
2z € B(zg,€) :={z:2€Z, ||z— 20| <€}, €= const >0,
one has
1F(u,2) — F(v, 2)]| < gl — o], (16.1.16)
where q € (0,1) does not depend on z € B(zg,€),

lim ||F(u,2) — F(u,20)|| =0 Vue€ D, (16.1.17)

[lz—z0]|—0
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and F(-,z) maps a closed set D C X into itself for every z € B(zg,¢).
Then equation (16.1.15) has a unique solution u(z), which is continuous
as z — 2p:

lim  ||u(z) — u(zo)|| = 0. (16.1.18)

[lz—z0l|—0
If F(-,z) € C™(B(z0,€)), then u € C™(B(zp,€)), m > 1.

Proof. For each z € B(zp, €) equation (16.1.15) has a unique solution u(z).
Moreover

lu(z) —u(z0)ll = [F(u(z),2) — F(u(z0), z0)||
< [F(u(2),2) — F(u(zo), 2)||
+ [[F(u(20), 2) — F(u(z0), 20)||
< qllu(z) —ulzo)[| + [|F(u(20), 2) — F(u(20), 20)]|-
Therefore
l[u(2) — u(z0)| < l—inIF(u(zo), z) = F(u(z0), 20)||- (16.1.19)

By assumption (16.1.17) one gets from (16.1.19) the desired conclusion
(16.1.18). If m = 1, then differentiate (16.1.15) with respect to z and get
the equation for v}, := u':

u = Fy,(u,2)u’ + F,(u, 2).
From (16.1.16) it follows that
|1Fy(u, 2)]] < q <1,

so that the above equation has a unique solution and this implies v €
CY(B(zo,¢€)). Similarly one treats the case m > 1.
Theorem 16.1.2 is proved. O

Remark 16.1.5. Under the assumption of Theorem 16.1.1 the sequence u,,,
defined in (16.1.3), is a minimizing sequence for the functional g(u) :=
|l — F(u)]].

Remark 16.1.6. Suppose that there is a norm || - || on X equivalent to the
original norm, i.e.

allulli <ul| < egllully Vu e X. (16.1.20)
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It may happen that the map F' is not a contraction on D with respect to
the original norm, but is a contraction with respect to an equivalent norm.
A standard example deals with the equation

¢
u(t) = / f(s,u(s))ds = F(u), (16.1.21)
0
where u(t) is a continuous vector-function with values in R™. Assume that
[f(t,u) — f(t,v)] < klu—1], (16.1.22)
where

Nl

n
Jul = D Juyl?
j=1

is the length of the vector u, and k > 0 is a constant independent of u,v
and t. Let X be the space C'(0,T) of continuous vector-functions with the
norm

lull = ma Ju(®) (16.1.23)

Define an equivalent norm:

= -t = 3 ) 16.1.24
[[ull1 o?%XT{e lu(t)|}, ~ = const >0 (16.1.24)

We have

t
_ 7t _
[|F(u) — Fv)|]| < (ax {e k/o |u v|ds}

A

t
<  max {e ”kz e”sds}|u—v|1
0<t<T o
< gl ||u—v|\1. (16.1.25)
Y

One can always choose v > 0 such that

1—e 7T
g =k—«<1 (16.1.26)
Y
no matter how large the fixed £ and T are. It is easy to see that in the
original norm (corresponding to v = 0) the map F' is not necessarily a
contraction if k and T are sufficiently large.
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16.2 Existence and uniqueness of the local solution

to the Cauchy problem
Let
= F(t,u), u(0)=up,
where F' : X — X is a map in a Banach space. Assume that
1 (8 u) = F(t0)[] < My(R)llu—oll,  u,v € Bluo, R),
where
B(ug,R) ={u: ||lu—upl]| <R, ue€ X},
and

[|F(t,u)|]| < Mo(R), VYu,v € B(ug,R).

(16.2.1)

(16.2.2)

(16.2.3)

For any fixed uw € B(ug, R) the element F(t,u) is assumed continuous

with respect to ¢t € [0,T]. Consider the equation

u(t) = up + /0 F(s,u(s))ds == G(u)

(16.2.4)

in the space C([0,T7]); X) of continuous functions with values in X and the

norm

jul = max [[u(o)]|.

Let us check that the map G is a contraction on the set
D ={u(t):u € B(ug,R), t€][0,T]},

provided that T is sufficiently small, and GD C D.
Using (16.2.3), we get

lu(t) —uol < My(RYT <R if T<

SO

GDCD if T<

(16.2.5)

(16.2.6)

(16.2.7)
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Furthermore, using (16.2.2), we get
|G(u) — G(v)] < M1 (R)T|u —v| := gqlu — v, (16.2.8)

where

R
M (R)

¢g=M(RT <1 if T< (16.2.9)

From Theorem 16.1.1 we obtain the following result.

Theorem 16.2.1. Assume (16.2.2), (16.2.3), (16.2.6) and (16.2.9). Then
problem (16.2.1) has a unique solution v = u(t,ug) € B(ug, R) defined on
[0,T], where

. 1 R
T = min <Z\41(R)’ ]\40(R)> . (16.2.10)

Remark 16.2.1. By Theorem 16.1.2 the solution u(t, ug) depends continu-
ously on the initial approximation wug in the following sense.
If

I I<e, T =mi < . i >
Ug — v €, = min , ,
0 Tol = Mi(R+¢)’ My(R+ e¢)
then

lu(t, ug) — u(t,vo|) = 0.

[lvo—uol||—0

Theorem 16.2.1 allows one to introduce the notion of maximal interval
of the existence of the solution. Namely, if the solution w(t) exists on the
interval [0,T) and does not exist on the interval [0, 7] for any 7 > T, then
we say that [0, 7] is the maximal interval of the existence of the solution
to (16.2.1). We have defined the maximal interval of the form [0,7T) of the
existence of the solution. Usually the definition does not fix the lower point
of the maximal interval of the existence of the solution, which is zero in
our case (see, e.g., [H] for the standard definition of the maximal interval
of the existence of the solution).

Under the assumptions of Theorem 16.2.1 we can prove that if [0, 7] is
the maximal interval of the existence of the solution to (16.2.1) then

lim |[u(t)]] = oo, (16.2.11)
t—T—

where t — T~ denotes convergence from the left.
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Indeed, assuming that (16.2.11) fails, we have

sup [u(?)]] < e < 0. (16.2.12)
0<t<T
Thus
lut)ll < e, tn =T, to<T. (16.2.13)

Consider the problem

u(t) = u(ty) —|—/t F(s,u(s))ds, (16.2.14)

and let
D = {u(t) : u(t) € B(u(ty),R), t€ [tn,tn+ 7]}
‘We choose t,, such that
tn>T —7 (16.2.15)

and

. 1 1
7 < min (.Ml(R)’ ]WO(R)> , (16.2.16)

where
[u(t) —u(t)l| S R, tn <t <t +T. (16.2.17)

If the constant ¢, independent of n, is given in (16.2.13), then we can find
R and 7 = 7(R) > 0, independent of n, so that the inequalities (16.2.15)
and (16.2.17) hold. Therefore the unique solution wu(t) to problem (16.2.1)
is defined on the interval [0,7}], where Ty = t,, + 7 > T. This contradicts
to the assumption that T < oo and [0,7] is the maximal interval of the
existence of the solution u(t). We have proved the following result.

Theorem 16.2.2. Assume that conditions (16.2.2) and (16.2.3) hold with
some R > 0 for any ug such that ||ug|| < ¢, where ¢ > 0 is an arbitrary
constant and R = R(c). Then either the mazimal interval [0,T] of the
existence of the solution to (16.2.1) is finite, and then (16.2.11) holds, or
it is infinite, and then (16.2.12) holds for any T < oo with a constant
c=c¢(T)>0.
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Remark 16.2.2. Theorems 16.2.1 and 16.2.2 imply that a unique local so-
lution to problem (16.2.1) is a global one provided that a uniform with
respect to time a priori estimate

sup [Ju(t)]] < e < o0 (16.2.18)
t

is established for the solution to problem (16.2.1) and F'(t,u) satisfies the
assumptions of Theorem 16.2.2.
This argument was used often in Chapters 3, 6-11, 13.

Remark 16.2.3. We give two standard examples of the finite maximal in-
terval of the existence of the solution to problem (16.2.1).

Ezrample 16.2.1. Let

u=1+u? u0)=1. (16.2.19)
Then
™
u = tan (Z + t) . (16.2.20)

Thus, u(t) does not exist on any interval of length greater than 7, and

tlin}r u(t) = oo. (16.2.21)

4

Example 16.2.2. Let

u—Au=u? t>0, zeDcCR", (16.2.22)
un|g =0, t>0, (16.2.23)
Ulp—o = uo(x). (16.2.24)

Here, D is a bounded domain with a sufficient smooth boundary S, N is
the exterior normal to S, and

uo(z) >0, / ug(z)dx > 0. (16.2.25)
D

Let us verify that the local solution to problem (16.2.22) - (16.2.25) has
to blow up in a finite time, that is (16.2.11) holds for some T' < co. Indeed,
integrate (16.2.22) over D, use formula

/Audavz‘/uj\/ds:O7
D S

and get

Q/ udx:/ u?dz. (16.2.26)
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Moreover, assuming that u is real-valued, we get

1
2 1
g(t) ::/ udx < </ u%la:) |D|2, |D|:=meas D, (16.2.27)
D D

where meas D is the volume of the domain D.

Thus,
dg 9 1 /
dt_cga c |D‘, g(O) Du0x>0 (6 8)

Integrate (16.2.28) and get

g(t) > — : (16.2.29)
g(T) —ct
Therefore
1

li t) = T:= . 16.2.30

o 9(t) = +oo, cg(0) ( )
If (16.2.30) holds, then

tlLH% l|ul|z2(py = o0, (16.2.31)

because of the estimate (16.2.27).

16.3 Derivatives of nonlinear mappings

Let F: X — Y be a mapping from a Banach space X into a Banach space
Y.

Definition 16.3.1. If there exists a bounded linear map A = A(u), such
that

F(u+h)=F(u)+ A(u)h + o(|h|]), |h|| — 0, (16.3.1)

then the map F is called F-differentiable (Fréchet differentiable ) at the
point u and one writes A(u) := F'(u). If A(u) depends continuously on u
in the sense

lim ||A(u) —A()||=0, wu,veD, (16.3.2)

[lv—ull

then we write F € C1(D). Here D is an open set in X, and ||A(u)|| is the
norm of the linear operator from X toY.
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If F’(u) exists, then it is unique.

Definition 16.3.2. The map F : X — 'Y is called G-differentiable (Gateauz
differentiable ) at a point u if

F(u+th) = F(u) + tA(w)h +o(t), t—0, (16.3.3)

where t is a number, h € X is any arbitrary element, and A(u) is a bounded
linear operator A(u) : X — Y.

The term o(t) in (16.3.3) depends on h. Clearly if F' is F-differentiable
then F' is G-differentiable.

If F' is F-differentiable at a point u, then F' is continuous at this point.
One has

Fu+h) — F(u) = /01 %F(u +th)dt = /01 F'(u + th)hdt.

Thus
[[F(u+h) = F(u)|| < sup )IIF’(U)IHIh\L |n[| < R,

vEB(u,R

where B(u, R) : {u : |[|[u — v|| < R}. The first derivative F’(u) is a map
X — L(X,Y), where L(X,Y) is the space of bounded linear operators
from X into Y. If this map is F-differentiable, then its derivative is called
the second derivative of F, F”'(u). The map F”(u) maps X into a set
L(X,L(X,Y)). This set can be identified with the set of L(X,X;Y") of
bilinear mappings. An m-linear mapping G : X1 X Xo X ---x X, =Y is
a mapping which is a bounded linear mapping with respect to each of the
variables x; assuming that all the other variables are fixed, thus

m

||G(xlvx27‘ : 7xm)|| < CH ||xJH
j=1

One can define higher order derivatives inductively. Then F(™(u) is the
first derivative of F("=V(u). If F € C"*(D), i.e., F is n + 1 times F-
differentiable in an open set D C X, then an analog of Taylor’s formula
holds:

" FG) () B
F(Hh):ZFJ(,!)”

=0

+ R, (16.3.4)
where

n!

1 1—5)"
R — / A= 9)" petn) (4 4 shypn+1ds. (16.3.5)
0
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Here

o "
—Flu+ tih; . (16.3.6
oty --- 0ty ;]j tp=--=t,=0 ( )

FM (u)hm =

Ezample 16.3.1. Uryson operators are defined by the formula:
FWFi/K@ww@Wm D CR" (16.3.7)
D

They are considered in X = C(D) or X = LP(D), where C(D) is the
space of continuous in a bounded domain D the function with sup-norm
and LP(D), p > 1, are the Lebesgue spaces. If the function K (z,y,u(y))
is continuous in the region D x D x Bg, where B = {u : |u| < R}, and
K, = %—I; is continuous in D x D x Bg, then the operator (16.3.7) is F-
differentiable in C'(D) and in LP(D) at any point u such that ||u|| < R.
One has

f%wh:égawﬂmwnmw@. (163.8)

If one wishes that the operator F', defined in (16.3.7), be defined on all
of the space X = C(D), then the function K(z,y,u) has to be defined in
D x D xR. If X =LP(D), then it is necessary to restrict the growth of K
with respect to variable u in order that the domain of definition of F'in X
be nontrivial.

For example, for F, defined in (16.3.7), to act from LP'(D) int LP?(D),
it is sufficient that

K (2, y,u)| < 1 + ealul 72,

where ¢; and ¢y are positive constants. For F, defined in (16.3.7) to act in
LP(D), it is sufficient that

|K (2, y,u)| < a(z,y)(c1 + c2lul"),
/"/IM%yW¢My<ax y<b-1,
D JD

’Yb
— < <
p_1=P=h

where c1, ¢, v, and b are positive constants. This is verified by using
Holder inequality.
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A particular case of the Uryson operator (16.3.7) is the Hammerstein
operator

Flu) = /D K (2,9) £y, u(y))dy, (16.3.9)

where the function f(y,u) is continuous with respect to u and integrable
with respect to y. The operator

(Nu)(y) := f(y,ul(y))
is called Nemytskij operator. It acts from LP*(D) into LP?(D) if

[f (g, u()] < aly) +bluly)|7=, a € LP*(D). (16.3.10)
The operator
Ku:= / K(z,y)u(y)dy (16.3.11)
D
acts from LP(D) into LY(D), p,q>1,if
/ / |K (z,y)|dedy < oo, 1= ! , r:=min(p,¢). (16.3.12)
DJD r—1

Indeed

= (f |K<x,y>|r’)"l’ (/) |u<y>|q)‘*1/, (163.13)

and r < ¢’ implies 7’ > ¢. Note that since |D| := meas D < oo and r < p,
one has

[ullzrpy < l|ullLr(p)- (16.3.14)
Furthermore
1 3 %
([ iaras)” < (/ i [ 1K) ) el 200
D D D
<

(/D/D lK(x’yW,dyd;p)” )

1
!

PRES [|ul| e (Dy- (16.3.15)
From (16.3.13) - (16.3.15) the desired conclusion follows and

1

K (D) a(D) < K (@, 9)l] o oy DT (16.3.16)
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16.4 Implicit function theorem

Assume that X, Y and Z are Banach spaces U C X and V C Y are
open sets, ug € U, wvg €V, F:X xY — Zisa CYU x V) map, and
F(Uo, ’Uo) =0.

Theorem 16.4.1. If [F!(ug,v0)]"t := L is a bounded linear operator,
then there exists a unique map v = f(u), such that F(u, f(u)) =0, wu €
U CcU, w= f(ug), [ is continuous in Uy. If F € C™(U x V) then
fecm™(Uy).

Proof. Without loss of generality assume that ug = 0, vy = 0. Consider
the equation

v=uv— LF(u,v) :=T(v,u). (16.4.1)

Let us check that the operator T maps a ball B, := {v : ||v|| < €} into itself
and is a contraction on By for any u € U;. If this is checked, then Theorem
16.1.1 implies the existence and uniqueness of the solution to v = f(u) to
the equation (16.4.1), and Theorem 16.1.2 implies that f € C™(U;) if
FeC™UxYV).

We have

|lv = LF(u, v)|]

[lv — LF,(0,0)u —v — LR||
LITELO, O)[[ful | + [IL{lo([o]| + [lul]), (16.4.2)

IN

where R = R(u,v) is the remainder in the formula

F(u,v) = F,(0,0)u+F,(0,00v+R, R=o(||ul|+]v]]), F,(0,0)=L"".

(16.4.3)
If
lull < 8. (LI F(0.0)[13 < . (16.4.4)
and
o(llell + full) < 3, (16.4.5)
then
T(v,u)B. C B. Yu € {u: |ju|| <8} := Bs C U. (16.4.6)

Let v,w € B, and u € Bg. Then

T!(v,u) =I — LF,(u,v), (16.4.7)
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and, by the continuity of F) (u,v),

|F) (u,v) = F,(0,0)]] < a(d,€), (16.4.8)
where
5,1?—1»10 a(d,e) =0. (16.4.9)

Since LF!(0,0) = I, formulas (16.4.7) - (16.4.9) imply

T, w)l] < ILIF (,0) — FL(0,0)]] < q < 1, (16.4.10)
provided that

0<e<e, 0<3<d, (16.4.11)
where ¢y and J are sufficiently small. The number ¢ < 1 in (16.4.10)

depends on €p and &y but not on v € B, or v € Bs,.

Thus, Theorems 16.1.1 and 16.1.2 imply the conclusions of Theorem
16.4.1. O

A particular case of Theorem 16.4.1 is the equation for the inverse
function

v=f(u), wvo=f(uo). (16.4.12)
Theorem 16.4.2. Assume that f:Y — X,

L:=[f'(vo)] ™, (16.4.13)
is a bounded linear operator, ug = f(vo), and f € C*(V), wvo € V, where
V is an open set in' Y. Then there exists and is unique the inverse function
u= f~Y(v), such that u= f~*(f(u)), weU, wugeU, whereU C X is
a neighborhood of ug, and f~1(v) is C™ if f € C™.

Proof. Let F(u,v) = f(v) — u, then
FU(U(),U()) = f/(’Uo), (16.4.14)

the operator f’(vg) has a bounded inverse operator (16.4.13), and Theorem
16.4.2 follows from Theorem 16.4.1. O
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16.5 An existence theorem
Consider the Cauchy problem:
4= F(u,t), u(0)= uo. (16.5.1)
Let
J=1[0,a] CR, A=]Ja,p]CR4,
where X, is a scale of Banach spaces, satisfying the following assumptions:
XoCX, ifu<A ApeA, (16.5.2)
lulle < flullx i p <A A peA. (16.5.3)
Theorem 16.5.1. Assume that
F:JxX\x— X, iscontinuous if p <X, Ap€A, (16.5.4)

F(t,0) € X3, (16.5.5)

M
IF (0 =F(t o)l < 5

lu—vllx, p<A, ted MpeA (16.5.6)

Then problem (16.5.1) with ug € Xg has a unique solution u(t) € X for
every A € («, 3), and this solution is defined on the intervalt € [0,6(8—)\)),
where § := min (a, ﬁe)

Proof. Let
t
Un41(t) = ug + / F(s,un(s))ds. (16.5.7)
0
Assumptions (16.5.2) - (16.5.6) imply that u, () € X, for every A € [o, 0],

and the map u, : J — X is continuous.
Denote J(t) = [0,t] and

m(t) = lluolls + 1 e [1F(s,0)] (165.8)

Let us check that

n+1
g1 (£) = un (B)][5 < () (;J‘_“Q L ted (16.5.9)
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We have

M
@l =@y <t F—lluolls + F(5,0)lls

Mt
< mm(t). (16.5.10)

If (16.5.9) holds for n = j — 1, then it holds for n = j. Indeed, with
v < 8 — X we have:

llujr1(t) —u; ()| < / [[F(s,uj(s)) — F(s,uj—1(s))|[xds
< X / i (5) — 41 () | s
M Me J
/ <ﬁ - 7) ds.  (16.5.11)
Choose
68— A
Y= I (16.5.12)
Then
; )it
g ()] = ui(@)][x < Mﬁ(j_Jr)\l)m(t)( )_((M i ) »( |
BN (1-4) G+1
— m) < tMe )jH LI
B—A e (1 — Jﬁ)j
< m(t) (;Me/\> , (16.5.13)
because
<1 + j) <e. (16.5.14)

Thus (16.5.9) is proved.
Ift €[0,6(6— A)), where § = min (a7 ﬁ), then

tMe

T =qg<L (16.5.15)
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Therefore (16.5.9) implies

lim wp, (t) = u(t), (16.5.16)

n—oo

where convergence is in X uniform in ¢ € [0,0(8 —\)), and u(t) solves the
equation

u(t) = ug + /0 F(s,u(s))ds (16.5.17)

and problem (16.5.1).
If v(t) is another solution to (16.5.1) in X, then w := u(t) —v(t) solves
the problem:

W = F(t,u) — F(t,v), w(0)=0. (16.5.18)

Let

un+1(t) = U0+/0 F(Saun(s))d‘sa

/ F(s,v,(s))ds,
0
(t)

’Un+1(t) = g+
wp(t) = up(t) — vp(t).

Then, as in (16.5.13), we have:

(@l < (o) (525 )

and, if (16.5.15) holds, then

lim |Jw,(t)]]x = 0. (16.5.19)

n—oo

Thus w(t) = 0 for ¢ € [0, o], where to < 6(8 — A).
Theorem 16.5.1 is proved. O

16.6 Continuity of solutions to operator equations
with respect to a parameter

Let X and Y be Banach spaces, k € A C C be a parameter, A be an open
bounded set on a complex plane C, A(k) : X — Y be a map, possibly
nonlinear, f := f(k) € Y be a function.
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Consider an equation
A(k)u(k) = f(k). (16.6.1)

We are interested in conditions, sufficient for the continuity of u(k) with re-
spect to k € A. The novel points in our presentation include necessary and
sufficient conditions for the continuity of the solution to equation (16.6.1)
with linear operator A(k) and sufficient conditions for its continuity when
the operator A(k) is nonlinear.

Consider separately the cases when A(k) is a linear map and when A(k)
is a nonlinear map.

Assumptions 1. A(k): X — Y is a linear bounded operator, and

(a) equation (16.6.1) is uniquely solvable for any

kEAolz{kI|k—k0|§T’}, koEA7 A()CA,

(b) f(k) is continuous with respect to k € Ag, supgea, |I.f(F)|| < co;

(¢) limp—osuprea, ||I[A(k + h) — A(k)]v|| = 0, where M C X is an arbi-

veEM
trary bounded set,

(d) supken, [|[A71(k)f]| < c1, where N C Y is an arbitrary bounded set
feEN

and ¢; may depend on N.

Theorem 16.6.1. If Assumptions 1 hold, then
lim [[u(k + h) = u(k)|| = 0. (16.6.2)
Proof. One has

u(k +h) —uk)=A" k+h)f(k+h)— A (k) f(k)
=AY k+h)fk+h)— AN E)f(k+h) (16.6.3)
+ ATHE) f(k 4+ h) — A7 (k) f (k).

Furthermore,we have:
HA_I(k) [f(k+h)— f(k)] H < ci]|f(k+h)—f(K)|| — 0 as h — 0. (16.6.4)

Using the relation:

A7 (k+h)— AN (k) = —A" Y (k+ h) [A(h + k) — A(k)| A" (k),
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and estimating the norms of inverse operators, we obtain
A" (k+h)— A7 (k)| < cF||A(k+h)— A(k)|| — 0 as h — 0. (16.6.5)

From (16.6.3) - (16.6.5) and Assumptions 1 the conclusion of Theorem
16.6.1 follows. O

Remark 16.6.1. Assumptions 1 are not only sufficient for the continuity
of the solution to (16.6.1), but also necessary if one requires the continuity
of u(k) uniform with respect to f running through arbitrary bounded sets.
Indeed, the necessity of the assumption (a) is clear; that of the assumption
(b) follows from the case A(k) = I, where [ is the identity operator; that of
the assumption (c) follows from the case A(k) = I, A(k+h) =2I,Vh # 0,
f(k) = g #0VEk € Ag. Indeed, in this case assumption c) fails and one has
u(k) = g, u(k +h) = £, so |[u(k + h) — u(k)|| = 12 does not tend to zero
as h — 0.
To prove the necessity of the assumption (d), suppose that

sup A7 (k)| = co.
kel

Then, by the Banach-Steinhaus theorem, there is an element f such that
SuPgea, |41 (k) f]| = oo, so that

lim [|A™ (k) fll =00,  kj — k€ Ao
J—00

Then
gl = [lulk;)]| = AT (k) F| — oo,

so u; does not converge to u := u(k) = A~ (k)f, although k; — k.

Assumptions 2. A(k) : X — Y is a nonlinear map, and (a), (b), (c)
and (d) of Assumptions 1 hold, and the following assumption holds:

(e) A=Y(k) is a homeomorphism of X ontoY for each k € Ay.

Remark 16.6.2. Assumption (e) is included in (d) in the case of a linear
operator A(k) because if ||A(k)|| < ¢ and ||[A71(k)|| < ci then A(k),
k € Ay, is an isomorphism of X onto Y.

Theorem 16.6.2. If Assumptions 2 hold, then (16.6.2) holds.

Let us make the following Assumption Ay:
Assumptions A;: Assumptions 2 hold and
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(f) f(k) := LE is continuous in Ay,

(g) A(u, k) := % is continuous with respect to (wrt) k in Ay and
wrt u € X,

() supgen, II[A"(u, k)] 7| < c3, where A’(u, k) is the Fréchet derivative
of A(u,k) and [A’(u,k)]~! is continuous with respect to u and k.
fk) = % is continuous in Ag.

Remark 16.6.3. If Assumption A, holds, then

lim [k + h) = a(k)]| = 0. (16.6.6)

Remark 16.6.4. If Assumptions 1 hold except one: A(k) is not necessarily
a bounded linear operator, A(k) may be unbounded, closed, densely defined
operator-function, then the conclusion of Theorem 16.6.2 still holds and its
proof is the same. For example, let

A(k) = L+ B(k),

where B(k) is a bounded linear operator continuous with respect to k € Ay,
and L is a closed, linear, densely defined operator from D(L) C X into Y.
Then

|A(k+h) — AK)|| = ||1B(k+h) —B(k)]| —0 as h—0,

although A(k) and A(k + h) are unbounded.
Proofs of Theorem 16.6.2 and of Remark 16.6.3 are given below.

Proof of Theorem 16.6.2. One has:
A(k + hyu(k + h) — A(k)u(k) = f(k+h) — f(k) =o0(1) as h— 0.
Thus
A(k)u(k +h) — A(k)u(k) = o(1) — [A(k + h)u(k + h) — A(k)u(k + h)].
Since

sup [A(k + h)u(k + h) — A(k)u(k + h)|| — 0,
{uk+h):[lu(k+h)||<c} h—=0

one gets

A(k)u(k + h) — A(k)u(k) as h — 0. (16.6.7)
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By the Assumptions 2, item (e), the operator A(k) is a homeomorphism.
Thus (16.6.7) implies (16.6.2).
Theorem 16.6.2 is proved. O

Proof of Remark 16.6.3. First, assume that A(k) is linear. Then

d 1 _ —1(71.) A -1 . dA
TAT k) = AT R ARAT (), A=

Indeed, differentiate the identity A=!(k)A(k) = I and get

(16.6.8)

dA=Y(k)
dk
This implies (16.6.8).
—1
This argument proves also the existence of the deriviative ‘MTUC). For-
mula u(k) = A~(k)f(k) and the continuity of f and of dA;i;(k) yield the
existence and continuity of (k). Remark 16.6.3 is proved for linear oper-
ators A(k).

Assume now that A(k) is nonlinear, A(k)u := A(k,u). Then one can
differentiate (16.6.1) with respect to k and get

A(k) + AL (k)A(k) = 0.

Ak, u) + A'(k,u)i = f, (16.6.9)

where A’ is the Fréchet derivative of A(k,u) with respect to u. Formally
one assumes that @ exists, when one writes (16.6.9), but in fact (16.6.9)
proves the existence of 1, because f and A(k,u) := % exist by the
Assumption A; and [A’(k,u)]™! exists and is an isomorphism by the

Assumption Ay, item (j). Thus, (16.6.9) implies
o= [A (k,u)] " f — [A(k,u)] " Ak, ). (16.6.10)

Formula (16.6.10) and Assumption A, imply (16.6.6).
Remark 16.6.3 is proved. O

Consider some application of the above results to Fredholm equations
depending on a parameter.
Let

Au:=u— / b(x,y, k)u(y)dy := [I — B(k)]u = f(k), (16.6.11)
D
where D C R" is a bounded domain, b(z, y, k) is a function on D x D x Ay,

Ag = {|k — ko| < 7}, ko > 0, » > 0 is a sufficiently small number.
Assume that A(kg) is an isomorphism of H := L?(D) onto H, for example,
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Ip [p b(z,y, ko) Pdady < oo and N'(I — B(kg)) = {0}, where N(A) is
the null-space of A. Then, A(kg) is an isomprohism of H onto H by the
Fredholm alternative, and Assumptions 1 hold if f(k) is continuous with
respect to k € Ay and

lim//|b(x,y,k+h)—b(x,y,k)\gdxdyzo ke Ay (16.6.12)
h—0J)p JD

Condition (16.6.12) implies that if A(kg) is an isomorphism of H onto H,
then so is A(k) for all k € Ag if |k — kol is sufficiently small.

Remark 16.6.3 applies to (16.6.11) if f is continuous with respect to
k € Ag, and b= % is continuous with respect to k € Ag as an element of
L?(D x D). Indeed, under these assumptions one has

i =[I = B(k)] ™ (f = B(k)u),

and the right-hand side of this formula is continuous in Ag.

16.7 Monotone operators in Banach spaces

Suppose that F': X — X* is a map from a real Banach space X into its
adjoint.

Definition 16.7.1. X is uniformly convez if ||u|| = |[v]| = 1 and ||u—v|| >
e imply [|“$2]| <1—-6, Ve(0,2] and § = d(e) > 0.

X is locally uniformly convex if ||u|| = ||v|| =1 and ||u — v|| > € imply
[[“32]] <1 -6, Ve(0,2] and 6 = 6(u,€) > 0.

X is strictly convex if ||ul| = ||v]| = 1 and u # v implies

[|su+ (1 —s)v|]| <1 Vse(0,1).

Theorem 16.7.1. a) If X is uniformly convex , then X is reflexive and
locally uniformly conver.
b) If X is locally uniformly convez, then X is strictly convex and

{un = u,  ||un|] — [Ju|]}  implies  w, — u.

c) X is strictly convex if and only if ||u+v|| = ||ul|] + ||v|| implies v =0
oru= v, A= const >0.

d) X is strictly convex if and only if every u € X, wu # 0, con-
sidered as an element of X**, attains its norm at exactly one element
ut € X*,  ul| = supyjy. =y [u"(u)].

e) X is reflexive if and only if every z* € X* attains it norm on an
element u, ||ul| = 1.
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f) X* is uniformly convex if and only if the norm || - ||x is uniformly
differentiable on the set OBy :={u : ||[ul]| =1, u € X}.

9) |- 1lx is Gateauz-differentiable on X\{0} if and only if X* is strictly
conver.

Proofs of Theorem 16.7.1 and of many other results in this Section are
omitted. One can find them in [De].

Definition 16.7.2. The map
JiX—2X ju={ut e X ]| = lull, () = [lul2} (16.7.1)
is called the duality map .

Theorem 16.7.2. a) The set {ju} is convez, j(Au) = Aj(u) VAR.
b) The set {ju} consists of one element if and only if X* is strictly
convex; j = I, the identity operator, if X = H, the Hilbert space.

Semi-inner products in a Banach space are defined by the formulas:

1 -1 — =

loll tan e (Ul =+t = [foll) = (). (16.7.2)
1 -1 — — =

loll, i ¢ (lell = flo = tull) == (u0)- (16.7.3)

The existence of the limit in (16.7.2) follows from the properties of the
norm:

lo+sull =[]l = 130+ Ttu+ (1= ) ol =[]
< ;(||v+tu|\*||v\|), 0<s<t. (16.7.4)
Thus the function
S

is nondecreasing. This function is bounded from below as s — 0, s> 0:

[|v + sull —[lv]]
S

> —||ul|. (16.7.6)
This inequality follows from the triangle inequality:
[lv + sull 2 [[[ol] = sfull] = [[v]] — s[|ull. (16.7.7)

Therefore the limits in (16.7.2) and (16.7.3) exist.
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Theorem 16.7.3. One has
(u,v)+ = (u,v)— (16.7.8)
if and only if X* is strictly convex.

If u(t) € C*(a,b; X) then [|u(t)|| := g(t) satisfies the equations:

g(t)Dyg = (u(t),u(t))+, gt)D-g= (u(t),u(t))-, (16.7.9)
where
_ = gt+h)—g(t), _ = g(t)—gt—h)
D+g = h—»lol,n}L>OT7 D-g= h—»lol,n}oOT'
(16.7.10)

Definition 16.7.3. An operator F: D C X — X is called accretive if

(F(u)— F(v),u—v)y >0 Vu,v e D, (16.7.11)
strictly accretive if

(Fu)— F(v),u—v)x >0 Yu,ve D, u#uv, (16.7.12)
strongly accretive if

(F(u) — F(v),u —v)y > cllu—v||* Vu,v € D, (16.7.13)
maximal accretive (or m-accretive) if

(F(u) — f,u—v)x >0 YueD (16.7.14)

implies v € D and F(v) = f,
and hyperaccretive if (16.7.11) holds and

R(F+ M) =X, (16.7.15)
for some X\ = const > 0.

Theorem 16.7.4. Assume that F': D — X is hyperaccretive. Then Ry :
(I +AF)~Y X > 0, is nonexpansive, limy_q Rx(u) = u, ||Rx(u)]|
[|F(w)||. If X and X* are uniformly convex then limy_q ||FRx(u) —
F(u)|| = 0 and the problem

IN I

i=—F(u), u(0)=ug, wuo€D, (16.7.16)

has a unique solution on [0,00). The solution u(t) is continuous, weakly
differentiable, and ||u(t)|| is decreasing.
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Consider the operator

U(t)uo = u(t; uo), (16.7.17)
where u(t; ug) solves (16.7.16). We have

U) =1, tﬂlol, 1, [1U(t)uo — uol| =0, (16.7.18)

Ut +s) = U)U(s). (16.7.19)

The family {U(¢)} forms a semigroup. In [Mi] one finds a presentation of
the nonlinear semigroup theory, and in [P] the linear semigroup theory is
presented.

16.8 Existence of solutions to operator equations

In this Section we mention briefly the methods for proving the existence
results for solutions to operator equations. Much more the reader finds in
[Br, GG, KA, Kr, KZ, KV, Z].

For linear equations

w= Au+f (16.8.1)

in a Banach space X, assuming that A is a linear operator, one has the
existence of a unique solution for any f provided that || A|| < 1. This follows
from the contraction mapping principle. The solution can be calculated by
the iterative method

Upt1 = Aup + [, uo = uo, (16.8.2)

where ug € X is arbitrary. The method converges at the rate of geometrical
series with the denominator ¢ = ||A|| < 1.

If A is compact, then the Fredholm-Riesz theory applies, (see e.g., [Y]).
This theory yields the existence of a unique solution to (16.8.1) for any
f € X provided that N'(I — A) = {0}, where N'(I — A) is the null-space of
the operator I — A. If N(I — A) # {0}, then equation (16.8.1) is solvable if
and only if < w*, f > > 0forall u* € N (I — A*), where A* is the adjoint
to A operator. This is the well known Fredholm alternative .

If A is nonlinear, then the existence of a solution to the equation

u = A(u) (16.8.3)

is often proved by applying topological methods, such as degree theory.
Typical examples are Schauder’s principle , Rothe’s theorem, and Leray-
Schauder’s principle.
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Theorem 16.8.1. (Schauder) If a continuous in X operator A maps a
convez: closed set D into its compact subset, then equation (16.8.3) has a
solution in D.

Theorem 16.8.2. (Rothe ) If A is compact on D, where D C X is a
bounded convex domain, and A(OD) C D, where OD is the boundary of D,
then equation (16.8.2) has a solution in D.

Let A(-,\) be a parametric family of compact operators, 0 < A <

1, A(u,1) = A(u), and equation u = A(u,0) has a solution,

3

[|A(u,0)]| <b Vue {u:|u|| =0} (16.8.4)

Theorem 16.8.3. (Leray-Schauder ). Under the above assumptions equa-
tion (16.8.3) has a solution provided that

luN)]| <a<b  VAe][0,1], (16.8.5)
where {u(\)} is the set of all solutions to the equation
u=A(u,\), Xe][0,1]. (16.8.6)

Theorem 16.8.3 is often used in the following form:
If all the solutions u(\) to the equation

u=AA(u), Ae€]0,1] (16.8.7)
satisfy the a priori estimate

[lu(N)]] < a, (16.8.8)
then equation (16.8.3) has a solution in the ball {u : ||u|| < a}.

Definition 16.8.1. A map A in a Banach space X is called a generalized
contraction mapping if

1A@) — AW)|| < gla.Blfu—vll, 0<a<|u—v]|<b  (1689)
where g(a,b) < 1.

For example, A is a generalized contraction mapping if
[A(w) = A)[] < [Ju—vl[ = g(|lu—v]]), (16.8.10)

where g(s) > 01if s > 0, g(0) =0, and g is a continuous function on [0, c0).
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Theorem 16.8.4. (Krasnoselsky ) If A is a generalized contraction map-
ping on a closed set D and AD C D, then equation (16.8.3) has a solution
in D.

Proof of Theorem 16.8.4. The proof follows [KV]. Consider the sequence

Unt1 = A(un), ug € D. (16.8.11)
We have
[un+2 = uns1l] = [[A(untr — Aun)l|

< q(a,b)||unt1 — un|| < [Junt1 —unll.  (16.8.12)
Therefore there exists

lim ||[upt1 — unl] = s < oo. (16.8.13)

We claim that s = 0. Indeed, if s > 0 then

§ < ||tng1 —unl] < s+e, Vi > n(e), (16.8.14)
and

§ < ||tntm — Untm—1]| < q"(s,s +€)(s+¢€), VYn>mn(e). (16.8.15)

If m is sufficiently large, then ¢™(s,s + €) is as small as one wishes, so
(16.8.15) yields a contradiction which proves that s = 0.
Let us prove that

AB(up,€) C B(up,¢), (16.8.16)

where € > 0 is an arbitrary small fixed number, and u,, is chosen so that

€ €
dy = Ilups1 = upl| < 3 [1 —q (i,e)} . (16.8.17)
Such a number p exists because

lim d,, ;== lm ||upy1 —unl| =0, (16.8.18)

n—oo

as we have proved.
If (16.8.16) is verified then the sequence {u,,} is a Cauchy sequence, so
it has a limit

lim w, = u. (16.8.19)

n—oo



16.8. EXISTENCE OF SOLUTIONS TO OPERATOR EQUATIONS 269

The limit u solves equation (16.8.3) as one can see by passing to the limit
n — oo in equation (16.8.11). Uniqueness of the solution (16.8.3) follows
from (16.8.9). Thus, the proof is completed if (16.8.16) is verified.

Let us verify (16.8.16) . Let ||[u — up|| < §. Then

A(w) —upll < [[A(u) — Alup)[| + [[A(up) — up|
< Ju-ul+dy<5+5=c (16.8.20)
Let § < [|[u — up|| < e. Then, using (16.8.17), one gets

4@ = wll < llu=wpll+dp < q(50¢) e+
q (%6) e+ g _ %q (%6) <e (16.8.21)

Thus, (16.8.16) is verified, and Theorem 16.8.4 is proved. O

IA

Theorem 16.8.4 generalizes Theorem 16.1.1, because if condition (16.1.1)
holds, then condition (16.8.9) holds.

Theorem 16.8.5. (Krasnoselsky ). Let A: D — D where D is a convex
bounded, closed subset of a Banach space X. Assume that A = B+ T,

where B is a generalized contraction map and T is compact. Then equation
(16.8.8) has a solution u € D.

Definition 16.8.2. A map A: X — X is called nonexpansive if
[|A(u) — A()|] < ||lu —v]]- (16.8.22)
Let H denote a Hilbert space.

Theorem 16.8.6. If A : D — D is nonezxpansive, D C H is a bounded,
convez, and closed set, then equation (16.8.3) has a solution u € D.

Definition 16.8.3. A closed convex set K C X is called a cone if u € K
and u # 0 imply that \u € K VA >0 and A\u ¢ K VA eR.

We write u > vif u—v € K. Elements of K are called positive elements.
A cone is called solid if there is an element v € K such that B(u,r) C K
for some r > 0, where B(u,r) := {v : |lu —v|| < r}. A cone is called
reproducing if every element w € X can be represented as w = u — v,
where u,v € K. A cone is called normal iff 0 < u < v implies ||u|| < N||v||,
where the constant N does not depend on u and v.

Definition 16.8.4. An operator A: X — X in a Banach space X with a
cone K is called K-monotone if u < v implies A(u) < A(v).



270 16. AUXILIARY RESULTS FROM ANALYSIS

If Ais K-monotone and u < v, A(u)>wu, A(v) <wv,thenu<w<w
implies u < A(w) < v.

A cone is called strongly minihedral if for any bounded set U = {u} € K
has a supremum, that is an element which is the minimal element in the
set W = {w} € K of the elements such that u <w, VueU.

Let [ug,us] :={u:u; <u<ug, ue K}.

Theorem 16.8.7. If K is strongly minihedral, and Aluy,us] C [u1,us].
Then equation (16.8.3) has a solution u € [uy,us).

Proof. The set W of elements w € [;,usz] such that A(w) > w is non-
void: it contains u;. Also, AW C W. Let s = supW. Then w € W
implies w < A(w) < A(s), so s < A(s) and s € W. Therefore A(s) € W.
Consequently A(s) < s. Thus, A(s) = s.

Theorem 16.8.7 is proved. O

Ezample 16.8.1. Consider the problem

= f(t,u), u(0)=ugp (16.8.23)
in a Banach space X. Assume that

f(t,u) = g(t,u) + h(t,u) (16.8.24)
where

[lg(t,u1) — g(t, u2)|| < L|jus —uz||, L =const >0, (16.8.25)

and h(t,-) is a compact operator. Problem (16.8.23) can be written as

u(t) = up + /t f(s,u(s))ds = Bu + Tu, (16.8.26)
0
where
¢
Bu = , ds,
u Ug +/0 g(s,u(s))ds

Tu

/t h(s,u(s))ds. (16.8.27)
0

Consider equation (16.8.26) in the space C([0,0], X) of continuous on
[0, &] functions u(t) with values in X. Then the operator B is a contraction
mapping in this space if 6 > 0 is sufficiently small, and 7" is compact in this
space. By Theorem 16.8.5 problem (16.8.26) has a solution in C(][0, ], X)
for sufficiently small § > 0.
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16.9 Compactness of embeddings

The basic result of this Section is:

Theorem 16.9.1. Let X; C X9 C X3 be Banach spaces,
lully = Jull2 = [lulls,

that is, the norms are comparable, and if ||uplls — 0 as n — oo and
Up, @8 fundamental in X, then ||lupllz — 0, (i.e., the norms in Xo and
X3 are compatible). Under the above assumptions the embedding operator
1 : X1 — Xo is compact if and only if the following two conditions are valid:
a) The embedding operator j : X1 — X3 is compact,
and
b) The following inequality holds:

[lulla < s]ullr + c(s)||ulls, Yue X1, Vse(0,1),

where ¢(s) > 0 is a constant.

This result is an improvement of the author’s old result [R1]. We follow
[R61]. We construct a counterexample to a theorem in [B], p.35, where
the validity of the inequality b) in Theorem 16.9.1 is claimed without the
assumption of the compatibility of the norms of X5 and X3, see Remark
16.9.1 at the end of this Section.

Proof of Theorem 16.9.1.

1. The sufficiency of conditions a) and b) for compactness of i : X1 —
Xs.

Assume that a) and b) hold, and let us prove the compactness of i. Let
S ={u:u e Xy,||ul|1 =1} be the unit sphere in X;. Using assumption a),
select a sequence u,, which converges in X3. We claim that this sequence
converges also in Xs. Indeed, since ||u,||1 = 1, one uses assumption b) to
get

[tn —umll2 < sl[un —um|l1 +c()||un — umllz < 25+ c(s)|[tn — tml|3-

Let 7 > 0 be an arbitrary small given number. Choose s > 0 such that

1
2s < -1,
S 27’]

and for a fixed s choose n and m so large that

1
() lun = I3 < 57
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This is possible because the sequence u,, converges in X3. Consequently,
l[ttn — uml|l2 < n

if n and m are sufficiently large. This means that the sequence u,, converges
in X5. Thus, the embedding ¢ : X; — X5 is compact. In the above
argument, i.e., in the proof of the sufficiency, the compatibility of the norms
was not used.

2. The necessity of the compactness of i : X1 — Xa for conditions a)
and b) to hold.

Assume now that 7 is compact. Let us prove that conditions a) and b)
hold. In the proof of the necessity of these conditions the assumption about
the compatibility of the norms of Xs and X3 is used essentially. Without
this assumption one cannot prove that conditions a) and b) hold. This is
demonstrated in Remark 16.9.1 after the end of the proof of the Theorem.

If ¢ is compact, then assumption a) holds because ||u||2 > ||ul|3. Sup-
pose that assumption b) fails. Then there is a sequence u,, and a number
so > 0 such that |Ju,||; =1 and

[unll2 > so + nf|un||s. (16.9.1)

If the embedding operator ¢ is compact and ||u,||1 = 1, then one may
assume that the sequence u,, converges in Xs. Its limit cannot be equal to
zero, because, by (1),

[|tunll2 > so > 0.
The sequence u,, converges in X3 because of the inequality
[tn = umll2 > [|un — umlls

and because the sequence u,, converges in Xs.
Its limit in X3 is not zero, because the norms in X3 and in X, are
compatible.
Thus,

lim ||un\|3 > 0.

n—oo
Consequently, inequality (1) implies
1
[lunlls =0(=) =0 as n— oo,
n
while

lim ||uy,||3 > 0.
n—oo
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This is a contradiction, which proves that b) holds.
Theorem 16.9.1 is proved. |

Remark 16.9.1. In [B], p. 35, the following claim is stated:

Claim. Let X1 C Xo C X3 be three Banach spaces. Suppose the embedding
X1 — Xo is compact. Then given any € > 0, there is a K () > 0, such that

[lull2 < eflully + K(e)||ull3

for allu € X;.

This claim is not correct because there is no assumption about the
compatibility of the norms of X5 and X3.

For example, let L?(0,1) be the usual Lebesgue space of square inte-
grable functions, X3 = L?(0,1), and X3 be a Banach space of L2(0,1)
functions with a finite value at a fixed point y € [0, 1] and with the norm

[lull2 := llullz2 0.y + [u(y)] = llulls + |u(y)]-

The space X5 is complete because X3 is complete and the one-dimensional
space, consisting of numbers u(y) with the usual norm |u(y)|, is complete.
A function ug(z) = 0 for  # 0 and uo(y) = 1 has the properties

l[uolls = 0, [|uoll2 = 1.

One has Xy C X3. The norms in X and X3 are comparable, i.e., ||Ju||s <
||ull2. However, these norms are not compatible: there is a convergent to
zero sequence lim,, .o u, = 0 in X3 such that it does not converge to zero
in Xy, for example, lim, . ||un||2 = 1 in X5. For instance, one may take
un(x) = ug(x) for all n = 1,2,..., and an arbitrary fixed y € [0,1]. Then
[lun|lz2 = 1 and ||uy|ls = 0, limy oo ||unllz = 1 and lim,— . |Jun||3 = 0.
The sequence u,, converges to zero in X3 and to a non-zero element g in
Xo. In this case inequality (16.9.1) holds for any fixed so € (0,1) and any
n, but the contradiction, which was used in the proof of the necessity in
Theorem 16.9.1, can not be obtained because ||u,||3 = 0 for all n.

Let us construct a counterexample which shows that the Claim, men-
tioned above, is not correct. Fix a y € [0,1]. Choose the one-dimensional
space of functions {u : u = Aug(z)} as X, where A = const and ug(z) was
defined above, and define the norm in X; by the formula ||ul|; = |A|. Let
X3 = L?(0,1). The space X is a one-dimensional Banach space. Therefore

bounded sets in X; are precompact. Note that |A| = |[Aug||1 = |[|[Augl|2 >
[|[Aug||s = O because ||ug|ls = 0. Here the Banach space Xo is defined
as above with the norm |[|ully := [|u|[z2(0,1) + |u(y)|, and the equalities

l[ugll2 = 1 and ||ug||3 = 0 are used.
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Consequently,
X1 CXoC X5, ully 2 [lull2 = [|ulls,

and the embedding i : X; — X5 is compact because bounded sets in finite-
dimensional spaces are precompact and X; is a one-dimensional space.
Thus, all the assumptions of the Claim are satisfied. However the inequality
of the Claim:

lullz < ellully + K(e)[[ulls  Vu e X;

does not hold for any fixed € € (0,1). In our counterexample
u = Aug, ||uolls =0,

and the above inequality takes the form:
[A] < e|A.

Clearly, this inequality does not hold for a fixed € € (0,1) unless A = 0.



Bibliographical notes

The contents of this book is based on the author’s papers cited in the
bibliography. The most important of the preceding papers was the paper by
M. Gavurin [Ga], who deals with a continous analog of Newton’s method.
There is a large literature on solving ill-posed problems (see e.g. [BG, I,
M, R44, VV, VA, TLY], to mention a few). The DSM as a tool for solving
operator equations, especially ill-posed and possibly nonlinear, is developed
in this book systematically.

The examples of inverse and ill-posed problems, mentioned in Sec-
tion 2.1, are partly taken from [R19] and [R44]. Some of these exam-
ples are discussed in more detail in many books and papers. We mention
the books [AV, MY] and the papers [R2, R3, R5, R6] on antenna syn-
thesis. Variational regularization (Section 2.2) is discussed in the books
[BG, I, M, R44, TLY, VV, VA], to mention a few. Our presentation contains
several new points. We deal with unbounded, densely defined, closed linear
operators and define the operator (A*A,I)"1A* for a = const > 0 on the
whole Hilbert space in the case when the domain D(A*) is dense in H, but
is not the whole space. This allows us to extend to the case of unbounded
operators the usual theory of variational regularization without requiring
compactness properties from the stabilizing functional [R58, R59, R62]. We
give a new discrepancy principle which does not require to solve theoret-
ically exactly the usual discrepancy principle equation, but rather to find
an approximate minimizer of the functional which is used in the standard
theory of variational regularization. (Theorem 2.2.5) (see [R44, R48]). We
formulate a new notion of regularizer ([R35]).

Section 2.3, Quasisolutions, contains some well-known material (see,
e.g., [I]).

Section 2.4, Iterative regularization, contains a proof of the following
general result: every solvable linear equation in a Hilbert space is solvable
by a convergent iterative process (Theorem 2.4.1). There are many papers
and books on iterative methods (see, e.g., [BG, VA, VV]).

Section 2.5, Quasiinversion, presents very briefly the idea of the quasi-
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inversion method for solving ill-posed problems. A simple example of the
application of this method is given in Section 2.5. More material on the
quasiinversion methods one finds in the book [LL].

In Section 2.6 the idea of the dynamical systems method (DSM) is
discussed.

In Section 2.7 variational regularization for nonlinear operator equations
is discussed (cf [R33, R48]). Nonlinear ill-posed problems are discussed in
[TLY].

Section 3.1 follows [R40]. The results presented in this Section gen-
eralize some results from [AR]. Example 3.1.1 was not published earlier.
Sections 3.2 - 3.7 contain applications of the results obtained in Section
3.1. Various versions of the DSM are constructed in these Sections for
continuous analogs of classical methods, including Newton’s method, mod-
ified Newton’s method, Gauss-Newton’s method, gradient method, simple
iteration method, and a minimization method.

The results of Chapter 4 are based on the papers [R29, R60, R62].
Section 4.4 uses some ideas from [R10].

In Section 4.5 a new approach is fiven to stable calculation of values of
unbounded operators. This problem has been ealier treated by the varia-
tional regularization method in [I, M].

In Chapter 5 some auxiliary inequalities are presented. Theorems 5.1.1
and 5.2.1 are used in the following Chapters. The first version of Theorem
5.1.1 appeared first in [ARS] and its refinement was given in [AR], [R37,
R44].

An erroneous version of Theorem 5.3.1 appeared in [Al]. A counterex-
ample to the claim in [Al] was given in [R44], where a corrected version
of the theorem has been proved and the basic idea of the proof from[Al]
was used (see also [ARS]). Theorem 5.3.2 appeared in [ZS]. Our proof is
shorter. The results in Section 5.4 can be found, for example, in [Te].

The results of Section 6.1, Chapter 6, are known, but our presentation
is self-contained. The main results of Chapter 6 are given in Sections 6.2
and 6.3. Theorem 6.2.1 is taken from [R37]. Its earlier versions appeared
in [ARS] and [AR], see also [R44].

The results of Section 6.3 are taken from [R44].

Sections 7.1 and 7.2 of Chapter 7 are based on the results from [R44,
R63], and Section 7.3, Theorem 7.3.1, is taken from [R63, R43].

Chapter 8 is based on the papers [R49, R56].

Chapter 9 is based on papers [R52, R54], see also [R44, R49].

Chapter 10 is based on the results from [R44] in the case of well-posed
problems, and on [R32] in the case of ill-posed problems.

Chapter 11 is based on [R55].

Chapter 12 is based on [R38, R44].
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Chapter 13 is based on [R39, R42, R53].

There is a long history of the results preceding Theorem 13.2.2 which
gives a sufficient condition for a local homeomorphism to be a global one.
It starts with the Hadamard’s paper of 1906 [Hal, and its further develop-
ments are described in [OR]. Our approach is purely analytical. There are
also approaches based on algebraic topology ([Sp]).

Sections 14.2 of Chapter 14 is based on [R44]. Originally these results
appeared in [AR]. Our presentation is slightly different. Section 14.3 is
based on [R43] and Section 14.4 is based on [R63].

Section 15.1 is based on [R4], where for the first time the idea of using
the stepsize as a regularizing parameter was proposed and implemented in
a solution of the stable numerical differentiation of noisy data. This idea
has been used in many papers of various authors and in many applications
(see also [R7, R10, R11, R12], Appendix 4 in [R13], [R28], Section 7.3 in
[R50], [R30, R34].

Section 15.2 is based on [R45, R57]. It follows closely [R57].

Section 15.3 follows closely [RS].

Section 15.4 was not published earlier in this form, but it is based on
the known ideas. Section 15.5 is based on [R30] and [ARU]J.

Section 15.6 follows closely [R18].

Chapter 16 contains auxiliary material. The material from Sections
16.1-16.5 is well known and can be found, for example, in [De].

The material from Sections 16.7 and 16.8 can be found in the books
[De], [Kr], [KZ], and in other books, cited in these Sections.

Section 16.6 is based on [R41].

Section 16.9 is based on [R1] and follows closely [R61].
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